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ON THE FOURIER-STIELTJES TRANSFORM. 


By E. K. HAvILAND AND AUREL WINTNER. 


Let p(€é), — «0 <&é< + ~™, be continuous and of bounded variation in 
the infinite range [— «, + «] and let 


L(t3p) = exp ité dp(é), 


denote the Fourier-Stieltjes transform of p. If p is absolutely continuous, then 
by the Riemann-Lebesgue lemma 


exp ile dp(€) > 0, t—>+ 0 
“a 


exp|—=1and ff | dp(é)| <+o 
(2) L(t; p) > 0, t>+ 0 


where a > 0 is arbitrarily large, so that since 


whereas (2) need not hold if the continuous function p is not absolutely con- 
tinuous.t On the other hand, the curve z= L(t;p), — 0 <t< + o shows 
an asymptotic tendency toward the origin of the z-plane even if (2) does not 
hold. For on placing 


(3) M(F(-)) = lim 
T=+00 -T 
one has 
(4) M( | L(- 3p) |?) =0 


for any continuous p. In the present note, this asymptotic tendency of 
z(t) = L(t; p) will be formulated in a form which is sharper than (4). Also 
it will be shown that L(t; p) affects the statistical distribution of the z-values 
by introducing a corresponding § sharp diffusion when added to an almost- 
periodic Fourier-Stieltjes transform, which of itself never has a diffused dis- 
tribution.{ The refinements in question are made possible by the theory of 
distribution functions. || 


+ Cf. T. Carleman, loc. cit. The references are collected at the end of the paper. 

t Cf. I. Schoenberg, loc. cit., where reference is made to a paper of N. Wiener. 
Since then, (4) has often been rediscovered in connection with the unitary dynamics 
of Carleman and Koopman. 

§ The results as to the diffusing effect of L(t; p) proven in the researches mentioned 
in the previous footnote are not sharper than (4) itself. 

{ By a diffused distribution is meant a distribution which is not a proper distribu- 
tion; cf. p. 6 of the present note. 
|| A. Wintner, I and II, and E. K. Haviland, I. 
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Use will be made of the following results: + Let z(t) =a(t) + w(t), 
— «a <t< + o, be a bounded continuous function for which all time aver- 
ages M([ax(t)]" [y(t)]™”), n, m = 0, 1, 2,---, exist. Let R denote a rectangle 
parallel to the codrdinate axes of the z-plane and such that none of the four 
lines of RF lies on an at most denumerable sequence of lines x = a; or y = b;, 
which, if they exist at all, depend only on z(t). An # having none of its sides 
on one of the lines raj, y =, is called a non-singular rectangle. Let 
{R; 7} denote the set of those values ¢ in the interval — T = ¢ ST for which 
the point z(¢) is a point of R, so that 


(27')- meas{R; T} 


represents the ‘ probability of R between the dates t = — T and t = T,” viz., 
the relative amount of time spent by the curve z= az(t) in the rectangle R 
during the time between t =— T' and tT. Now there exists a monotone 


absolutely additive set function { ¢—¢(/) represented for H = R by 
(5) $(R) = lim (27')* meas{R; T}. 
T=+00 


This set function, called the distribution function of z(t) = a(t) + iy(t), 
satisfies the momentum conditions 


(6) ff dayp( = M([ax( ‘ (n, m 0), 1, 2,° 


and every monotone solution ¢ of the momentum problem (6) is, up to an 
additive constant, the distribution function (5) of z(t) = a(t) + iy(t). The 
additive constant is determined by the condition that ¢(#) —0 if ZF lies 
without a sufficiently large circle |z|—r. Two set functions ¢ which are 
identical for all non-singular rectangles are not considered as distinct. 

There exist for every function o(€), —«w <é< + 0, satisfying the 
conditions § 


+ Ibid. 

t For the definition of a monotone absolutely additive set function, ef. J. Radon, 
loc. cit. The Stieltjes integral (6) is meant in the sense of Radon and is, in reality, 
not an improper integral, ¢(#) being clearly independent of F# if E lies without a 
sufficiently large circle. 

§ The second of the conditions (7) is automatically satisfied up to an at most 
denumerable set of &-values. 
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(1) |< +o, +0) +0(€—0)] 


precisely one pair of functions o’ = o’(€), o” =o”(€) such that (7) is satis- 
fied both by o =o’ and by o =o”, and 


(8) o=o +0” 


where o’ is everywhere continuous and o’ 
o”’(— 0) =0. From (1) and (8) one has 


(9) L(t;o) =L(t;0’) + L(t; 0”) 


7 


is a step-function such that 


where L(t;o”) is, in virtue of (7), an almost-periodic function in the sense 
of Bohr ¢ inasmuch as o”’(€) =0 or is a true step-function according as o(€) 
is or is not everywhere continuous. On placing 


o1(é) = —o(—8£)] 
(10) on(é) =4[o(é) +o(—8] 


so that (7) is satisfied by both o =o, and o =oy,, the formula 
(11) L(t;0) L(t; 01) +4L(t;on) 


gives the decomposition of L(¢;o) into real and imaginary parts, inasmuch 
as the conjugated complex value of L(t;0) ist 


fet do(é) fe d[—o(—8)]. 


L(t; 01) =L(t;0’r) + L(t30”1) 
L(t; 01) L(t; 0’11) + L(t; 


Also, 
(12) 


where o”;, and belong to o’ and o” in the same way that o7, on 
belong to o. 

Besides the above notations, we shall use the following facts: § If (7) is 
satisfied both by o = a = a(€) and bys = B = B(é), then there exists exactly 
one function of é satisfying (7) and represented at all its continuity points é 
by the formula 


+ H. Bohr, op. cit., p. 33. 

¢ For convenience it is supposed that o(€) is real-valued. 

§ Cf. A. Wintner, III and E. K. Haviland, II. The proofs given there suppose that 
the functions are not only of bounded variation but monotone as well. The latter 
restriction may, however, be removed in the results to be used by decomposing the 
function of bounded variation into its monotone components. 
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480). 


This function of é, called the Faltung of « and £, is usually denoted by a*B 
and satisfies the relation 


(13) L(t;a*B) =L(t;a)L(t; 


Furthermore, (13) is a characteristic property of the Faltung «* 8, inasmuch 
as a function satisfying (7) is, up to an additive constant, uniquely deter- 
mined ¢ by its Fourier-Stieltjes transform. For the same reason, it is clear 
from (13) that 


a*B=B+a and (a*B) *y=a* (Bry) 


if y is a further function satisfying (7). The function satisfying (7) and the 
relation 


L(t; [a*]"[B*]’) = (L(t; a) 8) 


will be denoted by 
(14) [a*]"[B*} (h,j =0,1,2,° °°). 


If (7) is satisfied by o = p and if p is everywhere continuous, then 
(15) M(L(-;p)) =0. 
This is clear from (4) by Schwarz’s inequality.} 


7 Cf., e.g., N. Wiener, loc. cit. 

t We shall not use (4) but only the relation (15), the proof of which proceeds as 
follows (Cf. I. Schoenberg, loc. cit.) : Since the contribution of the integration domains 
[— ©, —a], [a, + ~] to (1) has for all values of ¢ a modulus < e if a > 0 is suffi- 
ciently large, it is sufficient to prove that for any fixed value of a and for sufficiently 
large values of 7’, the modulus of 


J = (27) exp dp(£) }dd 


is <e. The order of the integrations in J is interchangeable (Cf. L. Lichtenstein, loc. 


cit.). Hence 
[fs f, do 8) = 
-a -a 


where s(y) =7-1siny and 0<6< a, Now from |s(n)| <|7 
|J,(7,8) +5,(7,8)|<  (T>+4+0) 


p being continuous at = 0. 
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Since o’; and oj; are everywhere continuous in virtue of the continuity 
of o” and since a Faltung of functions «, B,- - - at least one of which is every- 
where continuous is everywhere continuous,t (15) is satisfied by f 


p = [o’r [077 *| "kl *| *| 
OS 0=l=m=Zz0 


if at least one of the numbers k,/ is 40, i.e., if k-+-1> 0. Hence from (13) 
(16) 5 5077) 30%) J") =0 


if k+1>0. The expression (16) need not vanish but certainly exists if 
k =1=0, inasmuch as each of the functions o”7, o’’7; is either a step function 
or = 0, so that L(t; L(t; 0%1)™ is, as mentioned above, a product of 
n -+ m almost-periodic functions and has therefore an {t-value.§ Since (16) 
exists for k — 1 = 0 also, it follows from (12) that 


M([L(- 307) ]"[L(- 3 err) (n,m =0,1,2,- -), exists. 


This assures {| the existence of a distribution function ¢(#) for the function 
(11), which is a continuous and bounded function of ¢ in virtue of (7) and 
(1). Furthermore, 


(n, m =0,1,2,- °°). 


For on introducing (12) into the expression on the left of (17) and ap- 
plying the binomial formula twice, (n+ 1)(m-+1)—i of the resulting 
(n+ 1)(m-+1) terms vanish in virtue of (16). On comparing (17) with 
the test (6) we see that z(t) —L(t;o) and z(t) = L(t;0”) have one and 
the same distribution function ¢. 


The Fourier-Stieltjes transform z(t) = L(t;o) of a function of bounded 
variation always possess a distribution function ¢(H#). This function o(F£) 
is identical with the distribution function of the almost-periodic component 
L(t;0”) of L(t;0) =L(t;0’) + L(t; 0”) so that the complementary com- 
ponent L(t; 0’) does not affect the asymptotic repartition of the points passed 
by the curve z—=L(t;0), —w <t<+o, in the z-plane although this 
curve is, if o’ 40, not identical with the curve z= L(t;0”). In other words, 


+ Cf. A. Wintner, III. 

¢ We are using the notation (14). 
§ H. Bohr, loc. cit., pp. 33 and 34. 
{ Cf. p. 2 above. 
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L(t;o’) and L(t;0”) have statistically independent distributions,t the dis- 
tribution function of L(t; 0’) being =1 or =0 according as the origin 
= () is or is not in the rectangle R. : 


The latter statement, which is a precision of (4), may be proven as 
follows. If =p then o” = 0, so that 


L(t;01) =0, L(t; 01) = 0, 
hence 


M((L(- 5 pr) 5 px) J") = 9, (n+ m > 0) 


in virtue of (17), where op. On the other hand, 


+00 
= 0, (n +m >0) 
-00 


if y(R) = 0 for any rectangle not containing the origin z= y = 0. Hence 
(6) is satisfied by placing 


a(t) + iy(t) = L(t; pr) + iL (t; pr) = L(t3p) and ¢=y 


so that y is the distribution function of L(t; p). 

Let {z(¢)} denote the set of those points in the z-plane which are cluster 
points of the curve z = z(t), so that {z(¢)} is a perfect set if the continuous 
function z(¢) is not independent of ¢. If z(¢) possesses a distribution function 
(LF), let {z(t)}, denote the set of those points p for which ¢(R) ~0 when- 
ever p is within the rectangle R. It follows from our theorem that 


{L(t3 0’) + L(t30”) }o= {L(t3 0%) Jo 
although 
{L(t 0’) + L(t;0”)} = {L(t;0)} 


need not hold, of course. It is clear from (5) and from the definition of 
{z(t)}. that {z(t)}, is a closed subset of {z(t)}. We may say that z= 2(t), 
—«ao<t<-+ is properly distributed if {z(t)}, {z(t)}. It follows 
from the definition of the set function y(#) that if the continuous function 
o’(é) is not independent of é, then L(t; 0’) is not properly distributed. On 
the other hand, it may be proven that every almost-periodic function, hence 
also L(t; 0”), is properly distributed. 


+ Cf. A. Wintner, IV and E. K. Haviland, II. 
Cf. A, Wintner, II. 
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ON THE ADDITION OF INDEPENDENT DISTRIBUTIONS. 


By AuREL WINTNER. 


The object of the present note is the proof and the precision of some 
simple theorems which are often tacitly supposed in Calculus of Probability. 
Although the validity of these theorems is suggested by statistical interpreta- 
tion (addition of probabilities), satisfactory proofs cannot be obtained in this 
way. In fact, the statements are purely analytical theorems on a certain 
Stieltjes integral, so that the question regarding their validity is in reality 
equivalent to the one whether the usual statistical interpretation of those 
Stieltjes expressions is always justified or not. Hence a detailed use of the 
Stieltjes integration theory, for instance the use of a general uniqueness 
theorem (furnished by the Lemma on p. 12) cannot be avoided. 

A function p(é) is termed a distribution function if it is defined for every 
real €, is monotone in the whole range — o <é< + o, and satisfies the 
boundary conditions p(— 0) =—0, p(-+ «) —1. If for two distribution 
functions pi, 


(1a) pi(€) =p.(é) at 
where {X;} is an everywhere dense sequence on the real axis then 
(1b) pi(E+0) =p2(E+0), pi(E—0) =p2(E—0); 


inasmuch as the limits px(€ + 0) may be obtained by using one of those mono- 
tone subsequences which have the limit + 0 where é is any real number. 
It is clear from (1b) and from the Stieltjes integral definition that if 


f 


exists for 1 1 then it exists for 12 also and K, = K», where f(é) is any 
monotone function. On placing 


(2) Ap(€) =p(é+ 0) —p(E—0) 20 


so that Ap(€) = 0 holds if and only if € be a continuity point of p, we see from 
(1b) that Api(é) = Ap2(€) at every é, i.e. that p, and p. have the same con- 
tinuity points and the same discontinuity points, and at the latter ones the 
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same jumps Ap. Furthermore, from (1b), pi(é) =p2(€) holds at every con- 
tinuity point and therefore up to an at most denumerable set. For these 
reasons, two distribution functions will be considered as identical if they 
satisfy the condition (1a), i. e., we shall write p; = 2 if (1b) holds for every €. 
This agreement will be important in what follows. 

By the vectorial sum F, + R, of two sets R; of numbers is understood f 
the set of those numbers x which may be represented in at least one way in the 
form «=, + x, where az; is an element of R;. In connection with (5) we 
shall need the symbol R, + R, also in the case where F, or R2 or both do not 
contain any element. In this case, viz. if at least one of the two sets Rj be 
empty, we shall understand by Rk, -+ R, the empty set. According to this 
convention, which is essential for our purposes, the set R, + 2 may be empty 
although F, is not empty. We shall often use the evident fact that the vec- 
torial sum of two closed sets is a closed set. 

In accordance with the Hilbert theory of bounded Hermitian matrices { 
we shall designate as spectrum S —S(p) of the distribution function p(é) 
the set of those numbers 2 for which there does not exist a = 6, > 0 such 
that p(é) is constant in the interval r—8<é< 8. Correspondingly.§ 
the set P = P(p) of the discontinuity points of p may be termed the point- 
spectrum of the distribution function. P(p) is a subset of S(p) and P(p) is 
at most denumerable and may be the empty set whereas S(p) contains at least: 
one point inasmuch as the total variation of p is distinct from zero. S(p) is 
always, P(p) not necessarily a closed set. 

We shall prove the following theorem: For every pair of distribution 
functions o,(x), o2(x) there exists exactly distribution function a(x) 
such that the integral (“ Faltung”’) || 


(3) 


exists and a(x) at all points x not contained in P(o,) + P(o2). The 
integral representation (3) of this uniquely determined distribution function 
a(x) breaks down at all points of P(o,) + P(o2), i.e. o,(2—€) is not 


7 Cf. H. Bohr and B. Jessen, “Om Sandsynlighedsfordelinger ved Addition af 
konvekse Kurver,” D. Kgl. Danske Vidensk. Selsk. Skrifter, ser. 8, no. 3, vol. 12 (1929), 
pp. 331-332. 

¢ Regarding the theorem in question, cf. p. 178 of the author’s book, Spektraltheorie 
der unendlichen Matrizen, Leipzig, 1929. 

§ Cf. ibid., p. 194, ete. 

| Cf. the agreement (p. 9) regarding p, = p,. 
|| Cf. e.g. R. Deltheil, Hrreurs et moindres carrés, Paris, 1930. 
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integrable with respect to a2(€) in these points x. The spectrum and the point 
spectrum of « may a priori be calculated from those of o, and oz by means 
of the formulae 


(4) S(o) = + S(o2) 
and 
(5) P(c) = P(o,) + P(e). 


Finally, the function « remains unaltered + if in its definition one interchanges 


the two gwen functions 01,02. The integral J occurring in the definition 
a 


of (3) ts understood in the so-called Kiemann-Stieltjes sense.§ 
A necessary and sufficient condition for the existence of the Riemann- 


Stieltjes integral 


b 
(7) f Bs (€) dBo(é) 


is well known. In the special case where both functions 8; are of bounded 
variation || the condition referred to is easily seen to be satisfied if and only 
if at every point é at least one of the two functions f; is continuous. Now é is 
a common discontinuity point of the two functions 


(7a) Bi(€) Bx (E) = (€) 


if and only if z may be represented in the form « = é, + & where €; denotes 


+ Cf. the agreement (p. 9) regarding p, = p,. 

¢ This follows immediately from the partial integration formula on p. 15 inas 
much as ¢;(— ©) = 0, o,(+%°) =1; +=1,2, hence c=0. 

§ Cf. E. W. Hobson, Theory of Functions of a Real Variable, 2nd Edition, vol. 1, 
pp. 507-508. There is, however, an error at this point. ‘In the definitions of S and 8 


in § 377, it is necessary to replace f(#,) + 0) — ¢(#,—0)} by 


r=1 


+0) —$(a,—0)}, 


with the provision that ¢(x,—0) =¢(a). Otherwise the definitions favor one end- 
point above the other and are not consistent with the definition of p. 507. I am obliged 
for this remark to Dr. Haviland. ‘ 

q Ibid., p. 509. 

|| Regarding this special case cf. also R. Schmidt, “ Ueber divergente Folgen und 
lineare Mittelbildungen,” Mathematische Zeitschrift, vol. 22 (1925), pp. 123-125. 
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a discontinuity point of oi(é); *+—1,2. Consequently, the integral (7) 
occurring in the definition (6) of (3) exists for sufficiently large values of 
—a and b if and only if z is not a point of P(o,) + P(o2). Hence (6) 


and therefore (3) is meaningless if x is a point of P(o,) + P(o2). On the 
other hand, if z is not a point of P(o,1) + P(o2), then not only does f exist 


a 
for all values of a and b but so also does the limit (6) inasmuch as the o; are 
distribution functions so that 0 So, = 1 and 


(8) | dox(é)| Se when t=7,>0. 
+t 


Let a(x) denote the value of the integral (3) provided that the latter exists, 
and let Q be the set of those points which are not contained in P(o,) + P(o2). 
The function o)(#) is accordingly not defined for every 2 but only on the 
set YQ. Since the complement P(o,) + P(e) of Q is at most denumerable, 
Q is everywhere dense so that the process x—>A where z is a point of Q is 
meaningful for every real point A and also for A= + ©. With this meaning 
of the symbol — we have 


In fact, since o, is a distribution function and therefore o,(— 0) —0, we 
may choose for every e > 0 the number 7’; so large that not only (8) is satis- 
fied but also 


(10) o:(e—é) Se whenever |€|S7. and 


Since o, and og» are distribution functions and therefore = 0, = 1 and mono- 
tone non-decreasing, it is clear from the definition (3) of o) and from (8) 
and (10) that 

€ 


°-T +00 
0<o,(z)S do(é) + J + do» (£).< 3e 
-00 Te 
for every point v= — 2T, of Q. The second of the relations (9) is similarly 


proven from o,(-+ ©) =—1. Furthermore, if 2, and 2, > x, denote two points 
of Q then oo(#2) —oo(2#1) is, according to (3), 


[o1 — €) — — €) |doz(€) 


and therefore = 0 inasmuch as o,(&) and o,(&) are non-decreasing functions. 
Hence o)(x) is monotone on the everywhere dense set Q on which it is defined. 
Consequently we may define for all values of « a function o(x) by placing 


q 
i 
= 
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on Q and =o + 0) on the complement P(o,) + P(e2) 
of Q. This monotone function o(x) is, by virtue of (9), a distribution func- 
tion. Finally, since Q is everywhere dense, there cannot exist another dis- 
tribution function which is equal to a(x) at all points of Q (cf. p. 9). 

In order to prove (4) we need the following 


Lemma. Let £,(é) and B.(€) be two functions of bounded variation 
without a common discontinuity point in the finite range a= é= 0 so that 


the integral 
b 


exists. Suppose that B, is monotone and that f, is either everywhere = 0 or 
everywhere < 0, finally that J 0. Then at least one of the numbers ¢ £:(z), 
B:(a—0), Bi(z + 0) is zero if, for arbitrarily small values of ¢, the value of 
B.(é) is not independent of € in the «-vicinity { of a. The same holds in the 
case a = — 0, b =-+ ov, provided that the integral I defined by (6) exists. 


Since J = 0, we may confine the proof to the case where £, is non-negative 
and 8, non-decreasing. On denoting by V2(e;7) = 0 the total variation of 
B.(€) in the e-vicinity of the arbitrary point z, and by A,(e;x) the greatest 
lower bound of £:(é) in the same vicinity, we have 


20, 


i.e. either or else A, (€; 7) —0. Suppose that there does not 
exist an e-vicinity of z such that B.(é) is independent of € in this vicinity. 
For these values of a and for every « >0 we have V2(e;z) >0. Hence 
Ai(e; 2) = 0 so that either = 0 or else the zeros of are clustering at z. 
Since in the latter case either B,(x-+0) —0O or else B,(x—0) —0, the 
Lemma is proven.§ 

The Lemma enables us to prove the less easy half of the theorem (4), viz. 
the fact that the vectorial sum S(o,) + S(o2) of the component spectra is a 
subset of the spectrum S(o) of the resulting distribution function o. Let y 
be a point not contained in S(o). We have to prove that y cannot be a point 
of S(o,) + S(o,.). Since the points not contained in the at most denumera- 
ble set P(o,) + P(o2) lie everywhere dense, and since S(c) is a closed set, 


+ One of these three numbers is undefined, and should be omitted in the above 


statement, if x =a or «=b. 
¢ By this we understand the one-sided e-vicinity of w if and only if =a or r=b. 
§ The lemma may be interpreted as a refinement of the Hilfssatz 2 of O. Perron, 
Die Lehre von den Kettenbriichen, Leipzig, 1913, p. 368. 


if 
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we may suppose that y is not a point of P(o,) + P(oz), i.e. that the integral 
representation (3) of o(«) exists at ry. Since y is not a point of S(o), 
there exists an « > 0 such that o(y) —o(y) =0 when |y—y|<e«. We 
consider at present only those values 7 in this ¢-vicinity of y which are not 
contained in the at most denumerable set P(oi) + P(o2). Then (3) exists 
at “ = 7 and we have 


0=o(y) —o(n) [o(y—£) 6). 


Consequently, on placing with fixed values of y and 7 
Bi(€) = o1(y—€) —o1(n— &), B2(€) =o2(€), 


the premises of the Lemma are satisfied inasmuch as o,(€) and o2(€) are 
monotone. Hence if w be a point of S(o2) then at least one of the three 
numbers +0), Bi1(«—0) is zero, i.e. at least one of the three 
equations 
o1(7— 2) =o: (y—2), 
o1(y— 0) 
+0) —oi(y—2z-+ 0) 


is true. Since this holds for all those values of 7 in the e-vicinity of the fixed 
point y which are not contained in the at most denumerable set P(o,) + P(o2) 
and since o;(é) is a monotone function, it is clear that the value of o;(4— 2) 
for the fixed value of x is independent of » when | y—7| < «, even if » be a 
point of P(c,) + P(o.). Hence the value of o,(€) is independent of € if 
|y—a#—é| <«, i.e. y—z cannot be a point of S,(o1). Now x was any 
fixed point of S(o2). Consequently y cannot be a point of S(o,) + S(e2), 
g.e. d. 

We now prove the converse, viz. that S(a) is a subset of S(o1) + S(o2). 
Let y be any point not contained in S(o,) + S(o2). We have to prove that 
y is not a point of S(o). Let C —C, denote the closed interval whose end- 
points are y—y and y+ y where y > 0. Since y is not a point of the closed 
set S(o,) + S(o2) we may choose y so small that S(o1) + S(o2) and C have 
no point in common. There exists then a constant « > 0 such that 


(11) +a%—{| 2a 


where 2;, £2, £ denote arbitrary points of S(o,), S(o2), C respectively. Since 
y and € are not contained in S(o,) + S(o2) and since P(o;) is a subset of 
S(o;) where i = 1, 2, the points y and £ are not contained in P(o,) + P(o2). 
Hence the integral representation (3) of o(x) exists atz—y and atr=—¢ 
so that 


if 
ia 
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Since S(o,) is a closed set, the contribution of the immediate vicinity of é to 
the integral (12) is nothing if é be not a point of S(o.). Hence if we prove 
that for sufficiently small values of | y— {| the contribution of the immediate 
vicinity of € to the integral (12) is nothing even if é be a point of S(o2), 
it will be proven that o(£) —o(y)= 0 for-sufficiently small values of | y— |, 
i.e. that y cannot be a point of S(o). Let now é be a fixed point of S(o2) 
and let » denote any point in the e-vicinity of €. We choose « < « where 2 
denotes the same constant as in (11). Suppose that there exists in the e- 
vicinity |é—7| Se of é a point y such that 2; = £—7 is a point of S(o:) 
where £ denotes a suitably chosen point in the interval C. Since rz. = is a 
point of S(o.) we have then 


| =|(€—n) +é—7| =|é—7|Se <a, 


in contradiction to (11). Our supposition, viz. that £—y represents for 
suitably chosen values of £ and » a point of S(o,), is therefore wrong, i. e., if 
Sy and | Se then £— cannot be a point of S(o,). Since 
these inequalities are satisfied by £—y, 7 —€ respectively, the point y—é 
is not a point of S(o,), i.e. the function o; is constant in the vicinity of the 
point Hence there exists a 8 > 0 such that o,( — o:1(y = 0 
when |é—a|<8 and |{—y|8. The contribution of the 8-vicinity of 
the point € of S(o,) to the integral (12) is therefore 


[o1(€— 2) —o,(y— 72) = 0+ doz(x) =0 


for sufficiently small (viz. =8) values of |—y|, q.e.d. This completes 


the proof of (4). 
In order to prove (5), suppose first that o, is everywhere continuous. 


Then o,(€) is uniformly continuous in the infinite range —«o <é< +o 
inasmuch as ©) —0,0,(+ 0) =—1. Since 


| a” — a2” | |(2’ — — («”—&)|, 
there exists therefore for every « > 0 a 88, > 0 such that 
| 


whenever | 2’ — 2x” |= 8. Moreover, being everywhere continuous, o, and 
a. do not possess a common discontinuity point so that the integral repre- 
sentation (3) of o(xz) holds for every z. Accordingly 


# 
i 
i 
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whenever | 2’ |= 8. Hence oa is everywhere continuous if o; be every- 
where continuous, although o2 may have discontinuity points. Furthermore, 
o is everywhere continuous if not o, but a2 be everywhere continuous inas- 
much as 


by virtue of the Stieltjes formula for partial integration.t The proofs ob- 
viously hold also in the case where o, and o» are bounded and monotone 


00 ) 


without being distribution functions. 

Due to the definition of the vectorial addition of empty sets (p. 9), the 
relation (5) is thus proven for the case where at least one of the functions 
01, 0, 18 everywhere continuous. Suppose therefore that both functions have 
discontinuity points, and let {&} denote the finite or infinite sequence of 
discontinuity points of oj where 1 = 1, 2 so that according to (2) 


(13) Ao; (é:n) > 0, (Eom) 0. 
On placing 


(14) oi*(é) = Aoi (€ix) and oi**(é) = o;(é) — oai*(€) 


where the summation runs through all those values of k for which é% < é, 
all four functions o;*, oi** are monotone and bounded, and both functions 
o;** are everywhere continuous { (11,2). In order to prove that P(c) is a 
subset of P(o,) + P(o,) let y denote a point not contained in P(o,) + P(e2). 
We have to prove that y is not a point of P(o). Since y is not a point of 
P(o,) + P(o2), the integral representation (3) of o(x) exists at ry and 
may be written, by virtue of (14), as the sum of four analogous integrals. 
Three of them are everywhere continuous by virtue of the last remark in the 
previous paragraph inasmuch as o,** and o,** do not possess discontinuity 
points. The fourth integral is, according to (14) and (2), 


foe — = (a — fx) (Ex) 


ie 


+ Cf. e.g. E. W. Hobson, op. cit., p. 507. 

t That is to mean, the distribution function ¢;(4) may be modified at its dis- 
continuity points «= é£,, in such a way that the function o;**(x) belonging to the 
modified distribution function ¢;(#) be everywhere continuous. The modified function 
is identical with the original function by virtue of the agreement regarding P, =P, 
(p. 9). 


= 
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where the summation runs through all values of k. Let ¢(x) denote this 
series. is uniformly convergent in the infinite range 
inasmuch as o,* is a bounded function and the sum of all jumps Aoo(éx%) > 0 
of the monotone bounded function gz is finite. Hence at a discontinuity point 
of ¢(x) at least one of the functions = (2 — & ,) is discontinuous. 
Now y is by supposition not a point of P(o:) + P(e), i.e. y cannot be repre- 
sented in the form y= &1 Hence y— &x is not a discontinuity 
point of o,(z) and therefore not a discontinuity point of 


o,*(2) =o,(x) —o,**(z) 


inasmuch as o,** is everywhere continuous. Consequently every ¢x(x) and 
therefore ¢(x) itself is continuous at 7 —y. Since o(x) —¢(z) is the sum 
of the three everywhere continuous integrals, o(xz) is continuous at 7 = y, i.e. 


y is not a point of P(c), q.e. d. 
In order to prove the converse, viz. that P(o,) + P(o2) is a subset of 


P(e), we have to prove that if y = én + om where m and m are fixed, then 
o is discontinuous at y, i. e. that 


(15) Ao(y) = Ein + Eom. 


Since the set P(o:) + P(o2) is at most denumerable and has therefore an 
everywhere dense complement, we may choose a sequence {ej} such that, on 
the one hand, 


(16) a 


and, on the other hand, neither y + «; nor y —«; is contained in P(o,) + P(o2) 
where 7 — 1,2,---. The integral representation (3) of o(x) exists then at 


every point z= y + ¢; and yields 


+4) —o(y—4) = +4 — 6) 
[oily + €; — fom) — o1(y¥ — — | [2 (Eom + 0)— — 0) | 
(Ei -+- — 01 (€in — (Eom) 


inasmuch as y = éin + om. Accordingly from (2) and (16) 
Ao(y) = Aoi (Ein) Ao2 (Eom). 


Hence (15) follows by virtue of (13). 
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A NOTE ON THE KRONECKER-WEYL THEOREM. 


By E. K. Havitanp AND AUREL WINTNER. 


Let a(t), =1,2,:--n, be nm real functions defined for — < 
<-+ oo. For simplicity, we assume them continuous. Let % denote the 
n-dimensional torus 0S a,% <1 resulting from the n-dimensional Euclidean 
space by reduction mod 1 and let © denote the curve a = %(t) on this torus. 
It is supposed also that all time-averages 


Mi [exp Qari mate (t) }], GO, 
k=1 
where 
Mt(---) — lim 1/2T at 


T=+00 —T 
exist. 
In the present paper it will be shown that to every region §: 


(a = bx) on there belongs an asymptotic probability repre- 
senting the average time spent by © in §t, provided that ft is non-singular 
in the sense that the boundary numbers a; and b; of St do not belong to an 
at most denumerable set.* This monotone set function ¢ satisfies the mo- 


mentum conditions 


Mfexp{2ai S mee (t)}] —{; exp{2mi S do (E) 
k=1 k=1 


and is in the main uniquely determined by these conditions. The assumption 
that all time-momenta 9t exist seems to be a rather restrictive hypothesis. In 
reality, it turns out to be not only sufficient but also necessary for the existence 
of a distribution function In the particular case 2;,(t) + where 
the A, and a are real numbers and the »; linearly independent, our theorem 
yields the Kronecker-Weyl theorem according to which in this linear case © 
is asymptotically “ gleichverteilt ” on Z.+ In fact, the time-momenta M all 
exist and are zero unless all my are zero. Hence ¢(§t) = meas §t satisfies the 
momentum conditions and is therefore the distribution function of the asymp- 
totic probability. The existence of the distribution function ¢ is, however, 


*That these exceptional lines may actually occur is shown by an example of H. 
Bohr, “ Kleinere Beitrige zur Theorie der fastperiodischen Funktionen. II,” Det. Kgl. 
Danske Videnskabernes Selskab. Meddelelser, vol. 10 (1930), no. 10. 

+ Cf. H. Weyl, “Uber die Gleichverteilung von Zahlen mod. Eins,” Mathematische 
Annalen, vol. 77 (1916), pp. 319-320. 
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assured by our theorem also in the case x(t) —Axt + yx(t), where yYx(t) is 
any real almost periodic function, although there need not then be an asymp- 
totic equipartition of © on Z. Also it is not necessary that exp [tz(t)] be 
almost periodic. In the particular case where the monotone set function 
¢(R) is absolutely continuous and may therefore be represented as a Lebesgue 
integral * 


f is a function of the position on the torus and represents the density of proba- 
bility (f==1 in the case of equipartition). @ is, however, not always ab- 
solutely continuous. If ¢ is absolutely continuous, every ft is non-singular in 
the sense mentioned above, although the converse is not necessarily true. 

The condition that the z(t) be continuous may be replaced by the more 
general one that 2;(¢) be measurable in every finite ¢-interval. Hence it is 
allowed that z(t) be a step-function constant in every interval mS=t< m-+1, 
so that all considerations hold also if the curve 7; 4,(t),° is 
replaced by a sequence 7, —2,(m),° =2n(m), m=—0, +1, +2,°°- 
as considered, in the particular case of an equipartition, by Weyl.t 

The proof of our theorem closely parallels that given for almost-periodic 
complex functions of a real variable { and is an extension of the theorem 
proved in the case of one dimension.§ We restrict our considerations for con- 
venience to the case n = 2 and first prove the 


UNIQUENESS THEOREM (1). Let there be given an absolutely additive set 
function such that =0 if lies outside the fixed rectangle J: 
0S27<1; 0Sy<1 and 


+00 +00 
"COS COS cos sin 
(1) ff 2rmydeyp(L) Army dayp( HL) = 0 
-00 -0O 


for all non-negative integral values of n,m. Then 


* Cf., e.g., E. W. Hobson, Theory of Functions of a Real Variable, 2nd Edition, 
vol. 1 (1920), p. 545. 

t H. Weyl, loc. cit., pp. 318-319. 

tE. K. Haviland, “On statistical methods in the theory of almost-periodic func- 
tions,” Proceedings of the National Academy of Sciences, vol. 19 (1933), pp. 549-555. . 
See also C. A. Fischer, “ Linear functionals of N-spreads,” Annals of Mathematics, ser. 2, 
vol. 19 (1917-1918), pp. 37-43, or S. Bochner, “ Monotone Funktionen,” Mathematische 
Amnalen, vol. 108 (1933), pp. 378-410. 

§ A. Wintner, “ On the distribution function of almost-periodic angular variables,” r 
American Journal of Mathematics, vol. 55 (1933), pp. 606-610. 
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SS, deyp(E) =0 


for every non-singular § rectangle R. 


Proof. If y:Sy< Ye) be a rectangle whose side 
y =; is a non-singular line of ¢, then it is known * that 


lim ff | deyp(H) | =0 


and a similar result holds if the réles of x and y be interchanged. From (1) 
it follows by the Weierstrass Approximation Theorem f¢ that 


ff f(x, = —0 


-0O 
for all periodic functions continuous in 2, y together. In particular, we con- 
sider the continuous function f,(z, y) defined as follows: Let R: (#1; Sa < 22; 
41 = Y < Y2) be the non-singular rectangle referred to in the statement of the 
theorem. Let S,, be the rectangle { 


where n is a positive integer. In F# and on its boundary fn(z, y) =1. With- 
out fn(v,y) =0. In S,—R, fn(x, y) shall be represented by that point 
of the truncated pyramid having S;, as base and FR as top whose projection 
is (z,y). Then 


Sf =f devp(B) +3 fal, y) deyb(E) 


enk 


where the énz, k =1,- - -4, are four non-overlapping rectangles which com- 
pose 8S, —FR.§ The integral on the left is zero by hypothesis. Moreover, 


if fn(2, Y) | <ff | | < qe, (n > N, k =1,:---4). 


Hence iff dayp(E) | for n>N, so Sf, dryp(H) =0, q.e.d. 
R R 


*E. K. Haviland, loc. cit., p. 550. 

+ Cf. L. Tonelli, Serie Trigonometriche, Bologna, 1928, p. 494. 

tIt is supposed; that the images of 8,, mod 1, do not overlap. This involves no 
restriction on R. 

§ E. K. Haviland, Joc. cit., p. 551. 
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With the help of the foregoing theorem, we prove the 


MomeEentTuM THEOREM (II). Let there be gwen a continuum of mono- 
tone absolutely additive set functions dr of uniformly bounded variation and ] 
such that o7(f£) =0 for all T and for all E outside the fixed rectangle 
1. Then tf as T becomes infinite 


+00 
lim f cos cos daypr(L) 


+00 
lim ff Cos sin 2rmy daydr( HL) = 
-00 


+00 
lim ff sin cos daypr( EL) = p®, 


-00 

+00 

and lim f f sin sin =p, 
-0o 


for all non-negative integers n,m, then lim = where has 
the same properties as or(E) and R is any rectangle non-singular with respect 
to 

Proof. It follows from the Compactness Theorem for monotone absolutely 
additive set functions * that there exists a sequence of functions {¢,1(R)} 
such that lim ¢,!(R) = where ¢'(f) possesses the same properties as 
gr. If it were possible to select a second sequence {¢,(R)} converging to 
¢1(R), we could apply the Term by Term Integration Theorem for Radon 


integrals to 


+00 
cos cos cos cos 
lim f f (HL) = lim f f doybr(B) 


+00 
COs COs COS cos 
-0O 


*For proof, see J. Radon, “Theorie und Anwendungen der absolut additiven 
Mengenfunktionen,” Sitzuwngsberichte der Kaiserlichen Akademie der Wissenschaften, 
Wien, vol. 122 (1913), pp. 1837-1342. Revised, ibid., vol. 128 (1919), pp. 1093-1094. 
A statement of this theorem and of the Term by Term Integration Theorem more con- } 
venient for our purposes is to be found in E, K. Haviland, loc. cit., pp. 551-552. 


obtaining 
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cos cos 
or f f dow (H) 0 


where y = ¢! — dg" is an absolutely additive set function. Similarly 


+00 
cos sin 
f f Cog — 0. 


It follows from our Uniqueness Theorem that ¢!(R) = ¢"%(R) on all rect- 
angles # non-singular with respect to y, ¢! and "7, and hence on every 
rectangle 2 non-singular with respect to ¢'=¢.* On placing ¢! = ¢, we 
obtain lim ¢7(#) = on all non-singular rectangles of ¢, q.e. d. 

We next consider 


THeorEM III. Let x(t), y(t) be two single-valued real functions of the 
real variable defined in <t<-+ and measurable in every finite 
interval. Let E be any set in the x, y-plane such that if T is a positwe number, 
(H,T), the set of those points t for which —TStST and the curve 
r=2(t), y=y(t) reduced mod1 belongs to EF, is measurable. Then the 
monotone set function d7(H) =1/2T meas (L,T), which is easily seen to be 
absolutely additive on the sets E above defined,t is such that 


T cos cos 
-00 
where n,m are real integers or zero. 


Proof. Since cos 2x[na(t) + my(t)] is a bounded measurable function 
of t,f the Lebesgue integral on the left of (2) exists and the limit of its 
Lebesgue approximating sums is 


(3) lim COS 2a (nay + myv) meas S f(t) < m} 


where A = =B is a subdivision of [A,B], where A < f(t) 
< B and cos 2r(nav + myv) is a value of f(t) = cos 2a[nax(t) + my(t)] in 
[nv-1, qv] if such exists; otherwise meas {ny-, S f(t) < mv} =0 so the defini- 
tion is not affected. Again 


*E. K. Haviland, loc. cit., p. 550. 
t Cf. J. Radon, loc. cit., p. 1299. 
t Cf., e. g., E. W. Hobson, op. cit., vol. 1, p. 518. 
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since the sets on the right are disjoint, the [zi:+,2;) representing a division 
of [0,1) into r equal parts and the [y;-:, y;) a similar division of [0,1) and 
(x) denotes as usual the fractional part t—[a#] of a and likewise 


(y) =y— [y]. 
Then (3) may be written 


cos 2x (navij + myvij) meas { Rvij} 


Me 


(4) lim 


~ 
~ 


where (2vij, yvij) is a point of < Sy < yj) for which 
nv-1 = f(t) < m, by virtue of the periodicity of the cosine. Furthermore, (4) 
may be rewritten as 


(5) > 


v=1 i= 


Me 


cos (navij + myvij) br(Rvij), 


~. 


where Ry;; denotes the set of those points (2, y) for which the three conditions 


are fulfilled, and 27¢7(Rvi;) is the measure of the set of those points ¢ in 
[—T,T] such that y=y/(t), reduced mod 1, satisfy these three 
conditions. That the set of points ¢ corresponding to Ry; is actually measura- 
ble (so that Ayi; belongs to the domain of definition of ¢r) follows from the 
fact that it is the intersection of an at most denumerable number of measurable 
sets, viz. those points ¢ in [—7,7] for which m-,f(t) < m, those for 
which M+ a4. 2(t) <<M-+2; and those for which N + y(t) 
<N+y;; M,N —0,+1,+2,--:-.* Since 

SE =I: (OS2<1;05y<1) and lim 8(Ryj) =0 

p=1 i=1 
and since cos 2r(nz + my) is uniformly continuous in (0S a¢#S1;0SyS1) 
and hence a fortiori in J, the Radon integral on the right of (2) exists, r(L) 
being zero for sets H lying outside J. As the integral is independent of the 
mode of subdivision of J, provided only the latter be sufficiently fine, it follows 
that this integral is given by (5) divided by 27, thus proving (2). A similar 
result holds if cosine is replaced by sine. 

We now immediately obtain 


* Cf., e.g., E. Kamke, Das Lebesguesche Integral (1925), p. 61, Theorem 9. 


ys 


| 
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THrorEM IV. Jf a(t), y(t), as defined in the previous theorem, are 
such that 


lim 1/2T ‘exp [2ri{na(t) + my(t)}]dt = M{exp [2ai(nz + my) ]}} 


exists for all integral values of n and m, and if or(L) is the set function there 
defined, there exists a monotone absolutely additive set function (EL) such 
that as T becomes infinite, lim ¢7(L) = ¢(L) for all non-singular rectangles 
of ¢ and (EL) =0 for all sets E lying outside J. Furthermore, 


Mnm(b) = Mi{exp + my) 


where 
Mom() exp [2ni(na + my)] 


and $(E) is uniquely determined by its trigonometrical momenta save on tts 
singular lines. 


Proof. From the preceding theorem it follows that 
(6) exp|[2mi{na(t) + my(t)}]dt 


exp[2ai(na + my) |dayor(L£). 


Hence as 7’ becomes infinite, 


lim exp[2mi(nz + my) |dayor(L) 


exists. Consequently 


+00 +00 
lim cos 2r(nx + and lim {cos (nz — my) doypr(L) 


exist and hence 


+00 


lim f Cos cos 2amy daypr(L) = 
exists and the existence of pt), 1 = 2, 3, 4 follows similarly. The Momentum 
Theorem then shows that lim ¢7(R) = ¢(F) for all rectangles R non-singular 
with respect to . Applying the Term by Term Integration Theorem to the 
right-hand side of (6), we obtain 


| 
+00 
- -00 q 
+00 
) 
-00 
| 
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+00 
lim1/2T exp[2ai{nz(t)-+ my(t) } |dt -{f exp[2ai(nz + my) |dzyo(L) 
T=00 T 


i.e., M{exp[2ri(na + my) = Mum(¢) 


where it follows from the Uniqueness Theorem that ¢ is completely determined 
up to its singular lines save for an additive constant. 
Conversely, we may state 


THeEoREM V. If the curvex—2(t), y=~y(t), reduced mod 1, possesses 
a distribution function (EF), then 


lim 1/2T + my(t) }|dt 
T=00 T 


exists for all integral values of n,m. 


Proof. By hypothesis, the functions ¢7r(/) exist and exists, 


= (Lf), where # is any set of points in the z, y-plane such “that the points ¢ 
in [—T,T], T arbitrarily large, for which (z(t), y(t) ), reduced mod 1, lies 
in # are measurable. Under these conditions, Theorem III- holds and ap- 
plying the Term by Term Integration Theorem to the right-hand side of (2) 
(the integration being effectively over (0S x1; OSy=1)), we obtain 
the result that 


lim 1/27 2e[ne(t) + 
T=00 -7 si 
exists, which implies the existence of 
T 
lim exp[2mri{na(t) + my(t)}]dt q.e. d. 
T=00 -T 
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WITH MORE THAN TWO DEGREES OF FREEDOM. 
By Danie. C. Lewis, JR.* 


with the help of a Hamiltonian system of order 2n: 


(1.1) dx;/dt =0H/dy;, dy;/dt = — 0H /da; (j=1,2,° °° 


in the original 2n +- 2-th order system. 


present case of n + 1 degrees of freedom. 


* National Research Fellow. 
+ “On the periodic motions near a given periodic motion of a dynamical system,” 
Annali di Matematica, serie 4, tomo 12, pp. 117-133. This paper will hereafter be 
referred to as BL. 
tG. D. Birkhoff, “ Dynamical systems,” American Mathematical Society Colloquium 
Publications, vol. 9, chapter VIII, 2. 
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ON CERTAIN PERIODIC MOTIONS OF DYNAMICAL SYSTEMS 


1. Introduction. It is well known that the motions near a given periodic 
motion of a dynamical system with n + 1 degrees of freedom can be studied 


This reduction from the original 2n + 2-th order system is carried out with 
the help of the energy integral, a certain change of variables, and the elimi- 
nation of the time. The ¢ which occurs in (1.1) is not the time but an 
angular coordinate. H is an analytic function of 2%, Xe, Yo, * * Yny 
and ¢; and admits the period 27 in t. The given periodic motion appears as 
a generalized equlibrium point, 7; = yj = 0 (j =1, 2,- - nm), and any fur- 
ther periodic solutions of (1.1), near this equilibrium point and having a 
period which is an integral multiple of 27, correspond to periodic motions 


In case the given periodic motion is of general stable type, the existence 
of an infinite number of further periodic motions in the neighborhood of the 
given motion was proved in a joint paper by Birkhoff and myself.t In the 
non-integrable case of two degrees of freedom it is known that infinitely 
many of these periodic motions are of stable type and infinitely many are of 
unstable type.t It is purposed here to obtain an analogous result for the 


It is found that, if a certain symmetric matrix of invariants of the dif- 
ferential equations is the matrix of a definite quadratic form, there will “ in 
general ” exist infinitely many periodic motions of stable type and infinitely 
many of each unstable type for which the characteristic exponents are all 
real or pure imaginary. In case the invariant matrix does not yield a definite 
form, it appears possible that none of the periodic motions may be of stable 


7). 
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type, while some (though never all) will appear as periodic motions with 
complex characteristic exponents, a + bi (a0, b0). 

The weak part of the paper lies in the hypothesis that the “ general 
case” as defined in §5 may actually occur. It is freely admitted that it 
would be highly impracticable to test an example for the fulfillment of the 
conditions of the definition. The hypothesis, the fulfillment of which appears 
to the writer to be entirely plausible, is submitted without further apology. 

We assume a preliminary well known normalization of the function H.* 


- Namely, we write H in the form, 
n 


where the A; are constants (the characteristic exponents or multipliers). Py 
is a polynomial in the n products 2,y;,° - * Lnyn, of degree »-+ 1, at most, 
and without linear terms. The coefficients of Pu are constants. Ky is a 
convergent power series in 21, 1," ° * Yn, Yn, beginning with terms of degree 
not lower than 2y + 3, the coefficients being analytic periodic functions of ¢. 
This normal form can always be attained for an arbitrarily chosen p=1, 
provided that there are no homogeneous linear relations with integral coeffi- 
cients, not all zero, connecting the A; and 1(—= VY ‘aon E), 

The given periodic motion is assumed to be of general stable type: That 
is, the Aj; are pure imaginary and admit no such commensurability relations, 
and the determinant of the coefficients of the quadratic terms in Py is not 
zero. It may be observed in this connection that the matrix of these coeffi- 
cients is independent of the choice of »; and, in fact, if p’ > pw, Pw and Py 
do not differ in terms up to the » + 1-th degree inclusive. 

It is also convenient to note here the well-known fact that in this case of 
pure imaginary characteristic exponents, the Hamiltonian conjugate variables 
(2;,y;) occurring in (1.2) are conjugate imaginary, while the coefficients of 
Py are pure imaginary. 

Using the normal form for H, the solution of (1.1) which takes on the 
initial values yjo, for = 0, may be written in the form, 


(1.3) = Xjo exp [+ tM; (xoyo)/ (2x) + Lo, Yo) 
Yj = Yio exp [— (Loyo)/ (27) ] + Yi (t, yo) 
(j = 1,2,° 
where 
(1.4) Mj (aoyo) (2n/i) [As + 


* G. D. Birkhoff, “ Dynamical systems,” American Mathematical Society Colloquium 
Publications, vol. 9, chapter III, 7, 8, 9. 
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and X; (t,o, Yo) and Yj (t, 2%, yo) are power series iN Y10,* * * Lnoy Ynoy 
beginning with terms of degree not lower than 2p -+ 1, the coefficients being 
analytic functions of ¢. These series converge absolutely and uniformly for 
any fixed range of values for #, if the 10, Y10,° * * Uno) Yno are taken sufficiently 
small. 


2. The transformation T and some of its properties. We now set t = 2x 
in equations (1.3), and replace the 2; and y; by aj, and yj,, respectively : 


= Ljo exp [+ (Loyo) + (2a, Xo, Yo) 
= Yio exp [— (toyo) ] + V5 Xo, yo). 


These equations define a transformation 7 of the neighborhood of the origin 
into itself; and evidently, since H is assumed to admit the period 27 in ¢, 
there is a one-to-one correspondence between the periodic solutions of (1.1) 
of period 2m and the points that are invariant under 7™, the m-th iterate 
of 7. The existence of such invariant points was proved in BL. 

It is more convenient to write 7 in terms of the modified polar codrdi- 
nates (21, U2, * * Uny On), Where 


Uj = 0; = tan” [t(y; — aj) + 


Since x; and y; were conjugate imaginary, it is easily seen that these new 
variables are real. The transformation 7’ now appears in the form: 


Uj1 = Ujo + Uj (Uo, 


(2.1) = + Mj (Uo) + Oj (Uo, 90), 


where U;(u, 6) may be represented as a convergent power series in u,%, *** Un”, 
beginning with terms of degree not lower than 2u + 2, the coefficients being 
analytic periodic functions of 6,,42,° °° On. @j(u,@) is an abbreviation for 
an expression of the form, 


fi(u, 6) /[u;* 


where f; and g; are convergent power series in the u;* beginning with terms 

of degree not lower than 2u + 1, the coefficients being analytic periodic func- 
tions of the @’s. 

Let tim, 91m, °° * Unm; Onm, represent the point into which the point 


gi (u, 6) |, 


thio, * Uno» Ono is carried by T™; m=—=1,2,°--. 
It is easily shown, on account of the Hamiltonian form of the differ- 
ential equations in 2;, y;, that not only is 


= 
| 
j 
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n 
> (UjmdO jm 


~ 
i 


an exact differential but its indefinite integral (thought of as a function of 
the ujo and 6j.) is periodic in the 6j) with period 27. Incidentally this is 
in part a mere reflection of the well known fact that the Hamiltonian form 
of the differential equations is preserved by the change from the variables 
(z;, to the new variables (u,;, 0;). 

The greater part of the analysis in BL was directed toward the proof 
of the following 


FUNDAMENTAL THEOREM: There exists an infimte number of mantfolds 


in the space of the 2n variables, Uso, 910,° * * Unos Ono, each manifold defined 
by equations of the type, 
(2. 2) Ujo = Bj Ono)» (j= 1, 


along which, for a suitable choice of the integer m, the O0jm differ from the 
6; by integral multiples of 27. The B; are analytic single valued non- 
vanishing periodic functions of period 2m in the 6,’s. 

Furthermore a manifold of this type may be taken in such a way that, 
gwen a positwe number «<4, the ujo along the manifold satisfy the fol- 


lowing relations: 
1. Ujo/Uxo = 2a for all pairs of indices, j,k =1,2,°- 
2. Ujo” | =Lo7] ts arbitrarily small. 
3. “ae m =K,' “4, where K is independent of the ujo. 


These results were obtained under the assumption that the transforma- 
tion T (or the original differential equations) had been normalized to the 


extent that p= 8n-+ 4. 
We shall call a manifold of the above type a manifold B. 
We now consider the indefinite integral, > (jmd0jm — Ujod8jo), 
j=1 


extended over a manifold B. Since a manifold B is essentially characterized 
by the existence of a set of integers k,, kn, such that = + 
along B, we have d0jm = d6j,; and we write 


(2. 3) J (610, 205 Ono) = = (Ujm— Ujo) d9jo, 
j=1 


where J, uniquely defined save for an additive constant, is periodic in the 6's. 


ij 
fi 
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The existence of invariant points under 7” now follows immediately 
from the remark due to Birkhoff * that any point on B corresponding to a 
critical value of J is necessarily invariant under 7”. This is obvious, since 
/80i0 = Uim — Vio = at a critical point, while, along B, 0im= io 
(mod 27). In a fundamental domain, J must have at least 2” critical points— 
provided that multiple critical points be counted the proper number of times. 

It is one of our main purposes to study the relationship existing between 
the character of these critical points and the type of stability or instability 
possessed by the corresponding periodic motion. 

In the case of m= 1, J is a function of a single variable and can have 
only two kinds of critical points, maxima and minima; in as much as a hori- 
zontal point of inflection counts as a multiple critical point. If J be not a 
constant, it must possess at least one maximum and one minimum. Since 
non-integrability means essentially that J can not be a constant, Birkhoff’s 
result, already referred to in § 1, can be interpreted to mean that a maximum 
of J always corresponds to a periodic motion of unstable type and a minimum 
to a motion of stable type; or vice versa, according to the sign of a certain 
invariant of the differential equations. 

For n > 1, the simple geometrical methods of Birkhoff do not appear to 
be applicable. This will necessitate a direct appraisal of the characteristic 
exponents in question. In order to obtain concrete results we eventually 
confine attention to the “ general case ” as defined in §5. This is to some 
extent analogous to Birkhoff’s restriction to the non-integrable case though 
of a much more complicated character. Furthermore instead of the sign of 
a single invariant which figures in the above interpretation of Birkhoff’s 
result, we shall be concerned with a whole square matrix, C, of invariants. 
The matrix in question is 4r/\/—1 times the matrix of coefficients of the 
quadratic terms in the polynomial Py» which appears in the normal form of 
the differential equations. From this definition of C, it is important for 
later purposes to note that C is obviously symmetric. If we let cj(w)= 


*G. D. Birkhoff, “ Une généralisation & m dimensions du dernier théoréme de géo- 
métrie de Poincaré,” Comptes Rendus, vol. 192 (1931), pp. 196-198. 

7 Here, as elsewhere, the notation 6/54 is used to denote partial differentiation 
along a manifold B. 

~M. Morse, “ Relations between the critical points of a real function of n in- 
dependent variables,” Transactions of the American Mathematical Society, vol. 27 
(1925), pp. 345-396; and A. B. Brown, “ Relations between the critical points of a real 
analytic function of N independent variables,” American Journal of Mathematics, vol. 
52 (1930), pp. 251-270. Here the connectivity numbers are the binomial coefficients 


(2) 


i 
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0M;/du, it appears from (1.4) that the elements of C are precisely the 

numbers cj,(0). We also observe that the determinant | c;,(w) | is not zero 

near the origin since we start with a periodic motion of general stable type. 
Before proceeding further with these ideas we must devote the next few 


pages to some fundamental inequalities. 


3. Some fundamental inequalities. We shall use the following notation: 
$= lm = ( 
k=1 k=1 


@% == an arbitrary positive number < 3. 

The capital letter A, followed sometimes by a subscript, is used through- 
out the paper to denote a suitably chosen positive quantity, dependent per- 
haps upon a, the equations (1.1), and yp (i. e. the extent to which the equa- 
tions have been normalized), but independent of u, 61, U2, 62,° * > Un, On. 

In BL it was shown that the following inequalities hold as long as ¢ is 
sufficiently small and u;,/u; = a for all pairs of indices k, 7 =1, 2,- +--+ n: 


(3 1) | U;(u, 6) | < Agar | 0U ; /Oux | Att | OU ; /00;, | 
| O;(u, 0) | < AgH | << | 00; | < ALM. 
Let R(y, 8) denote the collection of points (u, 6) for which ¢ Sy and 


uj; /Ux = B for all ordered pairs of indices j and k. Then the following impor- 
tant result was obtained in BL: 


THEOREM I. If (uo, 6) ts a point of R(n, 2a), then the image point 
(Um, Om) under T™ must lie within R(m, «) as long as mS Ajbo, provided 
that £, 1s sufficiently small, at least for the case that n= 2. 


We write the m-th iterate of T in the form, 


Ujm = Ujo + Ujm(uo, 90) 


3. 2 
suggested by (2.1), and we proceed to prove the following theorem. 


THEOREM IJ. If (uo, 0) is a point of R(y, 2a), with sufficiently 
small, then the following inequalities hold as long as mS K£,1-#/*: 


| = | OU jm/ | = A£,*#/4, | jm /OUxo | = 
| j | = 


Here K is an arbitrary positive number and the necessary smallness of 7 
depends partly upon K. 


i 
| 
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Proof. We introduce the notation 06jm/000 = vjx(m) , OUjm/O0 co = Wjx(m). 
[m, k] will be used as a symbol to denote any linear homogeneous function 
of Viz(M), Wix(m), Wne(m), whose coeffi- 
cients, depending upon m and (wo 4), are infinitesimals of at least the 
(u—1) th order in for mS uniformly for in 2a). 
From (2.1) we have 


(3. 3) { Vj (1) = = 8 jx + 90; (Uo, = Six + (Say) 
Also V;x(0) = Six, Wjx(0)= 0. 


By the elementary rules for partial differentiation we find 


+1) = ~ (66 jms1/00im) Vix(m) + (00 jms1/OUim) Wik (m) 
=1 =1 
But from (2.1) and the notation cj,(u)—=0M;/dum, we obtain 


00 jms1/001m = + 00; (Um; Om) /O0 im 

90 jms1/OUim = Cj1(Um) + 00; (Um, Om) /OUim 
OU jms1/001m = OU (Um, 9m) 

OU jms1/OUim => 00; (Um, Om) /OUim. 


(3.4) 


We now use the inequalities (3.1) with reference to the point (wm, Om). 
These inequalities are here applicable, because from Theorem I, ujm/Unm = 
for all pairs of indices 7 and k, m being restricted in such a way that 
m= Af)". Noticing also from Theorem J that £m = ng, and introducing the 
symbols [m, k], we get from (3. 4), 


vjx(m +1) = + > Cj1(Um)Wi(m) + [m, k] 
=1 : 
wWix(m + 1) = wjx(m) + [m, k]. 

Since the c;;(w) are polynomials in the w’s such that the determinant 
| ci3(0) | AO (cf. the original definitions of Py, the M; and c;j, remember- 
ing that we are dealing with an equilibrium point of general stable type), 
it is easy to show that the w’s can be eliminated from equations (3.5) by 
sufficient restriction of y. The result is 


(3. 6) [m +1, k] + [m, 


where A*vjx(m) = vjx(m + 2) —2vj,(m +1) + and [m+1,k] 
+ [m,k] does not contain any w’s. 


(3. 5) 


n n 
n 
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We first wish to find out how large > | vjz(m) | can become. Denoting 
this quantity by y.(m), it is seen Saale: (3.6) that it can not increase as 
rapidly as it would if 

(m) = 2pyx(m + 1) [p = 
under the initial conditions, 


yi(0) =1, y(1)=1+ > | 90; (Uo, |. cf. (3. 3) 
(3. 7) 


Let 2 | 00; (Uo, / 08 | b < p- 
=1 
The solution of the above difference equation which takes on these initial 


conditions is found to be 


yx (m) 
(e—b+ Vp? + 2p) p?+2p)™+ (b—pt Vp? 2p) (Lt p+ V p?+2p)™ 
2V p? + 2p 
This may be written in the form 1 + mb + p-4Q(mp%, p*), where O(mp%, p”) 
is a convergent power series in mp” and p” without constant and linear terms. 


Let us now restrict m by means of the inequality 
(3. 8) 0 mS = 


where w = 3/(44— 4) > 0. It follows from (3.7) and the above expression 
for y,(m) that with m so restricted it is possible to choose { (and conse- 
quently p) so small that 0= y%(m)< 2. If we still further restrict m, so 
that 

(3. 8’) 0< ms 


the choice may be made so that we have also 0S y,(m-+1)< 2. Hence it 
appears from (3.6) that the slope of vj,(m) can not increase as rapidly 
as it would if A*vj,(m) =2A£,"" and can not decrease as rapidly as if 
A*vjx,(m) =— 2Af,“!. But the first of these difference relations, under the 


initial conditions (3.3), yields 
Vjn(M) = + + AL * m(m— 1) 
while the second yields 


= + — m(m 1). 


ié 
i} 
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Since | ajx | < Ago“ it follows, if m is restricted as in (3. 8’), that the true 
value of vjx(m) differs from 8j, by an infinitesimal in £ of order $4+ 1. 
i. €. | 00jm/O0ico — | < Referring back to (3.2) we see that the 
last of the four required inequalities has been proved. 

Now we go back to equations (3.5) and appraise the wjx(m). We 


first find out how rapidly y | wjx(m) | can increase. Denoting this expres- 
j=l 


sion by %(m), we see that it can not increase as rapidly as it would if 
dz,/dm = pz + p, where, as before, p= Af“"'. In order to obtain this 
result, we, of course, make use of the appraisal already found for the vj,(m). 
Solving this differential equation with the initial conditions ~(0) = 0, we 
obtain z%(m) = e’"—1. Therefore, if m is restricted as in (3.8) or (3. 8’), 
a.(m) certainly remains bounded for sufficiently small values of {. Hence 
from (3.5) we find that wj,(m) can not increase as rapidly as it would if 
Wix(m + 1) —wy.(m) =+ Ao? nor can it decrease as rapidly as if 
+ 1) = — AL“. But the first of these difference rela- 
tions, under the initial conditions (3.3) yields wjz(m) = Af o“*m while the 
second yields wj,(m) = — It follows that the true value of wjz,(m) 


is an infinitesimal in of order 
i.e. | Wix(m) | = | Oj m/ x0 | == | OU jm/00 | = 


which is the second of the required inequalities. 

The proofs for the third and first inequalities can be carried out in a 
similar way and are hereby left to the reader. Besides, many of the more 
difficult details of this part of the proof have already been published in a 
slightly different form in BL. 


4, The determinantal equation for the characteristic exponents. We shall 
be concerned with square matrices of order 2m. Such a matrix will frequently 
be written in the form 

( (bi;) (ais) 
(cij) (dis) 
to indicate that the n? elements in the upper right hand corner (which we 
shall call the first quadrant) are precisely the elements in the square matrix 
(ai;) of order n; the n? elements in the upper left hand corner (the second 
quadrant) are the elements of the square matrix (b;;) of order n; etc. The 
matrix (ci;) occupies the 3rd quadrant and (dij) the 4th. 

Suppose that (i, 0)) represents a point which is invariant under 
Then the characteristic exponents Sen, of the corresponding periodic 
motion satisfy the equation: 

3 
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— 


06 im 00 im 
8 
) 0950 ) 


Here F represents the unit matrix of order n, and all the partial derivatives 
are evaluated at (i%,4)). If we set —e*—1 and substitute from (3. 2), 
this equation appears in the form, 


im OV im 
) 060 ) 


4. IO im 
) 


(4.1) det. 


Taking the point (7, 0) in accordance with § 2, we know that 87/86. = 0, 
41—=1,2,---n, at the point (ip, 6) in question. Let us compute the second 
derivatives of this function, 


n n 
J (010,° Ono) = (Ujm — Ujo) = (to, 9) 
ja 


where the integral is extended over a path on the manifold B. That is, the 
U's are thought of as functions of the 6,’s according to equations (2. 2). 


im OU im OU im SUjo 


(4. 2) 


We now obtain an appraisal for the 8uj./86x0, using explicitly not equations 
(2.2) but the equations 6:m — 0io = 2kir which define the same manifold B. 
From (3.2) these equations appear in the form 2kjm = mM; (uo) + @im(Uo, 9). 
Differentiating, we get 


m 


OM; 1 OO im ) SUKo 1 00 im 


According to Theorem II, the coefficient of d5ux0/80jo may be considered to 
differ by an arbitrarily small amount from cx;(0) by taking the invariant 
point (t,6)) sufficiently close to the origin. But since the determinant 
| c4j(0) | is not zero, we may evidently solve for the 8uxo/86;, obtaining by 
Theorem II the result that | 80/80). | S (1/m)Ag,'*#/2. And this shows 
us that 


(4. 3) = 


S (1/m) 


if 
det. | | = 0. 
| 
| 
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It should be noted that for our present point of view we may always 
consider m to satisfy the double inequality 


(4.4) < mS 


For if m < $Ké,1-“/*, we can always find an integer & such that 4K¢,1-“/* 
< mk = K¢,'“*; and instead of 7” we shall consider 7”, This has the effect 
merely of multiplying the characteristic exponents by & and does not there- 
fore affect their character of being pure real numbers, pure imaginary, or 
complex numbers. Hence, with this understanding we combine (4.2), (4.3), 
and (4.4); and write 


(4.5) = + Tix, Where | rix | S 


We shall now neglect certain terms in the determinantal equation (4. 1) 
and determine an upper limit for the error which we so commit in the coeffi- 
cient of 4 (¢ = 0, 1, 2, 3,- - - 2n). We neglect the riz in the first quadrant, 
the 0U im/0ujo in the second, the 0@jm/dujo in the third, and the 0@jm/06jo in 
the fourth. (4.1) then appears in the mutilated form, 


aM; 


where the matrix (qi;) is the product of the matrices (m@M;/du;) and 
(877 /80080jo). 

The errors in the coefficients of £°"-? and £"-*?" are each in absolute 
value less than == 0, 1, 2, 3,- - - nm. The proof of this result, 
which rests on (4.5) and Theorem IT is left to the reader. 


(4. 6) det. >= | qij — $5 | = 0, 


The roots &,, &:,° - * on must satisfy an inequality of the form, 
(4. 7) | é | < Al, 


For, if just one of the roots did not satisfy this inequality, we should find that 
8,(€) > A,f°9/?*/®, where we use the notation S;(€) to denote the sym- 
metric function of the €; obtained by forming the sum of all possible products 
of the é; taken k at a time. Actually, however, we know from (4.1) that 
| = | coefficient of < < for sufficiently 
small £,. Similarly, if just two of the roots did not satisfy (4.7) we should 
have | 8.(é)| > Ag,?!0/+@/#1 for all A, provided that ¢, is sufficiently 
small, while actually we know that | S.(é)| =| coefficient of "-? | << A{,'*#/? 
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for a certain A. If just three of the roots fail to satisfy (4.7), we should 
find | 8,(€)| > Ag,*!0/)+“/®], when actually we know from (4.1) that 
| coefficient of £°"-* | << Afo*!/?)+/#1, Tn this way we can evidently eliminate 
all possible failures of the italicized statement. 

It would now be desirable to define the “ general case ” as the case where 
the roots satisfy the double inequalities, 


at least for an infinite sequence of invariant points in the neighborhood of 
the origin. This, however, is never the case, simply because yp is arbitrary. 
We therefore devote the next paragraph to a more elaborate definition. 


5. Definition of the “ General Case.” So far we are sure of the existence 
of infinitely many points, (uw, 6), which are invariant under the iterates of T 
and which possess the following two properties: 


I. At these points the quadratic form, Q(u) = > Cij(U)Uxj, is 
4,j=1 
non-singular and has the same signature as the non-singular form Q(0) 
n 
== > 045 (0) 


IT. At these points the following inequalities hold: 
(5.1) By | < AP, (1/2) + (u/4), 


where yp, €, and ¢ have the same meanings as in the previous paragraph,* 
while and H’, are the errors in the coefficients of and respec- 
tively, which are incurred by assuming equation (4.6) instead of (4.1). 

By property II, we mean it to be implied that a manifold B may be 
defined in the neighborhood (at least) of the invariant point in question. 
Otherwise the symbols 8*J/86;.30;, which appear in the definition of EH, and 
E’, would fail to have a meaning. 

As we normalize our equations to higher and higher terms, thus taking 
higher and higher values for », we reduce the regions of convergence of the 
power series which define the transformation 7’ and which define the reciprocal 
relation between the original variables and the normalizing variables. In the 
limit the point set common to these regions of convergence certainly reduces 
to the origin, at least, if we exclude the exceptional case of local integrability.t + 


* From now on we omit the subscript 0 from &,. 

+ Local integrability is defined as occurring if and only if the “formal series” 
converge. Cf. Birkhoff, “ Dynamical systems,” American Mathematical Society Oollo- 
quium Publications, vol. 9, pp. 255-259. 
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Let us start with codrdinates normalizing to a certain degree, p = (0). 
We shall call these codrdinates the coordinates C°. In some region F(y, 2a), 
we choose an infinite sequence of points P', P?, P*,- - - converging mono- 
tonically to the origin, such that P* is invariant under some iterate T™ of T 
and such that Properties I and II hold in the codrdinates C°. We can always 
do this on account of the existence theorem of BL and the further develop- 
ments already given in the present paper. 

We now define the codrdinates C’. These codrdinates are those nor- 
malizing to such a degree, »—=y(t), that Properties I and II, hold for the 
points P‘, P***, Pt**,- - - but such that at least one of these properties does not 
hold (or actually ceases to have a meaning) in codrdinates normalizing to any 
higher degree, » > y(7). In this way we get a definite »(1). For evidently, 
in the case of non-integrability, with increasing p» the point P* would eventually 
find itself outside of the region of convergence of the above power series; and 
certainly at this stage, if at no earlier stage, the inequalities (5.1) would 
cease to have a meaning in the new coordinates. Also it may easily be proved 
by the methods of BL that lm p(t) = o for any fixed sequence of the type 

=00 


considered. 
n 
Let us denote by £“ the function ( ¥ u;?)* formed for the codrdinates 


j=l 
C*, while we omit the superscript in the case of C°. Then evidently £ = A£. 


Hence inequalities (5.1) in the coordinates C* can be written in the form 
(5. 2) | Ep | EB’, | é| < AW EBM 


These inequalities hold, of course, for P‘*', +--+. It is emphasized 
that, in computing the 7, H’,, and és, the codrdinates C* are used, although £ 
is expressed in the codrdinates C°®. In general, as i1— «©, we presumably have 
as well as B(i) > 

Evidently we may assume that »(0) < w(1) < w(2) < and 
£< 1 at all the points P*. If this condition is not fulfilled for the original 
sequence, we can deal instead with a suitable subsequence. 

We now assign the points P', P?, P®?,- - - to families F?,- - in 
the following way: 

Let be the first point for which > Such a point 
must certainly exist, since B(1) > (0) and the P+ converge monotonically 
to the origin. Furthermore j7,;=1. All points P* for which 1 < j; are 
assigned to 

Let be the first point after for which > Such 


*The meaning of the notation is obvious: viz. B(1) =u(t)/4+ 1/2. 
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a point exists since B(2) > A(1). Furthermore j,=2. All points P* for 
which =1 < je are assigned to 

The process may be continued by induction. Suppose that the family #’** 
has been defined and that P%* is the next point in the sequence and is such that 
jx =k. Let Pi be the first point after P/ for which > A) 
Such a point exists since B(k +1) >A(k). Furthermore jis = jx +1 
=>k-+41. All points P* for which j, < are assigned to F*. 

With the possible exception of F°, none of the families F* is empty. 
Every P+ belongs to just one family F* and the following inequalities always 
hold at Pt, ifl<j< ki: 


(5. 3) ADD > Aes) 
Furthermore since 1 => jx, = ki, we know from (5.2) that 
(5. 4) | By | E| < 


for points P‘ in F*, We agree once and for all that, for such a point P, 
E,, E’y, € will always hereafter be computed in the coordinates C*. 

Let be defined by the equation A‘ £78 == Z8%) where has its 
value at the point P*. Thus from (5.4), at any point P*, we have 


(5.5) | By | By < 


where A = A“ is independent of 2,- 0). 
With the help of (5.3) it is easily shown that 


lim 0), 

Pi-0 
no matter how large a number, NV, may be preassigned. Thus the inequalities 
(5.5) put into evidence the fact that the £s are infinitesimals of infinite 
order in ¢. 

To simplify the notation, we shall set z = £78, where it is understood 

that z is defined only at the points P‘ (the only points where we have any use 
for it). In this notation the inequalities (5.5) may be written 


(5.6) | |é| < Az, (p =0,1,2,---n). 


The capital letter A is still used to denote a suitably chosen positive 
number but in a more restricted sense than formerly. For previously the 
quantity denoted by A frequently depended upon p. Since we are now dealing 
with a discrete sequence of points P‘, the essential thing is settled when we 
say that from now on A shall be independent of 1. 


| 
hig 
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The general case is defined as occurring tf there exists at least one se- 
quence of invariant points, P*, P?,- - - of the type described above, such that 
the following two requirements be fulfilled: 


I. The roots &,, &,: ++ of the determinantal equation (4.6) are non- 
zero and distinct; each root, and the difference between any two of them, 
exceeding in absolute value an infinitesimal of the first order wm z, 


(5.7) Le. | & |, |é—é& | > Az (i, = 1,2,° 15479). 


II. Among the corresponding critical values of J (which are necessarily 
non-singular on account of I), there are infinitely many of each signature, 
- 

The plausibility of requirement II is made clear, when one remembers 
from Morse’s critical point relations that a function defined on an n-dimen- 
sional torus and admitting only non-singular critical values must have at least 
one critical value of each signature. 

The characteristic exponents s; are of course related to the corresponding 
roots € of (4.1) by means of the equation 


On the other hand the roots é of (4.1) differ from the corresponding 
roots € of (4.6) by less than Az? as follows from (5.6) and (5.7). 

Hence the roots of (4.6) give the characteristic exponents correct to 
within an infinitesimal of the second order in z The s; are therefore also 
non-zero and distinct; each s; and the difference between any two of them 
exceeding in absolute value an infinitesimal of the first order in z: 


(5. 8) |si|, | | > Age. 


Furthermore the characteristic exponents are complex, real, or pure imagt- 
nary according as the roots of (4.6) are complex, real, or pure imaginary; 
and conversely—at least for z sufficiently small. 


; For suppose that s is complex; s =a-+ bt. Then since the Hamiltonian 
exponents occur in pairs (s,—s), it is seen that —a—bi, a—bi and 
—4a-+ bi must also be characteristic exponents. It follows from (5.8) that 


* A critical value of J is non-singular if the Hessian | 5° /80, 58, | evaluated at 
the critical point in question is not zero. If this Hessian were zero, (4.6) would hawe 
to have at least one zero root. The signature of a critical value of J is defined as the 
signature of the quadratic form ;. 

i,j 
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both a and b must exceed infinitesimals of the first order in z. Hence s can 
not be approximated to within an infinitesimal of the second order by a real 
or pure imaginary €. Hence the corresponding é is complex. The converse 
proposition follows similarly from the fact that the roots of (4.6) also occur 
in pairs (€,—é). Hence, if s is real, € cannot be complex. It must therefore 
be either real or pure imaginary. It can not be pure imaginary and give the 
approximation to within an infinitesimal of second order. The rest of the 
italicized statement can be proved in a similar manner. 


6. The nature of the periodic motions in the neighborhood of the given 
periodic motion. 
n n 
Lemma. Let and bijxiz; be two non-singular quadratic 
i,j=1 i,j=1 


forms, of which the first is positive definite. Let qij = DX aixbej. Then the 
k=1 


roots of the determinantal equation | qi; —8ijé? | = 0 are either real or pure 
imaginary. The difference between the number of real roots and the number 
of imaginary roots is equal to twice the signature of the quadratic form 
52 
i,j=1 

The germ of this algebraic theorem is found at least as far back as Cauchy, 
Jacobi, and Weierstrass; but since I have been unable to find in the existing 
literature a proof of the lemma in the form stated above, I offer a simple 
dynamical proof in the footnote.* 


* Consider the homogeneous linear Hamiltonian system with constant coefficients 

for which 
n n 
> — > b dy ,/dt == — 6H dx ,/dt 0H /oy;- 

The characteristic exponents é; for the equilibrium problem of this system are easily 
seen to satisfy | q;,—,,€° |= 0. On the other hand, this dynamical problem, formu- 
lated by Hamilton’s variational principle, can be given the form, 


(> + D> ;0,,)dt =0, (a = da/dt) 
jk 


where (ask) is the matrix reciprocal to (a jk) Hence = aiken a, is also positive definite, 
By a suitable real linear transformation on the a’s the above variational equation can 


be given the form, 
j=1 j=1 j=ptl 
where 2p —n is the signature of 26b,,#,0,. Hence the characteristic exponents of the 
system are seen to be +), (j= 1,2,- - -p) and +a, v—1 
where the A, are real. 
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A similar theorem can also be proved if 3% aj,ajxz is negative definite. 
The lemma leads directly to the following theorems: 


THEOREM III. In the neighborhood of a periodic motion of general stable 
type there are “in general” infinitely many periodic motions of stable type 
and infinitely many periodic motions of unstable type for which the char- 
acteristic exponents are real, provided that the symmetric matriz || cjx(0) || 
is the matrix of coefficients of a definite quadratic form. 


These periodic motions correspond to the points on the manifolds B for 
which J has a maximum or minimum. The proof is carried out with the 
help of (4.6) and the above lemma. The matrix (m0@M;/du,) plays the 
role of (aij). 

We define the index of an unstable periodic motion which possesses only 
real and pure imaginary characteristic exponents as the number of pairs of 
real exponents. Since there are infinitely many critical values of J of each 
signature the same proof yields the following result: 


THEOREM IV. Under the hypotheses of Theorem III there are also in- 
finitely many unstable periodic motions (whose characteristic exponents are all 
real or pure imaginary) of each index j, 7 =1,2,-°-n. 


Now let us drop the requirement that (ci;(0)) be the matrix of a definite 
quadratic form. 


THEOREM V. In the neighborhood of a periodic motion of general stable 
type there are “in general” infinitely many periodic motions of unstable 
type whose characteristic exponents are real and pure imaginary, of index 
3(n +8), where s is the signature of (cij(0)). 


These periodic motions correspond to points on the manifolds B where J 
has a maximum or minimum. To prove this theorem the matrix (8*J/80,80;) 
plays the réle of the (ai;) of the lemma. 

It is not possible on the strength of Theorem III to make any deductions 
as to the probable existence of quasi-periodic motions as Birkoff has done in 
the case of two degrees of freedom. This is because we know nothing about 
the signatures of the matrices (ci;(0)) pertaining to the infinitely many 
periodic motions of stable type, the mere existence of which is assured by 
Theorem ITI. 
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ALTERNANT SURFACES.* 


By CuiirrorD BELL, 


1. Introduction. The purpose of this paper is to make a study of the 
surfaces whose equations are of the form 


(1) —1) — —1)G*—1), 


-where g and r are integers such that gq <r. These surfaces are called alter- 
nant surfaces because of their relationship to the general third order alternant.t 


a” a" oP 
Suppose that the alternant, A = | B™ 8” B? | , has been arranged s0 
that m<n<p. Now if neither a, B, nor y is zero, the first, second, and 


third rows may be divided by «”, 8, and y”, and the second and third columns 
by and respectively. Upon substituting z for 


x for B/a, y for y/%, for m, and r for p— m, the result, z =| 1 2% 
lyy 
is obtained which, upon expanding, gives equation (1). 

It is shown that a study of these surfaces yields more information in 
regard to the real values of a, 8, y that make A zero, than can be obtained 
by the usual factorization of this alternant into factors, one of which is the 
well known difference product determinant.{ In this study the surface (1) 
is said to belong to one of four distinct types according as q andr are both 
even, g and r are both odd, q is even and r is odd, or q is odd and r is even. 

In discussing the surfaces, the points (1, 1,0), (1,— 1,0), (—1, —1, 0), 
(—1,1,0), and (0,0,0) are designated by the letters A, B, C, D, and 0, 
respectively. The letters P, Y, R, S, T, U, are placed on the lines BA, CA, 
DA, CB, DB, CD, respectively, external to these segments and in the directions 
indicated. The corresponding primed letters are placed on the same lines, 
but external to the above mentioned segments in the opposite directions. 


* Presented to the American Mathematical Society, August 30-September 2, 1932. 

+ See Burnside and Panton, Theory of Equations, London, 1928, vol. 2, pp. 61 and 
110, for the definition of an alternant. 

t See Brioschi, La Teorica dei Determinanti, Pavia, 1854, pp. 73-84. 
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2. Type I, q and r both even. By direct substitution in (1) it is found 
that z=0 when y=2+1, Hence these are lines of 
intersection of the surface (1) with the XY-plane and furthermore it will be 
shown that all the real points, common to the surface and z = 0, lie on these 
lines. 

The partial derivative of z with respect to 2 vanishes only when 2 = 0, 
+ [(qy" —q)/(ryt— 1) and each of these values gives a turning point 
for the curve of intersection of the surface with the plane yc. Now for 
each of these curves z vanishes at the points r= —1, —|y|,+|y|, +1, 
and in the order given if |y|< 1. But Rolle’s Theorem * states that there 
must be at least one zero of the derivative between each of these values and, 
as the derivative has only three zeros, there must be exactly one between each 
of the above z zeros. Hence the zeros of the derivative, 


fall respectively, in the intervals (—1,—|y]|), (—|y|,+]y]|), (+ly|, 
+1). However if | y| > 1, z vanishes in the order s =—|y|, —1, +1, 
+ |y| and the zeros of the derivative in the above order fall, respectively, 
in the intervals (—|y|,—1), (—1,+1), (+1,+|y|]). 

When | y| <1, c=0, gives a maximum point and 


+ [ (gy —9)/(ryt—r) 


give minimum points. When | y| > 1, z= 0 gives a minimum and the other 
two zeros of the derivative give maximum points. 

A similar study may be made of the surface by taking the partial deriva- 
tive of z with respect to y, keeping x constant. Indeed the results may be 
obtained directly from the preceding ones by making the transformation 
v=y, =2, Thus when <1, y=0, gives a minimum 
point and y= + [ (qa”—q)/(rat4—r)]/°-® give maximum points, and if 
|«| > 1 the opposite is true in each case. 

It can now be shown that all the real points common to the surface and 
z= 0, lie on the lines = +1, y=2+1,7—+ y in that plane. For assume 
that the surface has a point common with z 0 that is not on one of the 
above lines. Let the codrdinates of this point be (21, 41,0) and take a section 
of the surface yy. The resulting curve has three turning points, as has 
already been shown. But this curve has five zeros counting the one at 
(z1,4:,0). Hence, by Rolle’s Theorem, the derivative must vanish at least 


* See Fine, Calculus, New York, 1927, p. 104. 
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once between each pair of consecutive zeros or in all at least four times. But 
the derivative vanishes only three times. Thus, the assumption that the sur- 
face has real points common to the z = 0 plane, other than those on the above 
mentioned lines, leads to an absurdity. 

It is possible now to describe the surface. A maximum for z exists in 
each of the regions DAO and BCO, also a minimum in each of the regions 
ABO and CDO. Furthermore it is seen that z is positive in each of the regions 
DAO, BCO, PAQ, RABS, TBP’, U’CQ’, S’CDR’, T’DU, and negative in all 
the other regions. 

Both partial derivatives vanish at each of the points O, A, B,C, D. At 
the origin the section of the surface by z= 0 consists of the lines r= + y 
and as already pointed out, these lines divide the plane about O into the 
regions DOA and BCO in which z is positive, and the regions ABO and CDO, 
for which z is negative. Therefore the origin is a minimax point. Likewise 
a minimax exists at each of the points A, B, C and D, but these are of a 
different type than that at the origin because the section of the surface by 
z= 0 has A, B, C and D as triple points. Thus at A the lines y, = 1, 
y = 1, in the plane z = 0, form the triple point and divide the plane about A 
into six regions in which 2z is alternately positive and negative. 


3. Type II, q and r both odd. Again by direct substitution, it can be 
shown that the surface contains the lines r= y, x =1, y=1, in the plane 
z=0. A curve c, through (—1,0,0), (0,— 1,0), H, F, Q, is also part of 
the intersection of the surface with z = 0, where F is a point on the line y = 1 
between (—1,1,0) and (—2,1,0), F is on the line xy between the 
points (— 4,— 4,0) and (—1,—1,0), and @ is on the line x = 1 between 
(1,—1,0) and (1,— 2,0). 

The partial derivative of z with respect to x gives two turning points, 
the z codrdinates of which are + [ (qy” — q)/(ry1—r) for the curve 
obtained by holding y constant. Hence there can be at most only three real 
zeros on each of these curves. In the plane z~—0, 7 —1, = y, and a point 
on the curve c, account for the three real zeros and there can be no others. 
Therefore the curve c has only one real value of x for each real y and the 
surface can intersect the z = 0 plane in no real points other than those on the 
above mentioned curves. Likewise, by considering the curves obtained by 
holding x constant, it can be shown that the curve ¢ has only one real value 
of y for each x. 

If the letter W is placed on the curve to the right of G, and W’ is placed 
to the left of H, the positive regions are PAQ, RAGW, P’GFQ’, R’EW’ and 


Sr 


ALTERNANT SURFACES. 45 


AFE. A maximum occurs for a point in the region AFE and a minimum for 
a point in the region AGF. It is readily seen that EL, F, and G are ordinary 
minimax points,* while A is a minimax of the same kind that occurred at the 


point A in the surface of Type J. 


4. Type III, q even and r odd. The lines ry, x1, y =1, in the 
plane z= 0, together with a curve c, are found to be in the surface. The 
curve c consists of two branches. One branch intersects y=1 at HL, a point 
between (0,1,0) and (—1,1,0), y= at the origin, z=1 at G, a point 
between (1,0,0) and (1,—1,0); and the other branch falls in the region 
S’CU’ and intersects « = y at F, a point for which x << —1. The above facts 
may be easily verified by substituting z= 0 in (1) and dividing out in turn 
y—1, y—vz, «—1, from the resulting equation. The three equations so 
obtained will then yield the above results. Again when the equation, obtained 
by substituting z 0 in (1), is written first in descending powers of y and 
then in descending powers of z, it is seen at once that r+1—0 and 
y + 1=O0 are asymptotes of the curve c. 

A section of the surface, obtained by letting y be constant, has two 
turning points given by setting 0z/dxz equal to zero. Therefore this curve can 
have at most only three zeros, which are 7 1, x = y, and one point on the 
curve c. Hence the curve c has only one real x for each real y. Furthermore 
the surface has no real point common to the plane z = 0 other than those on 
the above mentioned curves. In like manner it can be shown that the curve c 
has also only one real y for each real 2. 

Place the letter W on the branch LOG, of the curve c, to the right of G, 
and W’ to the left of #. Likewise on the other branch place V to the right 
of F and V’ to the left. The regions within which z is positive are PAQ, 
RAGW, P’GOFV, Q’FV’, R’EW’, and AOH. In all the other regions z is 
negative. The function z takes on a maximum in AOE and in AGO. The 
points #, O, G, and F are ordinary minimax points, while A is again a 
minimax of the same kind as that described for the Type J surface. 


5. Type IV, q odd and r even. The lines y=1, =y, in the 
plane z = 0, are on the surface. A section of the surface, obtained by keeping 
y constant, has only one turning point. Hence, this curve has the zeros x = 1 
and = y, and no others. Like results are obtained when a section is taken 
by letting x be constant. 

The function z is positive in the regions PAQ, RAP’, Q’AR’, and negative 


* For convenience a minimax, such as exists at the origin for the surface of Type J, 
is called an ordinary minimax point. 
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in all others. No maximum or minimum points exist and only one minimax, 
this being at A. It is the same kind of minimax point that occurs at A of the 


first surface described. 


6. Conclusion. Obviously the alternant A vanishes when any one of the 
quantities , 8, or y is zero, and furthermore all other zeros of A are zeros of z. 
For all of the above described surfaces, z vanishes when either t= y, x= 1, 
or y=1, and for Type J surfaces z also vanishes when either s=—y, 
xz =—1,ory——1. But for these values of x and y the alternant vanishes 
on account of two or more rows or columns being identical. Thus A vanishes 
if one or more of the following cquations hold: «=f, a=y, B=y, for all 
positive integral values of m,n and p. In addition A also vanishes when m, 
nand p are all even positive integers if one or more of the following equations 
hold: «=—,B, «=—y, B=—y. 

Information regarding the zeros of A, other than the above mentioned 

rather obvious ones, may be obtained by further examination of the descrip- 
tions of the surfaces (1). The surfaces of Types J and IV have no other real 
values of z and y for which z vanishes ; but for the surfaces of Types IJ and JIJ, 
z vanishes whenever x and y are taken on the curves ¢c previously mentioned. 7 
As g=n—™m, r = p—~™m, and q and r are both odd for the Type JJ surface, 
and q is even and r odd for the Type JIJ surface, it may be said that other 
zeros of A are possible tf and only if one of the following holds: (1) n and p 
even, m odd, (2) n and p odd, m even, (3) n and m even, p odd, (4) n and 
m odd, p even. 

In addition to what has been said above, about the vanishing of A, other 
studies may be made of certain regions on the z=0 plane. Thus it is seen 
that z is different from zero for all positive values of x and y, other than 
values of x and y that satisfy one or more of the equations z—1, y—1, 
2=y. Hence the alternant A cannot vanish if a, B, and y all have like signs 
and tf netther a, B, nor y are zero or equal to each other. 
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GROUPS INVOLVING FOUR OPERATORS WHICH ARE SQUARES. 
By G. A. MILLER. 


If a group G@ involves four and only four operators which are squares of 
its operators its order g can not be divisible by any odd prime number except 3 
and when g is divisible by 3 then G contains only one subgroup of order 3. 
It must therefore involve an operator of order 4 in all cases since it must also 
involve such an operator when g is of the form 2”. When g is of the form 
3-2” then it must be non-abelian since no two of its operators of orders 3 
and 4 can be commutative. All of its operators which are commutative with 
one of its operators of order 3 constitute a subgroup of index 2 under G. 
This subgroup is abelian since it cannot involve an operator of order 4 and 
hence it is the direct product of the group of order 3 and the abelian subgroup 
of order and of type (1,1,1,° °°). 

Since the remaining operators of G include operators of order 4 two cases 
present themselves. In the first case such an operator of order 4 is commu- 
tative with every operator in the given abelian subgroup of order 2”-' and 
hence all the remaining operators of @ are of order 4 and the commutator 
subgroup of G is of order 3. In the second case this operator is commutative 
with only one-half of the operators of this subgroup and hence m > 2 and 
one-half of the remaining operators are of order 4 and the commutator sub- 
group of G is of order 6. This proves the following theorem: Jf a group 
involves four and only four operators which are squares of operators contained 
therein and its order is not of the form 2” then this order is of the form 3-2” 
and the group is non-abelian. There are two and only two such groups when 
mr. >2 while there is only one such group when m = 2. 

In what follows it will be assumed that g is of the form 2” and we shall 
first consider the case when the four operators which. are squares under G 
include an operator of order 4 and hence G@ involves operators of order 8. 
The operators which are squares under ( therefore constitute a cyclic subgroup 
of order 4 which is invariant under G and the corresponding quotient group 
is abelian since it involves only operators of order 2 besides the identity. 
If the operators of order 4 which are squares under G are not in the central 
of G then G involves a subgroup of index 2 which includes all of its operators 
of order 8 and under which the operators of order 4 which are squares are 
invariant. Hence we shall first determine the possible G’s under which all 
the operators which are squares are invariant. The commutator subgroup of 
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each of these is therefore either the identity or of order 2, and the operators 
whose orders are less than 8 constitute a subgroup of index 2 thereunder. 

When this subgroup of index 2 is abelian it is of type (2,1,1,-- -) 
and there are two such groups of order 2”, m > 3, while there is only one 
such group when m= 3. One of these two groups is abelian and the other 
contains a central of index 4 which includes operators of order 4. When 
this subgroup of index 2 is non-abelian it belongs to the second of the three 
categories of such groups whose operators involve exactly two operators which 
are squares thereunder since its central involves operators of order 4. Cf. 
American Journal of Mathematics, volume 55 (1933), page 419, where the 
number of such groups is determined but it is not explicitly stated that the 
groups considered are characterized by the fact that each of them involves 
two and only two operators which are squares thereunder whenever it involves 
operators of order 4. 

If an operator of order 8 in G transforms the operators of this subgroup 
of index 2 according to an inner isomorphism it may be assumed that it is 
commutative with each of its operators and hence there is one and only one 
such @ of order 2”. If this operator of order 8 transforms this subgroup of 
index 2 according to an outer isomorphism it is non-commutative with an 
operator of order 2 in its central and hence there is one and only one such 
group of order 2” whenever the central of the given subgroup of index 2 has 
an order which exceeds 4. This proves the following theorem: The number 
of the groups of order 2™, m odd, which separately have the property that 
each of them involves exactly four operators which are square thereunder and 
these operators constitute a cyclic subgroup of the central thereof 1s one more 
than twice the number of the different natural numbers which can be sub- 
stituted for in the expression m= 2r-+ 3. When m is even there is one 
more such group. 

If the operators of order 4 in G which are squares under G@ are not 
invariant under G then G can be obtained by extending one of the groups of 
the preceding theorem by an operator whose square appears therein and under 
which it is invariant. The order of each of the additional operators divides 
4 and hence the given subgroup of index 2 is a characteristic subgroup of G 
since it is generated by its operators of order 8. The groups obtained by 
extending one of these subgroups must therefore be distinct from those 
obtained by thus extending any other such subgroup. Tach of the added 
operators transforms one-fourth of the operators of this subgroup into them- 
selves, another fourth into themselves multiplied by an operator of order 2, 
and the rest, composed of its operators of order 8, into themselves multiplied 
by operators of order 4. The first one-fourth of these operators constitute an 
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invariant subgroup giving rise to the cyclic quotient group of order 4 with 
respect to this subgroup. This invariant subgroup cannot involve all the 
operators of order 4 which appear in the central of this subgroup of index 2 
since such an operator is transformed into its inverse under G. 

When the operators of order 4 in this subgroup of index 2 generate an 
abelian group but the entire subgroup of index 2 is non-abelian there are four 
such groups whenever m > 5 while there are only three such groups when 
m==5. When this subgroup of index 2 is abelian and m > 4 there are again 
four such groups, but when m = 4 there are only three such groups. When 
the operators of order 4 in this subgroup of index 2 generate a non-abelian 
group then this group involves a subgroup of index 2 under it in which half 
the operators are of 4. It also involves subgroups of this index in which more 
than half of these operators have this property and. less than half of these 
operators have this property since each of these subgroups can be extended 
by means of an operator of order 4 which is commutative with each of its 
operators so as to obtain the required group of index 4 under G. This proves 
the following theorem: There are five groups of order 2” which separately 
involve the same group coming under the preceding italicized theorem as a 
subgroup of index 2 whenever the operators of order 4 contained therein 
generate a non-abelian group whose central is of a larger order than 4. There 
are only four such groups when this central is of order 4 or when this subgroup 
of index 2 is abelian and tts order exceeds 8 or when it is non-abelian but tts 
operators of order 4 generate an abelian group whose order exceeds 8. In the 
remaining cases there are only three such groups. 

It remains to consider the case when three of the four operators in @ 
which are squares thereunder are of order 2. These three operators must 
be commutative with each other since they could not all be conjugate under 
G as there is no operator of order 3 in G. When G@ is abelian it is obviously 
of type (2,2,1,1,---). It will therefore be assumed in what follows that G 
is non-abelian. As the four squares are relatively commutative they generate 
either the four-group or the group of order 8 and of type (1,1,1). The 
corresponding quotient group involves no operator of order 4 and hence is 
abelian. The operators which are squares must therefore generate the com- 
mutator subgroup of G. To construct such a group in which these squares 
generate a subgroup of order 8 we may extend the group of order 16 involving 
three distinct squares which do not include its commutator of order 2 by an 
Operator of order 4 whose square is commutative with each of the operators 
of this subgroup of order 16 but is not found therein and which transforms 
each of the operators of order 4 in this subgroup into itself multiplied by the 
product of the three squares of order 2. 
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To prove that each of these four squares is in the central of G it may first 
be noted that if two of these squares were conjugate under G then a co-set of 
G composed of operators of order 4 which have all their squares equal to one 
of these two conjugates would not be invariant under G. This is contrary to 
the observation made above that the quotient group of G with respect to the 
subgroup generated by its operators which are squares involves no operator 
whose order exceeds 2. This proves the following theorem: If a group involves 
four and only four operators which are squares thereunder and if three of 
these are of order 2 then each of them is in the central of the group and 
they generate a subgroup whose order is either 4 or 8 which includes the 
commutator subgroup of the group. 

From this theorem it results that when the four squares of G generate a 
group of order 8 then the product of two distinct squares is never a square 
while such a product is always a square when they generate a group of order 
4. In the former case all the operators of G which are commutative with 
one of its operators of order 4 constitute a subgroup whose index under G@ 
cannot exceed 4 since this operator cannot be transformed under G@ into itself 
multiplied by the product of the two squares of order 2 which differ from 
its own square. All the operators of order 4 in this subgroup have a com- 
mon square and exactly one-half of the operators of this subgroup are of 
order 4. As the order of this subgroup is at least 16 the order of G@ is at 
least 32. When the order of G is 32 its commutator subgroup is of order 2 
and is generated by the product of its three operators of order 2 which are 
squares. This proves the following theorem: There is one and only one 
group of order 32 which involves four and only four operators which are 
squares thereunder and generate a group of order 8. 

We proceed to determine all the possible groups which involve exactly 
four operators which are squares such that these squares generate a group 
of order 8. If the order of the central of such a group exceeds 8 it is the 
direct product of such a group whose central is of order 8 and an abelian 
group of type (1, 1, 1, ---). Hence we may confine our attention in what 
follows to the consideration of such groups in which the central is of order 8. 
Three operators of order 4 contained in such a group and having three dis- 
tinct squares generate a group whose order is either 32 or 64. In the former 
case this group is completely determined according to the theorem closing 
the preceding paragraph. In the latter case this group of order 32 appears 
as a subgroup of the group of order 64 and hence it results that every group 
of order 2" which contains four and only four operators which are squares 
thereunder and generate a subgroup of order 8 contains invariantly the group 
of order 32 which has these properties. 


| 
| 


GROUPS INVOLVING FOUR OPERATORS WHICH ARE SQUARES. 51 


By means of this theorem it is possible to determine an upper limit for 
the order of such a group when the order of its central does not exceed 8. 
The given invariant subgroup of order 32 has a group of inner isomorphisms 
whose order is 4. If we can prove that it cannot be transformed according 
to a group whose order is as large as 16 under such a group it results that 
the order of this group cannot exceed 64. If we select a set of two inde- 
pendent generators of this invariant subgroup of order 32 it may be noted 
that when the former is transformed into itself the latter cannot be trans- 
formed in more than two different ways by an operator of order 4 since this 
must have the same square as the operator which is left invariant. As one 
of these corresponds to an inner isomorphism there is only one such group of 
order 64. The group of inner isomorphisms of this group of order 64 is of 
order 8. 

When neither of these two independent generators is transformed accord- 
ing to an inner isomorphism there results a group which is conformal to the 
one just found but in which the non-invariant operators of order 2 have four 
conjugates while they have only two conjugates under the preceding group. 
Hence it follows that there are two such groups of order 64 whose group of 
inner isomorphisms is of order 8. The direct product of the given group 
of order 32 and the group of order 2 has also the property that it contains 
exactly four operators which are squares thereunder. This proves the fol- 
lowing theorem: Jf the four operators which are squares under a given group 
of order 2™ generate a subgroup of order 8 then the order of the group is 
divisible by 32 and there is one and only one such group of order 32 while 
there are exactly three such groups whose order is an arbitrary higher power 
of 2. 

It remains to consider the cases when the four operators of @ which are 
squares constitute the four group. Just as before it results that each of these 
four operators appears in the central of G and that the commutator subgroup 
of G is contained in this four group. When @ is abelian it is the direct 
product of the group of type (2, 2) and a group of type (1, 1, 1,---), 
where the latter may reduce to the identity. When G@ is non-abelian its com- 
mutator subgroup is either of order 2 or of order 4, and its order is divisible 
by 32. When its commutator subgroup is of order 2 and not all the operators 
whose square is the commutator of order 2 are commutative then these 
operators generate a subgroup of index 2 under G and each of the remain- 
ing operators is of order 4. In this case G can be obtained by extending one 
of the known groups whose operators involve two distinct squares thereunder 
by an operator of order 4 whose square is contained therein and which trans- 
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forms this group into itself. This is also the case when all the operators of 
order 4 in G@ whose square is the commutator of order 2 are commutative, 
provided the subgroup they generate is of index 2 under G. When this sub- 
group is not of index 2 under G@ it must be of index 4 thereunder and G is 
obtained by extending a generalized dihedral group in the given manner. 
When the commutator subgroup of G is the four group the central of G ) 
may be of one of the following three types: (1,1, 1,---), (2,1, 1,°°-), 
(2, 2,1, 1,---). In the first case G is the direct product of a group whose 
commutator subgroup is the four group and an abelian group of type 
(1, 1,1,-- +). In the second case it is the direct product of such an abelian 
group and a group whose central is of order 8 and of type (2, 1), while in 
the third case it is the direct product of such an abelian group and a group 
whose central is of order 16 and of type (2, 2). In this last case it contains 
a subgroup of index 4 whose central is the four-group, while in the preceding 
case it contains a subgroup of index 2 whose central is the four group. Hence 
in all cases G may be constructed by first constructing a group whose central 
is the four group. There is no upper limit for the order of such a group 
but the lower limit is obviously 32. The number of these groups of order 2” 
increases with m even when it is assumed that their common central is the 
four group. Cf. Proceedings of the National Academy of Sciences, volume 
19 (1933), page 848. 
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ON ISOMORPHISMS OF THE ABELIAN GROUP OF TYPE 1,1,---. 
By H. R. BrRaHANa. 


It has been shown recently * that if the group of isomorphisms J of an 
abelian group H of order p” and type 1,1,- - - be written as a linear group 
in the ordinary way, then a necessary and sufficient condition that an operator 
U in I be of order a power of p is that the characteristic determinant of U be 
(—1)"(A—1)”. Moreover, the order of U is exactly p™ where p™ is the 
smallest power of p greater than «7 al to the degree of the n-th invariant 
factor of U. These facts with some e iers contained in the paper referred to 
above give immediately a considerable amount of information concerning the 
Sylow subgroup J, of order p"""-»/? of J. Much of this information is to be 
found in a paper by Miller.¢ It is believed, however, that the present approach 
throws new light on the subject since it connects so closely with the well-known 
invariants of a linear transformation. 


1. Classification of transformations. The invariant factors of U are all 
powers of (1— A) and consequently the canonical form of U is determined 
by the degrees of its invariant factors, There exists a canonical form having 
for invariant factors any set of powers of (1—A) subject to the condition 
that their product is of degree n, and such a canonical form determines an 
isomorphism U. Two U’s are conjugate if and only if they have the same 
canonical form. From these facts we obtain the following fundamental 
theorem : 


(1.1) The operators of order a power of p in the group of isomorphisms of 
H constitute @, conjugate sets, where O is the number of partitions of n. 
The correspondence between conjugate sets and partitions of n is one to one. 


The identity transformation is the only transformation in one of the conjugate 
scts and it corresponds to the partition n=1-+1+---+1. 

In the following pages we shall designate an operator of J by means of 
the partition of n to which it corresponds. Let us consider the partition 


* Proceedings of the National Academy of Sciences, December, 1932, p. 722. 
+ “Determination of all the groups of order pm, etc.,” Bulletin of the American 
Mathematical Society, ser. 2, vol. 8 (1902), p. 391. 
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in which we suppose the terms ordered so that nj = nis, ny >1, and 
Ny =1, if y <8. Then from the second of the theorems quoted above it 
follows that the order of U is p™ where m is the smallest integer such that 
nm, = p™. Obviously n, is not greater than n and we have the following 
theorem : 


(1.2) The Sylow subgroup I, of I contains operators of order p™ where m 
is the smallest number such that nS p™, and contains no operator of higher 
order.* 


The operators of highest order p” of J constitute a single conjugate set 
only if there is but one partition of n such that n, > p™"*. In this case 
Hence, 


(1.3) A necessary and sufficient condition that the operators of highest order 
of Ip constitute a single conjugate set in I is that n be of the form p* + 1. 


If nm, is not greater than p, the corresponding operator is of order p. 
Hence, 


(1.4) The number of conjugate sets of operators of order p in I is one 
smaller + than the number of partitions of n with a greatest term not greater 


than p. 
In like manner it is obvious that 


(1.5) The number of conjugate sets of operators of order p* is equal to 
the number of partitions of n with a greatest term greater than p** and not 


greater than p*. 


There are many theorems about non-cyclic abelian subgroups of Z, which 
are as easily obtained. Statement of them would be so complicated as to 
obscure their essential simplicity. The method is more important and is 
sufficiently indicated by an illustration. Let p—5 and n=8. Then I, is 
of order 57°. The preceding theorems state: (a) the operators of J, constitute 
22 conjugate sets; (b) I, contains operators of order 25 and none of higher 
order; (c) J contains 4 conjugate sets of operators of order 25 and 17 con- 
jugate sets of operators of order 5. Now let us consider an operator Ui; in 
the conjugate set corresponding to the partition n=2+1-+---+1. H 
the generators of H are s,, S2,° - +, 8s, then Ui; may be defined as follows: 


* This result is contained implicitly in the paper by Miller cited above. 
+ This is to account for the partition in which n,= 1. 
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U 43 = 848;, ij = Ai. The operators Ui2, Uss, Use, and 

U;s obviously generate an abelian group of order 5* and type 1,1,- - - in Jp. 

We made certain that the group was abelian by making the U’s affect different 

generators of H. ‘The same considerations show that J, contains an abelian 


group of order 5° and type 2,1 generated by operators corresponding to the 
partitions n=6-+1-+1 and n=2+1+---+1. 


2. Characteristics of a transformation. When U is expressed as a linear 
transformation the degrees of its invariant factors identify the conjugate set 
to which it belongs. These degrees constitute the terms in a partition of n. 
Then any characteristic subgroups of the subgroup of the holomorph of H 
determined by U should be interpretable in terms of the partition of n to 
which U corresponds. 

From the theory of linear transformations * it follows that generators 
of H may be chosen, as for U;; above, so that U can be written as a set. of 8 
partial transformations each on nj, -,8, variables distinct from 
those transformed by the other §—1 partial transformations. Each partial 
transformation U; transforms one of the operators of H successively into a 
set of operators which generate a subgroup H; whose order is p". This group 
H; is of the type considered in a recent paper.t Hvery such group H; contains 
one and only one subgroup of order p whose operators are invariant under U; 
and hence invariant under U. Hence we have the theorem: f{ 


(2.1) The subgroup G of the holomorph of H determined by U has a central 
of order p®. 


Moreover, commutators obtained by transforming operators of “Hi by Ui 
constitute a group K; invariant under Vj. If the order of H; is greater than 
p, i.e., if ny; > 1, then the order of K; is at least p and K; contains a subgroup 
of order p whose operators are invariant under U;. Hence, the theorem: 


(2.2) The commutator subgroup K and the central C of G have a cross-cut. 
of order 


If the generators s;, 8,° * *, 8» of H are chosen so that U is in canonical 
form we have 


* Dickson, Modern Algebraic Theories, 1930, p. 90, Theorem I. 

+ “ Groups {S, 7’) whose commutator subgroups are Abelian,” Transactions of the 
American Mathematical Society, vol. 35 (1933), p. 386. 

¢ Cf. the first reference, Theorem 4. 
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U,18,0, = (2 = 1, 2,- é *,n,—1), 


i] The commutator determined by U, and s;, for 1 << m, is s;-1si,,. These ny —1 
commutators are independent and generate a group of order p™* in H,, 
The n,-th commutator, arising from U, and s»,, is in this group for otherwise 
Kk, would be H, which is impossible because H, contains operators invariant 
under U,. The argument is identical for any other partial transformation Uj. 
It is obvious that K is the direct product of the K;’s. Hence, 


(2.3) The order of the commutator subgroup K of G is p™. 


It is interesting to apply the above theorems to the question of determin- 
ing G by means of its order and the order of its characteristic subgroups. 
There are as many mutually non-conjugate subgroups G of order p”** in the 
holomorph of H which contain H invariantly as a maximal abelian subgroup, 
i.e., G = {H, U}, as there are partitions of n with n,S p. Of the G’s just 
described there are as many with the same central of order p’ as there are 
partitions of n into 6 terms. Of the second set of G’s there are as many with 
the same commutator subgroup of order p”® as there are partitions of n —8 
into y terms. The theorems stated above give some obvious interpretations of 
the partition of n which determines G in terms of some well known and 
extremely useful characteristics of G, viz., its order and the orders of its 
central and commutator subgroup. It is obvious that no set of quantities can 
determine G without determining every one of the terms in the partition of n 
te which it corresponds. 

Another characteristic of G expressible immediately in terms of the par- 
tition of n is its class.* We repeat the definition of class. Let G’ be the group 
of inner isomorphisms of G, let G’”’ be the group of inner isomorphisms of ’, 
and so on. If is solvable the sequence G, G’,G”,- -- contains 
such that G4") ~1, The group G is then said to be of class k. We recall 
that the group of inner isomorphisms of a group is simply isomorphic with 
its central quotient group. 

The group @ is of order p™™, where p” is the order of U. The order of 
the central of G is p and the corresponding quotient group is G’ of order 
pe, GQ’ contains an abelian invariant subgroup H’ of order p*® corre- 
sponding to H. The group G’ is determined by H’ and an isomorphism of H’ 
which corresponds to the partition 


* Fite, “On Metabelian groups,” Transactions of the American Mathematical 
Society, vol. 3 (1902), p. 348. 
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n—8 = (m,—1) + (n2—1) +--+ -+ (n,—1). 


The remainder of the proof is obvious. We may apply the same argument to 
@’ to obtain G” and show that G” is determined by H” and a transformation 
of H” corresponding to the partition 


n—8—y— (nm, —2) + (m—2) (me—2). 


At the j-th step we shall have G‘/’ determined by H‘ and an isomorphism 
of H‘? corresponding to the partition of the exponent of p in the order of 
H‘? into 

(m —j) + 


The central quotient group G+!) will be identity only if n,—j—1. 
Hence, we have 


(2.4) The class of G is n. 


The difference between the exponents of p in the orders of the centrals 
of G and G’ is 8—y which is the number of the n,’s which are equal to 1. 
The corresponding difference for G’ and G” is the number of the n;’s which 
are equal to 2. Consequently if the orders of the centrals of G, G’, G”’,- - - 
are given, the n,;’s are completely determined. Hence, 


(2.5) <A group G = {H, U} in the holomorph of H is completely determined 
by the orders of its central and of the centrals of the successive groups of inner 
isomorphisms. 


These numbers are not independent for the sum of the exponents of p 
in the orders of the centrals of the successive central quotient groups is n. 
They are, however, independent of any set of generators and are characteristic 
numbers of the group G. They therefore constitute a partition of n into an 
ordered set of terms each of which is directly interpretable in terms of a 
characteristic group determined by G. 

On the other hand there is a set of subgroups of G each directly connected 
with one of the numbers n;. Each of the groups H; is invariant under U and 
hence the group {H;i,U} is a non-abelian subgroup of G. Its commutator 
subgroup is of order p"** and hence determines n;. This group is not even 
invariant, much less characteristic, for if s; is not in H; and is not permutable 
with U it will not transform {H;, U} into itself. However, the order of the 
central of G determines 6 and the order of the cross-cut of the central and the 
commutator subgroup determines y. Any operator U outside of H which with 
H generates G will transform K into itself according to an isomorphism which 
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corresponds to a partition of nm —6 into y terms. Each of the terms of this 
partition determines one of the numbers j.* 


3. Groups of order p"** which contain H. Every group G of order p™ 
which contains H contains H invariantly. Any operator U of G has its p-th 
power in H. Therefore if U is outside of H it must transform H according 
to an isomorphism of H of order p. The partition of n to which U corre- 
sponds must then have n, =p. On the other hand we have seen in the 
preceding section that for every partition of n in which n, < p there exists a 
group of order p"* in the holomorph of H, generated by H and U of order p. 
Any other group G of order p™' which contains H must contain an operator 
of order greater than p which transforms H according to an isomorphism of 
order p. The p-th power of U is an operator of H which is invariant under 
U.t In the first place the order of U cannot be greater than p?. Next, for a 
given partition of nm there are in general two groups G of order p™* which 
contain operators of order p”, one in which the p-th power of U, is an invariant 
commutator, and one in which the p-th power of U, is an invariant operator 
not a commutator. We shall show that the number of groups G@ of order p™? 
corresponding to a given partition is one greater than the number of different 
values among the n;’s. 

If G is in the holomorph and n, < p then every operator of G, except 
identity,f is of order p. The condition that the order of sU be p, where s is 
an operator of H and U is of order p, is that the product of the set of con- 
jugates of s under powers of U be identity, and this is true if and only if m 
is less than p.§ The restriction of G to the holomorph of H required U to be 
of order p; any group of order p"*? which contains H and whose operators 
are of order p will obviously be simply isomorphic with a G in the holomorph. 
Hence we may note the following theorem: 


(3.1) The number of groups of order p"*! which contain H and whose 
operators are all of order p is equal to the number of partitions of n in which 
un, 1s not greater than p—1. 


The abelian group of type 1,1,- - - is included above. The theorem also 
states that when p= 2 there is but one group, which is abelian. 


* This is the method of determination of U given by Miller in the paper cited above. 

+“On the groups which contain a given invariant subgroup, ete.,” American 
Journal of Mathematics, vol. 52 (1930), p. 915. 

t Hereafter when we speak of every operator of G@ we shall understand that identity 
is excluded. 
§ Cf. Theorems (3.3) and (4.4) of the second reference of the preceding section. 
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Since all the operators of the above groups are of order p the one deter- 
mined by a given partition of n will be distinct from any G corresponding to 
the same partition which contains operators of order p?. Let U, be of order 
p” and let U,? be sq which, as noted above, must be in the central of G. The 
p-th power of sU,, where s is any operator of H, is U,? multiplied by the 
product of the set of conjugates of s under powers of U. This set of conju- 
gates has identity for a product if and only if n; <p. Therefore when 
nm, < p, the group of p-th powers in G constitutes a group of order p. Since 
the group of p-th powers and the commutator subgroup are both characteristic 
it follows that if two groups G, and G, correspond to the same partition of n 
and have their groups of p-th powers respectively in and not in the commu- 
tator subgroups, the two groups are not simply isomorphic. The group of 
isomorphisms J of H contains an operator which is permutable with the iso- 
morphism to which U, corresponds and which transforms any operator in the 
central of G and not in the commutator subgroup into any other such operator. 
Consequently, any two groups for which U,? is not in the commutator subgroup 
are simply isomorphic. 

Now let us consider two groups G, and G, generated by H and U, and Uz 
respectively, where U, and U, correspond to the same isomorphism U of H. 
Let U,? be an invariant operator in H; and U,” be an invariant operator in Hj. 
If n; nj, the correspondence obtained by interchanging H; and Hj, and 
letting U, and all the remaining generators of H correspond to themselves 
determines a simple isomorphism between G, and Gz. If njsA nj, then no 
simple isomorphism exists, for, if i<j, G contains a subgroup {Hi, Ui} 
whose central is of order p and whose order is p"‘, and G, contains no such 
subgroup. Any subgroup of G, of that order will have a central of order at 
least p?. Therefore there are as many groups corresponding to a given parti- 
tion of n as there are different numbers n; in that partition and each of these 
groups contains operators of order p’. 

There is left the possibility that U,? is in the commutator subgroup but 
is not in any of the groups H;. It will, however, be a product of operators 
from the //;’s and the corresponding product of the operators whose conju- 
gates generate those H;’s will with its conjugates under U generate a group 
of order p":, where 7, is the subscript of the first of the H;’s that has operators 
appearing in the expression for U,”. If Hi, is replaced by the group just 
described, all the other H;’s being left unchanged, then G is in the form of 
the groups considered in the last paragraph. We have proved the theorem: 


(3.2) The number of groups of order p™! which contain H and transform 
tt according to a given operator U is one greater than the number of different 
numbers among the nj’s of the partition of n to which U corresponds. 
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By means of this theorem we may obtain an explicit expression for the 
number of metabelian groups of order p”* which contain H. The metabelian 
groups are the groups of class 2. If G is metabelian, then n, —2. Then n; 
is either 2 or 1. The number of partitions of n into 2’s and 1’s is n/2 or 
(n—1)/2 according as n is even or odd. Every partition contains two 
distinct numbers except the one n=2+2+---+2, when n is even. 


Hence, 


(3.3) The number of metabelian groups of order p*! which contain H is 
(3n — 2)/2 or 3(n —1)/2, according as n is even or odd. Of these n/2 or 
(n —1)/2 contain only operators of order p. 


The only groups of order p"** which contain H and are not counted in 
(3.2) are the groups of class p. The isomorphism U determined by such a 
group corresponds to the partition n = p+ n2e+ng+----+ ng. The group 
H, is of order p?. It has p independent generators which are conjugate under 
U. Their product is of order p and therefore the order of siU is p*, where s; 
is any operator whose conjugates under U generate a group of order jp. 
Since (s;U)? is in H it is invariant and since it is the product of the conju- 
gates of s; under U it is in one of the groups H; whose order p™ is p?, if it is 
not identity. Hence the order of the group of p-th powers in {H, U} is p%, 
where @ is the number of the nj’s which are equal to p. The group just 
described is in the holomorph of H. If now we take U, to be an operator of 
order p* which transforms H according to U, of order p, and such that U,? 
is an invariant operator of H not a p-th power in the group above, G, = {H, Ui} 
will have a group of p-th powers of order p™?. G, is therefore not simply 
isomorphic with G. An argument similar to that carried out for groups of 
class lower than p shows that there are as many ways of choosing U, as there 
are distinct numbers among the n;’s of the partition of n in question. 


Therefore, 


(3.4) The number of distinct groups of order p"*! and class p corresponding 
to a given partition of n with ny =p ts equal to the number of distinct 


numbers among the nji’s. 


There is one group missing for each partition of n in (3.4) as compared 
with (3.2). This is due to the fact that when U is of order p the invariant 
operators of H, are p-th powers and so no new group is obtained by choosing 


U, differently to make them p-th powers. 
The question of the identification of a given group G of order p™? which 
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contains H involves the determination of the partition of n to which an 
operator outside of H corresponds. By the argument preceding (2.5) this 
involves essentially the determination of the orders of the centrals of the 
successive groups of inner isomorphisms. It is then necessary to determine 
the location of the group of p-th powers of G with regard to the invariant 
operators of the commutator subgroup of G. This in turn involves the 
determination of the order of the largest subgroup of G whose central is of 
order p. 

Another interesting fact, which we have proved incidentally, is that if 
the class of G is not greater than p—1 G is conformal with the abelian 
group of type 1,1,- - - or with the abelian group of type 2,1,1,---. 
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ON SUMMABILITY OF MULTIPLE SEQUENCES.* 


By RatpH PALMER AGNEW. 


1. Introduction. The object of this note is to extend to sequences, of 
multiplicity greater than two, certain theorems on transformations of double 
sequences obtained by Lésch + and the writer.{ These theorems have, in the 
special case of the arithmetic mean transformation, been partially extended 
to sequences of multiplicity greater than two by Bochner.§ 

We shall, for brevity, state and prove our results only for triple sequences. 
The reader will see that our methods can readily be applied also to double 
sequences and to sequences of any multiplicity greater than three. 


2. Transformations. Let |la “sad |, A=1, 2, 3, be three triangular 
matrices of real or complex constants satisfying the conditions 


(2.1) Zlaml<k (A= 1,2,3; m=0,1,2,-- -) 

(2. 2) for each 4, lim oO) (A = 1, 2, 3) 
mn p 

(2. 3) lim aMaMa® 


i=0 j=0 k=0 mi nf pk 


where K is a constant independent of m. With each triple sequence sijr; 
convergent or not, we associate a transform Smnp defined by 


n D 
F: Smnp 2 Sijks 


The sequence sijx is said to be summable F to Sif lim Smnp=S 
Mn pro - 


and to be ultimately bounded F if limsup | Smnp|< %. It is easy to 


show that each bounded convergent triple sequence is summable F to the 


* Presented to the American Mathematical Society October 28, 1933. Received by 
the editors September 6, 1933. 

+ Lésch, “tber den Permanenzsatz gewisser Limitierungsverfahren fiir Doppel- 
folgen,” Mathematische Zeitschrift, vol. 34 (1931), pp. 281-290; and a second paper 
bearing the same title, ibid., vol. 37 (1933), pp. 77-84. 

t Agnew, “ On summability of double sequences,” American Journal of Mathematics, 
vol. 54 (1932), pp. 648-656. 

§ Bochner, “Limitierung mehrfacher Folgen nach dem Verfahren der arithme- 
tischen Mittel,” Mathematische Zeitschrift, vol. 35 (1932), pp. 122-126. 
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value to which it converges. However it is not true that each convergent 
sequence is so summable unless the matrices ||a|| satisfy in addition to 
(2.1), (2.2) and (2.3) a condition which we do not impose, namely 


(2. 4) for each i, a“ = 0 for all sufficiently great m, 


when A~1,2,3. An extent to which unbounded convergent triple sequences 
are summable F is given by the extension to triple sequences of work of 
C. R. Adams * on double sequences. 


3. Theorems on triple sequences. The principal result we prove is the 
following extension to triple sequences of Theorem 1 of the author’s previous 
paper. 

THEOREM 3.1. If sijx converges to s and if there exist an index Q and 
three sequences &m, Bn and yp of constants such that 


for each m>Q, =| Simp | < Om n,p>Q 
(3. 11) for each n>Q, | Smnp| < Bn mp>@ 
for each p>Q, | Smnp| < yp m,n>Q 


then sijx 1s summable F to s. 


The condition (3.11) is obviously necessary in order that sij, may be 
ultimately bounded / or summable F'; hence we obtain from Theorem 3.1 
the following extensions to triple sequences of theorems given by Lésch and 
the writer. 


THEOREM 3.2. If sijx converges to s and is ultimately bounded F, then 
1s summable F to s. 


THEOREM 3.3. If sijx converges to s and is summable F to S, then S =s. 


The last of these theorems has been proved by Bochner, loc. cit., for the 
case in which F is the arithmetic mean transformation, i. e. oot =1/(m+1). 


4. Proof of Theorem 3.1. To prove Theorem 3.1, let sijx satisfy its 
hypotheses. Since s;j,—>s, we can choose an index R > Q such that sijx is 
uniformly bounded for all i,7,4 > R. Then for m,n, p > R, 


m n Dp 
) mt Ons pk Si ik Omnp 


* Adams, “ Transformations of double sequences with application to Cesaro summa- 
bility of double series,” Bulletin of the American Mathematical Society, vol. 37 (1931), 
pp. 741-748. 
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if where Omnp is a uniformly bounded sequence converging to 0 as m,n,p— ~. 
| Using 4. 1 we obtain for m,n, p > R 


mn Dp m n 
i=0 j=0 4=R+1 k=R+i nj” pk 


i=0 j=0 k=0 4=R+1 j=0 k=0 i=R+1 j=R+1 


This assumes for m,n, p > RF the form 


(4. 2) Smnp — — Omnp = + 


i=0 mit k=0 


when we introduce notation whose definition is obvious. 
Using (4.2), we verify easily that Theorem 3.1 is a consequence of the 
following lemma. 


Lemma 4.3. Let R be a non-negative integer and let 


R R R 
(4. 4) = > AmiA inp + > bnjBimp + 2 Con 
=0 =0 =0 
where 
(4. 5) lim @mi =0, limby; =0, for each 1,7, k. 
m—>0o n—>00 poo 


If there exist an index N and three sequences @m, B’n and yy such that 


for each m>N_ | | < &m n,p>wN 
(4. 6) for each n>N_ | Hmnp| < f'n m,p>wN 
for each p>N_ | Hmnp| < 7p m,n>N 


then Hmnp > 0 as m,n, p—> ©. 


5. Proof of Lemma 4.3. We prove Lemma 4.3 by induction on &, 
proving it first for the case Rk = 0. 

When Rk = 0, we may omit the subscript 0 from amo, Aonp, etc., writing 
(4.4) in the form 


(5. 1) Hinnp OnmAnp bn Bmp CyC mn: 


If Gm = bn = cp = 0 for all sufficiently great m, n, p, then obviously Hmnp — 0 
as m,n, p—> o. 

Otherwise, because of symmetry in m,n, p of our conditions, we may 
assume that cp 0 for some fixed p’ > N. Then we obtain from (5. 1) 


— CpAnp’) + bn(CyBmp — CpB my’) 


Cp Himnp — CoH = Om (Cp Anp 
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which has the form 
(5. 2) Cy Hemp CoH + bn B’ 


If dm = bn =O for all sufficiently great m and n, then obviously ¢pHmnp 
— ¢pHmnp > 0; but ¢p—>0 and | Hinnp | < so that ¢pHmnp 0 and there- 
fore in this case Hinnp > 0. 

If we do not have Gm = bn = 0 for all sufficiently great m and n, we may 
assume that b,, ~ 0 for some fixed n’ > N. In this case we obtain from (5. 2) 
a relation having the form 


(5. 3) Dy (Cy Hmnp — mnp’ ) bn (Cp Hmn'p CplDmn’y’ ) ng. 


If dm = 0 for all sufficiently great m, then (4.6) together with the facts that 
bn > 0, Cp > 0 and dDncy ~ 0 imply that Hmnp > 0. 

If finally we do not have am = 0 for all sufficiently great m, then we may 
assume Am 4 0 for some fixed m’ > N and obtain from (5.3) the relation 


(5. 4) { Dn’ (Cp-Hnnp — CoH amp’ ) Bn (Cp-Hmnp CpH mn'p’) } 
— Am { Dn’ Himnp CpH (CpHmn'p m'n'p’) } = 0. 


Hence (4.6) together with the facts that dm—>0, bx—-0, ¢)—>0 while 


dm Dn'Cyp 0 implies that Hmnp > 0 and the proof of the lemma for the case 
=0 is complete. 

Now let & be a positive integer, and assume that the lemma holds when we 
replace R by R—1. Leaving consideration of simpler cases to the reader, we 
suppose we can choose fixed indices m’, n’, p’ > N such that dmrbn-rcyr ~ 0. 
From (4.4) we obtain 


R 
Cy rH mnp amp’ = Ami (Cy-rA inp == CprA ing’) 
i=0 


R R-1 
+ bnj (Cy rBimp — CprBijmp) + (Cp — 
k=-0 


which, through introduction of new notation, we write in the form 
R R R-1 
(5. 5) = ~ OmiA’ inp DB’ +- > i 
=0 =O k=0 
From (5.5) we obtain 
R 
R-1 R-1 
j=0 k=0 


which we write in the form 
5 
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R R-1 R-i 
(5. 6) = ami A” inp + nj B jmp + 
i=0 j=0 k=0 
From (5.6) we obtain 
R-1 
Om rH” mnp mnp — > A inp 


i=0 


R-1 R-1 
j=0 k=0 


which we write in the form 


R-1 R-1 R-1 
(5. 7) > inp + b’,;B’ jmp kmn- 


i=0 j=0 k= 
Since 
(5. 8) = Om’ RDn'RCp'RH mnp Om’ ROn' RCpRH mnp’ 
ROnrCp m n'p Omron RH mnp + mn'y 
Omron rCprH m np’ Omron rCp RH mn'p — Amro mn'y’, 


we see from (4.5) and (4.6) that the sequence H’’mnp has the essential 
property which (4.6) imposes on Himnp. Also @’mi, b’nj and c’px have the 
property which (4.5) imposes on @mi, bnj, and ¢px. Therefore, on using (5.7) 
and applying the lemma when R is replaced by R —1, we find that H’”mnp > 0 
as m,n,p—- oo. Furthermore (4.5) and (4.6) ensure that each term of the 
right member of (5.8) except the first converges to zero as m,n, p— %. 
Therefore, since 0, it follows from (5.8) that Hinnp as 
m,n, p— co and the lemma is proved by induction. 


6. The arithmetic mean transformation. For the special case of the 
arithmetic mean transformation, (4.2) becomes 


Siang — — Omnp 


R R 


jm 
which may be written 
Sinp — 8 — Omnp weed Anp/(m + 1) + Binp/(n + 1) + Cmn/(p + 1). 
Thus the proof of Theorem 3.1 reduces simply to the proof of Lemma 4.3 
for the case where = 0 and none of the coefficients ami, bnj, vanish. 


%. Applications. After having proved Theorems 3. 1, 3. 2, 3. 3 and their 
analogues for sequences of arbitrary multiplicity, we can, without meeting 
new difficulties, extend to sequences of arbitrary multiplicity many of the 
results given by Adams * and the writer, loc. cit. 


* Adams, “ On summability of double series,” Transactions of the American Mathe- 
matical Society, vol. 34 (1932), pp. 215-230. 
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8. Non-factorable transformations. The transformation F is of the type 
called factorable by C. R. Adams. An example has been given by Adams * 
which shows that the double sequence analogues of Theorems 3.1, 3.2, and 
3.3 cannot be extended from factorable to non-factorable transformations. 

We give here the triple sequence analogue of a very simple example the 
writer constructed after having seen the one of Adams. The non-factorable 
transformation 


So P= 0 
N Bin 
{ Smmp + [1/(m + 1) ]8ino0 


obviously evaluates each bounded convergent sequence to the value to which 
it converges. The sequence 
0 p>o 
converges to 0, and has for its N transform the sequence Smnp = 1, for all 
m,n, p, Which converges to 1. The sequence 
p=0 
(8. 2) Smnp = \ 0 p _ 0 
has for its N transform a bounded divergent sequence. This example shows 
that there exist non-factorable transformations, regular for bounded convergent 
sequences, for which analogues of Theorems 3.1, 3.2, and 3.3 do not hold. 
It is worth noting specifically that the transformation N does not share 
with the factorable transformations F’ the property of being consistent with 
convergence. 

W. A. Hurwitz pointed out to the writer that our methods, with only 
a slight change in detail, suffice to prove Theorems 3.1, 3.2, and 3.3 for 
the following set of transformations @ which includes a large class of non- 
factorable transformations. Let A be a positive integer and let 


(8. 1) 


min 
Smnp = = AmnpijkSijk 
i=0 j=0 k=0 
gs A 
a ss os a (1,6) a (2,5) q (3,6) 
mnpijk 2 nj pk 
where || || satisfies, for each A~1,2,3; 8—1,2,---,A, conditions 


corresponding to (2.1) and (2.2) and, instead of (2.3), the condition 


m n 


D 
(8, 3) lim Amnpijk = 1. 


i=0 j=0 k=0 


* Adams, “On non-factorable transformations of double sequences,” Proceedings 
of the National Academy of Sciences, vol. 19 (1933), pp. 564-567. 
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In proving Theorem 3.1 for G, Lemma 4.3 is applied with R replaced by 
A(#k+1)—1. 
The transformations which fall in the class G merit some discussion. It 


we put 


i=1 
then (8.3) may be written 
A 
(8. 5) lim DAp, 2 1, 


m,n,p>oo 


If A —1, in which case G reduces to F’, we have 


(8. 6) lim A, 2? A,@Y 1 


M,N, 


which implies that each of the three limits 


lim lim An®?, lim 
m—>0o 


exists and is different from 0, and that the product of the three limits is 1. 

Thus each of the three matrices || a — || corresponds to a simple-sequence 

transformation which is convergence preserving and regular for null sequences. 
In case A > 1, however, (8.5) does not imply that all of the limits 


lim Ag” (A == 1,2,3; 8==1,2,---,A) 


exist. For example, (8.5) holds if 


lim —=1; lim —0 for each 8> 1, 

and each of the sequences Am, A = 2,3, > 1 is a bounded divergent 
sequence. Thus when A> 1, it is not necessary that all of the matrices 
| a | entering into the definition of G correspond to convergence-preserving 
simple-sequence transformations. 

The double-sequence analogues of the results that Theorems 3. 1, 3. 2, and 
3.3 hold for the transformations G have not been previously pointed out. 
Thus, for example, our results considerably enlarge the class of double sequence 
transformations which are known to be consistent with convergence. 
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ON THE UNITS IN A CYCLIC FIELD, 


By CLAIBORNE G. LATIMER. 


1. Introduction. Let F be an algebraic field which is cyclic with respect 
to the rational field. The purpose of this paper is to prove three theorems 
on the existence of certain types of fundamental systems of units in F. 

If F is the field defined by a primitive m-th root of unity, m a power of 
an odd prime, it is well-known that there is a fundamental system of units 
in F which are all real. This will be extended to any imaginary cyclic field. 

Let F be of degree H and let e=F or e=FL/2 according as F is real 
or imaginary. / is identical with its conjugates. It follows, from Dirichlet’s 
theorem, that there are exactly n == e—1 units in a fundamental system. A 
unit of F will be said to be a fundamental unit if it and n—1 of its con- 
jugates form a fundamental system. It has been shown in another paper * 
that the class number of F, or the “ second factor ” of the class number, could 
be expressed in terms of an ideal & in a certain commutative ring. It will be 
shown that F contains a fundamental unit if and only if & is a principal ideal. 
A special case of this is equivalent to a result of Hisenstein’s. 

Let F’ be obtained by composition of two fields, F, and F,, the degrees 
of which are relatively prime. It will be shown that there is a fundamental 
system of units in F such that certain of them form a fundamental system in 
F, and certain others form such a system in PF». 


2. A fundamental system of real units. Let s be a generating substitu- 
tion of the Galois group of #’. If 6 is a number of F, it will be understood 
that 0 st(0), ((=0,1,2,---, 7), 6° 6° is the conjugate 
imaginary of 6. All the roots of unity in F are powers of one of them p, which 
is of even degree 2m, m=1. Let p’ =p", h° =H. Then =p? =p", 

==— 1 (mod 2m) and h is odd. 

Let 71, be a fundamental system of units in Every 7; 
belongs to ’ and therefore 


where the a’s are rational integers. By Lemma 1, Tr., the matrix A = (ai;) 
(i, 7 =1,2,---,n) is a root of 


* Latimer, “On the class number of a cyclic field,” Transactions of the American 
Mathematical Society, vol. 35 (1933), p. 411. This paper will be referred to here- 
after as Tr. 
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(2) f(z) =a" 


and is not a root of an equation, with rational coefficients, of degree < n. 

Let F be imaginary. Employing (1) and p’ =p", we may express suc- 
cessively the as products of powers of the and p. Since 
A is a root of (2), A® =I, the identity matrix of order n. Hence we find 


where, if is Kronecker’s § and A* = (k = 


But A is a root of (2) and h is odd. It follows that every term in parentheses 
above is even and therefore every ¢; is even. Let 4; =27;. Then the units 


6; = pln; belong to F and 


6, as — ‘ni 6; (4 1, 2, n). 


Hence the 6’s are real and we have 


THEOREM 1. Let F be an imaginary algebraic field which is cyclic with 
respect to the rational field and let m1, 2,° - -;7n be a fundamental system. of 
units in F. By multiplying each yi by a properly chosen root of unity in F, 
we obtain a fundamental system of units in F which are all real. 


We shall assume hereafter, without loss of generality, that all the 7’s are 


real and positive. 


3. The ring &. Let W be the set of all polynomials in A with rational 
coefficients and let & be the set of all such polynomials with integral coeffi- 
cients. If #(x) is a polynomial in the indeterminate z, with rational coeffi- 
cients, the constant term being c, it will be understood that (A) is obtained 
from $(x) by replacing z by A and ¢ by cl. AW and & are commutative rings. 
I, A, A*,- + -, A" are linearly independent and form a basis of %& and of G. 

The ideal R referred to in § 1 is a non-singular ideal * in & and it was 
seen in Tr. that & has a basis w,, w2,° * *,n such that 


* It will be understood throughout this paper that we employ the same definitions 
of an ideal and of all terms referring to ideals as given by MacDuffee in his “ An in- 
troduction to the theory of ideals etc.,” Transactions of the American Mathematical 
Society, vol. 31 (1929), pp. 71-90. The results of this paper are valid for ideals in 
@ by § 2, Latimer and MacDuffee, “ A correspondence between classes of matrices and 
classes of ideals,” Annals of Mathematics, series 2, vol. 34 (1933), pp. 313-316. 
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(3) (4 1,2,°°-,n).* 
j=1 
If 
(4) = Zi101 + +° * + Zinon (4 n), 


are elements of &, they form a basis of & if and only if the determinant 
Z|, of the matrix Z= (zi;) is + 1.¢ Similarly, it is well-known that the 
units of F, 


Zin 


form a fundamental system if and only if |Z|—=—+ 1. 

If &, &,° - +,& and £1, are given by (4) and (5) respectively, 
using the same matrix Z, | Z| = + 1, they will be said to be corresponding 
systems. We thus have a one-to-one correspondence between the systems, of 
basal elements of & and those fundamental systems of units in F in which 
every unit is real and positive. For corresponding systems, we have by (1) 
and (3), 

&= + Birks + + Binén, 


where B= (Bij) = ZAZ". 

Theorems 2 and 3 are proved by employing (6) to show that certain 
properties of a system of basal elements of & imply certain properties of the 
corresponding fundamental system of units in Ff’, and conversely. 


4. On the existence of a fundamental unit. Suppose & is a principal 
ideal {€}. Then (i= 1, 2,--+,m) form a basis of For this 


system of basal numbers, the matrix B in (62) is 


( 0 1 edie 0 0> 

0) 0 0 0 
B= ‘ 

0 0 1 


For the corresponding fundamental system of units £;, we have by (6), 
Hence ¢, is a fundamental 


* Neither the conditions (3) nor the particular fundamental system of units in F 
which is employed determine § uniquely. However, it may be shown that when the 
generating substitution s, of the Galois group of F is fixed, the class of ideals to which 
RK belongs is uniquely determined. 

+ MacDuffee, loc. cit., p. 74. 
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unit. Conversely, if F contains a fundamental unit £, we may assume that 
it is real and that £,=+¢%? >0 (¢=—1,2,---,m) form a fundamental 
system. Then by (6), for the corresponding system of basal numbers we have 
bias = AE, = (t= 1,2,°--,n—1), R= {E,}. We have then 


THEOREM 2. F contains a fundamental unit if and only if & ts a prin- 
cipal ideal. 


Suppose £ = is a positive real fundamental unit in F. 
Then = {£}, € = + 21202 ++ If & is another such unit, 
we find similarly that R = {} where & is uniquely determined by @. Since 
R is non-singular, € is not a divisor of zero.* It follows that & = UE, where 
U is a unit; i.e. an element of @ such that for a properly chosen element 
U’ of ©, UU’ =I. Thus if ¢ is fixed, every real positive fundamental unit 
in F determines uniquely a unit in G. Conversely, every unit in © determines 
uniquely such a unit in F. We have therefore the 


Corotuary. If & is a principal ideal, there is a one-to-one correspondence 
between the units in & and the positive real fundamental units in F. 


If ¢ is a prime, & is equivalent to the set of all integral algebraic numbers 
in the field defined by a primitive e-th root of unity. Hence if e = 3 or e=4, 
all the ideals in & are principal. It follows that in the first case there are 
exactly six real positive fundamental units in /’; in the second case, there is 
an infinitude. For the case where # =e —3 and the discriminant of F is 
the square of a prime, this is equivalent to a result of Hisenstein’s.t 


5. Fundamental systems of units in sub-fields of F. Let F be obtained 
by composition of two fields Ff, and F, of degrees H, and HF, respectively, 
where /, and LF, are relatively prime. We shall assume that H, is odd and 
hence F, is real. Let e; =, or e, = F,/2 according as F, is real or imagi- 
nary, and let n, =e, —1, n3=n—n,— Nz. There 
are exactly n; units in a fundamental system of (1 = 1, 2). 

We shall show that 9% is the direct sum of three invariant sub-rings i, 
of order n;; also that & has a basis &,, &,° - -, én such that n, of the é’s belong 
to Mf, and nz belong to Y%,. It is then shown that in the corresponding system 
of units, n, form a fundamental system in F, and nz form such a system in F;. 

Let 


fi(x) = (a%—1)/(@—1); = 


* MacDuffee, loc. cit., Theorem 3, p. 74. 
t Journal fiir Mathematik, vol. 28 (1844), p. 315. 
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The zeros of these f; are zeroes of f(z). Furthermore, they are distinct since 
e, and e, are relatively prime. Hence f,(x) =f(x)/f:(z)fe(x) is a poly- 
nomial with rational integral coefficients. Let =f(x)/fi(z) («= 1, 2, 3) 
and let 

T,=e21¢,(A), 


It may be shown that = Ii, =0 Lifi(A) =0. It may also 
be shown that I;,7;A,- - -,1;A" are linearly independent and form a basis 
of the ring %;=%7;. Each J; is the modulus of the corresponding 2%; and 
% is the direct sum of the three Qj. 

Let @’ be the ring consisting of all elements in the form y, + y2+ ys 
where each y; is a linear homogeneous function in Jj, 1;A,- + -,1;A"** with 
rational integral coefficients. @’ is a pure infinite group with respect to addi- 
tion and the above n,; + nz + nz, =n elements form a basis. § is a sub-group 
of @’ and hence by a well-known theorem, it has a basis in the form 


j=l 
4 
j=n 
4 
& = &; 4. + (4 =n n), 
=NytNotl 


where the ?’s are rational integers, the &; are linear homogeneous functions, 
with rational integral coefficients, in J,,1,A,---,J,A™7, and the &” are 
similar functions in J,,/,A,- + -,I,A"1. St is non-singular and hence the é’s 
are linearly independent.* It follows that every 40 and &, 
form a basis of those elements of & in %,. e2J, and e,/, belong to G. Therefore 


C2116; = 


belong to ®. Since e, and e, are relatively prime, it follows that each of the 
above belongs to &. We may then assume that if iS, +m, —0; 
or that €nys1, éns2,° * * > nn, belong to MW. It follows that for the basis of & 
given in (7), the matrix B, in (62) is in the form 


By 0 


Bai 


* MacDuffee, loc. cit. 
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where each 0 represents a rectangular block of zeroes and each Bj; is a matrix 
with n; rows and n; columns. By (6,) and the form of B, we have 


(8) = Bis (i,k 1,2,°-+,m), 
j=1 


it being understood that (Bi; ) = B,,*._ From J,f,(A) =0 and (8) we have 


-> (855 + Bes + Bes + + DE 
(4 =1,2,- 


Since the é’s are linearly independent, every expression on the right is zero. 
Hence, if J’; and 1’, are the identity matrices of order n,; and nz respectively, 
we have By"™+ Similarly, 
Boo = 

Consider the fundamental system of units ¢;, corresponding to the basis 
(7) of R. From B,," =I’, and (6,) it follows that 


where the ?¢’s are certain integers. It may be shown, as in § 2, that the ?’s are 
even. Hence the first n, of the ¢’s belong to F;. Similarly, the next nz belong 
to F,. Since the n ¢’s form a fundamental system in FP, it follows that the 
first n, and the next nz of them form such systems in F, and F, respectively. 
We have therefore 


THEOREM 3. Let F be an algebraic field which is cyclic with respect to 
the rational field and let F be obtained by composition of two fields, F, and F., 
the degrees of which are relatively prime. Then F contains a fundamental 
system of units such that certain of them form such a system in F, and certain 


others form such a system in F». 


Every cyclic field is obtained by composition of irreducible cyclic fields, 
the degrees of which are powers of distinct primes. By repeated application 
of the above theorem, it follows that there is a fundamental system of units 
in F which contains a fundamental system in each of the above mentioned 
irreducible fields. 
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NORMAL DIVISION ALGEBRAS OF DEGREE 4 OVER F OF 
CHARACTERISTIC 2.* 


A. ADRIAN ALBERT. 


1. Introduction. I have determined + all normal division algebras of 
degree 4 over any non-modular field F and it is evident that the determination 
is valid when F is any infinite { modular field of characteristic p42. There 
remains the case p = 2. 

In the non-modular case there are but two types of algebras, the cyclic 
algebras and a second type containing algebras which may or may not be cyclic. 
I have proved § the existence of both primary and non-primary non-cyclic 
algebras over a non-modular F’ | 

In the present paper I shall assume that F is any infinite field of char- 
acteristic p= 2 and shall determine all normal division algebras D of degree 
4 (order 16) over F. As in the non-modular case the above two types of 
algebras appear. However I shall prove that every non-primary D is cyclic. 
I shall also prove that a necessary and sufficient condition that D be cyclic is 
that D contain a quantity ¢ not in F such that ?? is in F. 

Finally I shal! give a construction of the non-cyclic type of algebra D and 
shall prove that D is a non-cyclic primary normal division algebra if and only 
if a certain quadratic form in nine variables (and with coefficients determined 
by the multiplication table of D) is not a zero form. 


2. Presupposed results. Let F be any infinite field and let D be a normal 
division algebra of order m over F. Then it is well known that m = n?, D has 
rank (or degree) n, and every sub-field of D has degree a divisor of n. In 
particular D has sub-fields of degree n generated by a root x of an irreducible 
equation of degree n over F. Moreover such fields are maximal so that if 
dx = xd for d in D then d is in F(z). 


* Presented to the American Mathematical Society, December 1, 1933. Received in 
October, 1933. 

7 Cf. Bulletin of the American Mathematical Society, vol. 38 (1932), pp. 703-706. 
I refer to this paper as A. 

tIt is well known that the only division algebras over finite fields P are finite 
fields and hence that there exist no normal division algebras of degree n > 1 over P. 

§See my paper in the Bulletin of the American Mathematical Society, vol. 38 
(1932), pp. 449-456 for non-primary algebras and in the Transactions of the American 
Mathematical Society, vol. 35 (1933), pp. 112-121, for primary algebras. A normal 
division algebra D is said to be primary if it is not expressible as a direct product of 


normal division algebras of lower degree. 
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A field F(z) is called separable if the minimum equation of z, which has 
coefficients in F and is irreducible in /, has no multiple roots. If F has 
characteristic p = 2 then F(z) is inseparable if and only if the equation has 
even powers only. In particular a quadratic field 


(1) F(z), zy? =y in F, 


is inseparable. But if 2? yz + 8, y 40 then F(z) is separable and, if we 
write u = then 


(2) a, ain F. 
By applying certain results of Artin-Schreier I have proved * 


THEOREM 1. Lvery cyclic field of degree four over F of characteristic 2 
is generated by a root of 


(3) (au-+ £), uw G, 


where «a, B are in F, F(u) ts a separable quadratic field. Conversely tf x salis- 
fies (3) then F(x) 1s cyclic of degree four over F and contains F(u). 


THEOREM ¢ 2. Let w=u+a,v?=v-+ Bf. Then every non-cyclic nor- 
mal quartic field K over F is generated by u and v, K =F (u,v), such that 
neither a, B, a+ B has the form 


(4) 8(8 +1) 


for any 8 of F. Conversely if the above condition on a, B, a+ B is satisfied 
then F(u,v) ts a normal non-cyclic quartic field. 


I have also proved 


THEOREM { 3. Let D be a normal division algebra of degree four over 
any infinite field F and let F(u) be a quadratic sub-field of D. Then the 
algebra of all quantities of D commutative with u is a normal division algebra 
of degree two over F(u). 


* In a paper “ On non-primitive fields of degree p* over P of characteristic p,”’ which 
has been offered for publication in the Annals of Mathematics. 

+ We assume henceforth that F has characteristic 2. Then, if a and 6b are com- 
mutative, (a+ + 2ab + b? =a? + b?, —1=1. We use these properties 
repeatedly without mention. 

tIn a paper, “On normal simple algebras,” Transactions of the American Mathe- 
matical Society, vol. 34 (1932), pp. 620-625, for F non-modular. The proof holds for 
any infinite field. 
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THEOREM * 4. LHvery D of degree 4 over F contains a separable quartic 
sub-field. 


THEOREM 5. Let o(w) =0 be the minimum equation of x in D. Then 
if y is im D and $(y) =0 there exists a t in D such that y = tat, 


We may now apply Theorem 4. By precisely the proof for the non- 
modular case in A we have immediately 


THEOREM 6. LHvery normal division algebra of degree four over an in- 
finite field F contains a quadratic sub-field. 


We do not know, however, whether or not the above field is separable or 
inseparable. 


3. The existence of a separable quadratic sub-field of D. Let K = F(u) 
where K is quadratic over /. By Theorem 8 algebra D contains a normal 
division sub-algebra Q of degree 2 over K and it is known t¢ that 


(5) = (1,1,j, 1), p=(0+1)), 


where A and yp» are in K. Suppose now that u* —o in F so that K is in- 
separable. Then we may prove 


THEOREM 7. The field K(i) contains a separable quadratic sub-field. 


For let + A.u, v= 1-+A,u+ 7 where and A, are in F. Then 
=o +t + Agu + Au + =p 


in F. Since v is evidently not in F’, the equation v? + v = p defines a separable 
quadratic sub-field of K (1). 
We apply Theorem 6 to obtain 


THEOREM 8. Every D of degree 4 over F of characteristic 2 contains a 
separable quadratic sub-field. 


4. On cyclic algebras. Wet K be an infinite field of characteristic two 
and let Q be a normal division algebra of degree two over K. As before Q is 
given by (5). Let é be a scalar root of »? —w + A so that the matric algebra 
with basis 


* Theorems 4 and 5 are very well known. 
+ A trivial consequence of the general case of Theorem 4 and of the fact that every 
separable quadratic field is cyclic. 
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is equivalent to Q. If ca, + ai + aj + a4ij then a corresponds to 


+ as + a4€) 
(ét1) a+a(é41) 


whose characteristic equation, 


(7) 


(8) %, Geo, O35 a4) 


is the rank equation of Q. 
Suppose that K = F(u), u® =u - a, so that K is a separable quadratic 
extension of F. Let » be in F, A =A; + with Ay, Az in F. Take 


(9) =0, @=1, % =U; + wij, 
where 
(10) — — (Ar + Az + 


isin F. Then (8) becomes 
(11) —w +A, + p[ 2? +(A; + +A; + Az + A2%) | = (0) 
since + = 0, =A, +AU —A, — TU, 


and == U? (A, + = (U+ %) (Ai + 
But by (10) we have 


— + Ar + Az + + @, 
so that (11) becomes * 
(12) wo —o + au+s—0, =o + (au+ 8) 


where § is in F. By Theorem 1 the field F(x) defined by a root x of (12) is 
a cyclic quartic field over F. We-have 


Lemma 1. Jf K is a separable quadratic extension of F and if 7? =p in 
F then Q contains a cyclic quartic field over F. 


We next prove 


* Since —1=— 1, — (aw +5) = au +6. 
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LemMa 2. Let Q contain y not in K such that y? =p) in K, K=F(u), 
2—uta. Then Q has a basis 


(13) (1,k,y, ky), M=k+y, yk = (k + 1)y. 


We take the basis (5) for Q. Evidently po ~ y* for any » of K since Q 
is a division algebra. Write 


Y + + + 
where %3,%, are in F. By (8) we have Then 


(t+ 1)y = (t+ 1) (41 + + = Yt + 


We let 
Ay = (1 + 7, == 
so that 
+ = 0, 1+ Ai + %Az = 0 
and write 
= (Ay + Avy)? 
Then 


yk == (Ar + yt = (Ar + ALY) + 1) y— 
= (k+1)y—yt (A + Ay) y — (Ar + Avy) 
= (k + 1)y + (Ar — — 1) y + — = + 1)y 


as desired. Moreover k*>=k-+ ,vin F. For evidently & is not in F so that 
+ &, é and in F. Then 


yk? = (k + 1)?y = (hk? + 1)y 
=(ék +&+1)y—y(k + &) = +1) +&]y. 


Now £4 +6+1—6k +6 so that as desired. Finally it is 
evident that Q = (1, k, y, ky). 
We are now in a position to prove 


THEOREM 9. A normal division algebra D of degree 4 over F of char- 
acteristic 2 is cyclic if and only if D contains an inseparable quadratic sub-field. 


For it is well known that if D is cyclic it contains a quartic field ’'(y), 
y*=y in F. But then F(y?) is an inseparable quadratic sub-field of D. 

Conversely let D contain j not in F such that 7? =p in F. By Theorem 7 
algebra D contains a separable quadratic sub-field F(u), wu? =u -+ such that 
u is commutative with j. By Theorem 3 the algebra of all quantities of D 
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commutative with u is a normal division algebra Q of degree 2 over F(w). 
Evidently j is in Q. By Lemma 2 algebra Q has a basis (5) with 7? = » in F, 
By Lemma 1 algebra Q contains a cyclic quartic field F(x). Hence 
D>Q> F(z) is cyclic. 

We have immediately. 


THEOREM 10. Every non-primary normal division algebra of degree two 
over F of characteristic 2 1s cyclic. 


For if D is not primary it has a sub-algebra Q of degree 2 over F. But 
then Q > F(j), 7? =u in F and D is cyclic by Theorem 9. We also have 


THEOREM 11. Let D be a normal simple algebra of degree four over F 
of characteristic 2. Then if D contains no t not in F such that t? 1s in F the 
algebra D is a primary non-cyclic division algebra. 


For evidently D is not a cyclic division algebra and hence is either as 
desired or is not a division algebra. But in the latter case D = M X Q where 
M is a total matric algebra of degree two and Q is normal simple. Moreover if 


€115 G21, C22 


is an ordinary total matric basis of M the quantity t =e. + es; has the 
property t? = AI where J is the modulus of D, a contradiction. 


5. The determination. Let D be a normal division algebra of degree four 
over F of characteristic two. Then either D is cyclic or D contains no in- 
separable quadratic sub-field. Let D be non-cyclic. 

By Theorem 6 algebra D contains a separable quadratic sub-field F(w), 
u®=u-+a. Since also (u+1)?=—(u+1) there exists a quantity j. 
in D such that j.w = (w+ 1)je by Theorem 5. If 7,? is in F then D is cyclic, 
a contradiction. But = and gs is in the algebra & of all 
quantities of D commutative with u. Evidently F(g2) < F(je) since jz is 
not in 3. Hence F(g2) is a separable quadratic field, g.2 —o(g2 + of) and, 
if v then v? =v + B, The algebra F(u, v) is then a quartic 
sub-field of D with G, group and we have proved 


Lemma. Every D of degree 4 is either cyclic or a crossed product defined 
by a quartic field F(u, v). 


It remains to prove every cyclic algebra is also of the second type. Let 
then D be cyclic so that D has a sub algebra. 


Q=(1,2,v,2v), 
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where o is in F, a—au+ 8 with « and Bin F and Q is a normal division 
algebra of degree two over F(u), a separable quadratic field with u? = u + a. 
In particular /’(x) is the cyclic quartic field defining D and it is sufficient to 
prove that @ contains a separable quadratic field P(w), w*—w- y, y in F 
where w is not in /(u). For then D is the crossed product defined by F'(u, w). 
We take 
(u+1)z]0 


and utilize (8). Evidently 
=0, =1, a, (ao +a), (u+1),rA—a, 
so that 
= w—a-+ (ao + a)? + (ae + a)(u+1) +o7%(u +1)? a) 


where we wish to prove that 7 isin F. But 


+ a? + a0 + au+auta+ (u+1+a)a] +au+ 


However 


+ + 48 + B?+ 48 is in F, 


where y is in FY. We have proved 


THEOREM 12. Every normal division algebra of degree four over F of 
characteristic two contains a non-cyclic normal quartic field F(u,v) and hence 
is a crossed product.* 


6. The structure of non-cyclic algebras. Let D be a normal simple 
algebra of degree four over F of characteristic 2, and let D contain a quartic 
field F (u,v) where 


(14) w=u+ta, 


with « and B in F’ and such that neither a, 8 nor « + B has the form 8 + 5 
for any 8 in F. The only quadratic sub-field of F'(u,v) distinct from F(w), 


*If D is a normal division algebra of degree n over F and D contains a normal 
(Galois) field of degree n then D has known structure, satisfies the postulates for the 
algebras of L. E. Dickson (Algebren, p. 51), is what I have called an algebra of type R, 
is what E. Noether has called a crossed product. 
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F(v) is the field F(u+tv), (u+v)?=(u+v)+2+ 8. Moreover 
F(u,v) =F (i) where the minimum equation of 


(15) 1(U, Vv) 
with respect to F' is a quartic with G, group and roots 


(16) 1, 6,(1) =1(u,v +1), 6.(1) =t1(u+1,v), 
0,(i) 62[0,(i)] = +1, 0 +1). 


By Theorem* 5, D contains quantities j1, jo, Js =Jij2 such that 
jit = 91, jot = O2(1) Jot 3 (1) and 


(17) 91, = 92 Js? = 9s 
where 9;, g2, gz are in F(i). Evidently D has a basis 
(18) jl, (t= 0,1, 2,3; jo =1). 


Moreover D has a sub-algebra = of order eight over F’, order four and degree 
two over F(w) and in fact = is the normal simple algebra 


over F'(u). Every quantity of D has the form 
(20) 


where X, and XY, range independently over all quantities of % and the multi- 
plication table of D is completely defined by the fact that 


(21) Jol = (U+1)Jo, = =TYiJo 


with T in F(u, v). 

Since 7, is commutative with 7,7 = 91, j2 with jo” = ge, js with js” = 9s, 
we evidently have g, in F(w), in F(v),g; n F(u+v). Tf gy + 
and D is non-cyclic then necessarily 


91 = y2(Yo + U) = 
Up” = U? + Yo? =U + Yo + Yo? — Yo= Uo + %, in F. 


Hence without loss of generality we may write g; = pu, pin F. Similarly we 
may write g2 =7w. But here in F and we have 
proved 


* Theorem 5 holds if D is merely normal simple. 
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THEOREM 13. If D is a non-cyclic algebra defined by (14)-(21) we 
may take 


(22) Fe (p,o,7 in F), 
where ¢€ is in F, 
(23) w=utvt+s, 


Cecioni has proved that if we have taken D in the above form and if D 
is associative then 


(24) gua) — (02) 


while conversely if (24) is satisfied then D is associative. Hence we have 


THEOREM 14. Algebra D of Theorem 13 is associative if and only if 


and 
(26) ry — 


Consider now a quantity b7, of % where 


6 =f, + Bow + (Bs + Baw) v = 


We then have (bj,)? =f; + few where f, is in F and we shall compute f, in F. 
Evidently 


= [ (01 + bev) js]? 
= (6, + bev) + b2(v + 1) ] gi = (61? + + bib2) 91 
= [B.? + B.?(u + %)+ BiBs + 
+ (BiBs + + B2Bs)u + B(Bs” + + BB?u] pu 


so that. since uw? — u + a, 


(27) fe = p[ Bi” + Bo? + B.?% + BiBs + Bohs 


+ BiBs + B2Bs + BoBs + B(Bs? + Ba? + Bi?a) ]. 
Similarly if 


C= + yd + (ys + av) 
then (cj,)? =f, + f,v where 


(28) + + + ys + yore + 
+ yoys + + a(y3” tye + ]. 
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Finally if 
(29) a= (8, + 8.w) + (8; + &w)v 


then (dj;)? + f.w where 


(30) fe 8:2 + 8.2 + 8.27 + 8,8; + 808, + 8,84 
+ 8283 + 828 + B(8s? + + J. 


We shall utilize the above formulas in obtaining a necessary and sufficient 
condition on @, 8, y, p,o,7 that D shall be a non-cyclic normal division algebra. 

We have proved that D is non-cyclic if and only if it contains no quantity 
not in F but such that ¢? isin Let then 


(31) t= X, + Xojo, (A in F, As and Xe in x), 
where ¢ is not in F. We first prove | 


Lemma 3. [f t, is in & and not in F and t,? =A m F then there exists 
a quantity t, not in & such that ? =d. 


We let t, = (1+ j2)t:(1 + 72)? so that evidently ¢.7—%t,2—A. Also 
(1+ j.)? =1+ in F(v), and hence (1 + + je), 
(32) Coin) (1+ fn) = (to + Lage) + (to + 
where 
(33) = = = in &. 


If t is in then 4h +%,—0, (yr? + thr? = (¢,+4,)7' =0 so that 
But F has characteristic 2 so that = = jotyjo, = 
But the only quantities of 3 commutative with j, are quantities * of I’(v) 
a separable quadratic field which cannot contain ¢;. 

Hence if D is cyclic it contains a quantity t= X, + X2j. such that 
F. But if we let —7 then 


(34) t? + 9?) + + =A, 
and (X,X, + X.X’,) = + jX; = 0 since ¢? is in 3. Hence 


(35) in 2, X+9=A, Xij = 


* For if t, is commutative with j, then, by the first paragraph of § 2, t, is in F(j:) 
and hence has the form \, + A,v + (A; + Aw) jf. If t, is also in = we have \, = \=9, 
t, in F(v). 
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Suppose first that g is not in F. Then F(g) is a sub-field of & and 7 is 
not in = so that F(g) < F(j). Hence F(j/) is a quartic field and X17 = 7X, 
implies that X, isin F(j). Since X, is in & we must have XY, in F(q). 

Evidently g?=vg-+ve If then + 


+ 6.77. +9 AA in 
Hence v; 0 and we may write 
(36) y=yty in 
But then j—=ny=—g, X; = 8, + dy and 


(37) + 6.2(y +v) +ny =A in F, 
whence 
(38) vy = 82”. 


We now compute the quantity v1. We write Y¥, —c + dj, so that 7 = cj, + djs 
and 7? = g = (cj2)* + (djs)? + ej, where we shall not need the form of e, 
a quantity of F(u,v). But we know that 


(39) + (djs)? =fs + fav + fs + fow =f 
where f, and f; are in F and f, and f, are given respectively by (28), (30). 


Hence =f? + + (fe + ef)is 
=f? + (ej)? + (F +A (9—f) = (F+f)g + (eis)? —ff 


where 

so that, since evidently v, =f +f, we have 

(41) vi=fet fe = 8,7. 


There remains the case where g is in F. We use the above computation 
which shows that then f + ej, is in F’ so that evidently f =(fs + fs) + fs + fow 
isin F, But then f, =f. —0 for values of the variables not all zero. 

We now assume that the quadratic form f, + f, —& is not a zero form. 
Then our above proof shows that D is a non-cyclic normal division algebra. 
For otherwise D contains a quantity ¢ not in F such that 12=A in F. But 
then either g is in F whence f, + fs —& =0 for £=0 and for either fexF9 
or f, £0 or g is not in F and f, + f, — & is a zero form contrary to hypothesis. 
Conversely if D is a non-cyclic normal division algebra then f, + fs — & 
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is not a zero form. For otherwise let f, + f, =? for values of the variables 
not all zero. If all the variables in f,, f, are zero then B? = 0, B = 0, a contra- 
diction. Hence = cj. + dj; 40, Ifu-0 
then we write X, = By, y=v,"g and have 


since we have proved that v, = f, + f.— But then D is cyclic. If 
and g is not in Ff then g? =v, in F. If g is in F then fy =f, —0 so that 
if f, 40 then (bj.)? =f, in F, b while if f, 540 then (cj;)* =f; in F. 
In any case D contains a ¢ such that ¢ is not in F, t? = d in F, contrary to our 
hypothesis that D is non-cyclic. We have proved 


THEOREM 15. Let D be the linear associative normal simple algebra 
defined as in Theorems 18, 14. Then D is a primary non-cyclic normal di- 
vision algebra over F of characteristic two if and only tf the quadratic form 
in the varwables y1,° 81, ° 84 in F, 


(42) 
where f, and f, are gwen by (28), (30), is not a zero form. 


We shall not attempt here to discuss the existence of p, a, 7, «, B, y satis- 
fying = p*a0"B, y= a+ 8+ and such that (42) is not a zero form. 
It seems likely however that a proof may be made by the methods of my 
previous papers for the non-modular case. 


THE INSTITUTE FOR ADVANCED STUDY, 
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THE REPRESENTATION OF STIRLING’S NUMBERS AND STIR- 
LING’S POLYNOMIALS AS SUMS OF FACTORIALS. 


By Morgan Warp. 


1. I give here a new representation of the Stirling numbers and the 
associated Stirling polynomials * as sums of factorials, and use the formulas 
to deduce various arithmetical and algebraic properties of the numbers. My 
fundamental formula for the Stirling polynomial ¢ Wp1(xz) reads as follows: 


(3.81) = 


(p+1)! p+2 (p+2)(p+3) 
] 
The constants H/,” appearing here are positive integers defined recursively by 
(4.1) = (2p +1—r) Hy + (p—r+1) 


with the initial values 

(4. 11) o=1, 

Nielsen ¢ has expressed the Stirling polynomial y»-,(z) in the form 
Wp-1(L) = op-1,02?* + + + 


Unfortunately, the numbers op, are not integers, and the recursion formulas 
for them are very complicated, so that it is difficult both to ascertain their 
form,§ and to obtain properties of the Stirling polynomial from such a repre- 
sentation. In contrast, the numbers H,” are integers of comparatively simple 


* We use here freely the notation and formulas for the Stirling numbers given by 
Nielsen in his well known Handbuch der Theorie der Gammafunction (Leipzig, 1906), 
Chapter V. We shall refer to this source as Nielsen, Handbuch, giving page reference. 
A recent paper by C. Tweedie, Proceedings of the Edinburgh Mathematical Society, 
vol. 37 (1918), pp. 2-25, contains many interesting new results on these numbers. Since 
this paper was in press, C. Jordan (Tohoku Journal, vol. 37 (1933), pp. 254-278) has 
given an expression for the Stirling number as a sum of factorials. See especially 
pp. 264-265 of his paper, where his numbers Ci. are my H,,4. 

t Nielsen, Handbuch, p. 72. 

t Handbuch, pp. 72-73. See also Annali di Matematica, III, vol. 10, pp. 309-316. 

§ Nielsen, Annali di Matematica, III, vol. 10, p. 313; Tweedie, paper cited, Sec- 
tion 11. 
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form, while (3.31) leads directly to interesting congruential properties of the 


Stirling polynomials and Stirling numbers. 


To give an example of such congruences, let P be any prime greater than 


2p, and r any positive integer. Then if C,? denotes the Stirling number, 


=1 (mod if n+ 2=0 (mod P*), 
CP == — 1 (mod Pr) if n+ 3=0 (mod 


As a numerical illustration, take p=3, P=, r—=1. Then from 


Glaisher’s table * of C,?, C;* = 225, C,? = 50, and 
225 =1 (mod 7), 50 == 2*— 1 (mod 7). 


2. We begin with the Stirling numbers of the first kind defined by 


a(x + n—1) = Cpa" + + + 4+ 2. 


We call n the rank of C,? and p its order. We have the immediate relations 
(2.1) = Cr? + nC, 7", 
(2.2) C,°=m1, Cy? = (n—1)!, 


We now define C,? for all integral values of n and p, positive or negative, 


by the recursion formula (2.1) with the initial values (2.2). Then it is 


readily shown that 
(2. 3) == 0, (n= 0,1,- 3 
Furthermore, if 


Py (2) 


is the generating function for the Stirling numbers 
of fixed order p, then an easy induction shows us that 
(2. 4) Fy(z) = [#"/(1— 2)" Hp(z), (p = 0, 1, 2,° *) 


where H,(z) is a polynomial in z of degree p—1 with positive integral 
coefficients, and, by convention, we take 


(2. 41) H,(2) = 1. 


* Quarterly Journal, vol. 31 (1900), pp. 26-28. This Table extends as far as 
n=20. C,» is denoted in Glaisher’s notation by 8, (1, 


Yo. 
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The polynomials H,(z) appearing in (2.4) satisfy the recursion relation 


(2.5) = (pz + p +1) + (1 —2)2(d/dz) Hp (2) 


which with (2.41) determines them completely. 


3. We next put the polynomial H,(z) in the form 


(3.1) = — H;*(1—z) 


Before studying the constants H,", we shall deduce our main formulas. On 
substituting (3.1) into (2.4) and then expanding in ascending powers of z, 
we find that 


F,(2) (—1)' Hp 28, 


Therefore by comparing the coefficient of z on both sides of this expression, 
we find that 


p-1 


Cy? = (—1)" (n— p) (n+ 1—p)-:: (n+ p—r—1)/(2p—r)!. 


r=0 
On replacing n by n + 1 in this expression and removing the common factor 
(—1)?*(n+1)n---(n+1—p)/(p+1)! from the right side, we obtain 
finally the formula 


(n—p)!(p+1)! 


= +1)!/(n— p)!] 


Now * 


where Y»_,(x) is the Stirling polynomial of order p—1. Hence 


— 1)? +2): (n+p) 0 


Since this formula holds for all positive integral values of n, we deduce that 


* Nielsen, Handbuch, p. 14, formula (15). 
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(3.21) “(o+1)1 p+e 


+ +3) 
(p+2)(p+3) 
2) (+3): ] 
H.° 
(p+2)(p+3)---2p 
for all values of the variable z. 
We may use this result to obtain a formula similar to (3.2) for the 
Stirling numbers ©,* of the second kind * defined by the expansion 


=> 


8=0 


For 
= [(—1)?*(n + p—1)/(n—2) 1] 


so that by (3. 21), 


n—2)(n—3 
(p+ 2)(p +38) 
(n — 2) (m— 38): (n—p) H 
+ 
These formulas have immediate arithmetical consequences. For suppose 
that P denotes a fixed prime greater than 2p, and r any positive integer. 
Then we deduce from (3.21) that 


= [(—1)?4/(p +1)! ]H,P* (mod Pr) if n+ 2==0 (mod P*), 


= [(—1)?*/(p +1)! + [1/(p + 2) Hy? *} (mod Pr) 
if n+ 3=0 (mod 


and so on. There are analogous congruences for the Stirling numbers de- 
ducible from (3.2) and (3.3); namely, 


C?,,,, = H,?* (mod P*) if n+ 2=0 (mod P*), 
(3. 4) C? ns = (p+ + (mod Pr) if n+ 3=0 (mod P’), 
F €,? = (mod P’) if n—2==0 (mod 
=(p+2)H*+ (mod Pr) if n—3=0 (mod 

and so on. 


* Nielsen, Handbuch, p. 68. 
Nielsen, Handbuch, p. 74. 
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We may note in passing an interesting consequence of the form of the 

generating function /’,(z) given in (2.4). For if 

denote the usual operations of the calculus of finite differences applied to the 
rank of the Stirling number C,?, the generating functions of the numbers 
AC,” and are (1— 2) F(z) and (1—z)* Fp(z) respectively. But with 
H,(z) in the form (3.1), each of these functions may be immediately ex- 
panded in ascending powers of z. We obtain in this manner the formulas 


ACP —= (— 


p 
(3. 5) x Lv (p41) (p +2) 
SCP = (—1)? 
(n + 3) (n+ 4) 


and it is easy to write down analogous formulas for the higher differences and 
summations of C?,,,. The method by which we obtained the congruences 
(3.4) yields then an unlimited number of congruences involving sums and 
differences of Stirling numbers of the same order. 

If we compare (3.5) (i) with (2.1), we see that 


nC 
+1 
On the other hand, if we put n = n— 1, p= p—1 in (3.2), we find that 
(—1)?* (") 
5) 


n+1 9? | (n+1)(n+2) 
(p+1)(p+2) 


Therefore, for all integral values of n, we have the fundamental formula 


(p+1)(p+2) 

(n +1)(n +2) 

(n+ p—3) 


(p+1)(p+2):-: (2p—83) 


MORGAN WARD. 


We may if we please replace n here by a continuous variable z as in 


formula (3. 21). 
In particular, if we let n = p, we have 


From this result and the fact that H,° = 1, we deduce that 
(3. 7) — H,' + H,?—:--+ (—1)7 Ay’? =p!, 


a formula which affords a convenient check when computing the numerical 
values of the integers H,’. 


4. We now proceed with the study of the numbers H,". If we assume 
that (3.1) holds for all positive integral values of p, we obtain by substituting 
in (2.5) and comparing the coefficients of the various powers of 1—z, the 
recursion relations 

(4. 1) Apu = (2p + 1—r) + (p—r +1) Hy. 
Since H,° = 1, we deduce from the first two relations that 
(4.12) = 1-3-5- +1, H?,,, = 1, (p = 0, 


The first few numbers H,” are given in the following table: * 


p |lr=0 1 2 3 4 5 6 7 8 9 
1 1 

2 8 1 

8 15 10 1 

4 105 105 25 1 

5 945 1260 490 56 1 

6 10895 17825 9450 1918 119 1 

7 185135 270270 190575 56980 6825 246 1 

8 2027025 4729725 4099095 1636635 302995 22985 501 1 


9 84459425 91891800 94594500 47507460 12122110 1487200 74316 1012 1 
10 654729075 1964187225 2343240900 1422280860 466876410 81431350 6914908 235092 2035 1 


Here the number in the p-th row and r-th column is H,"; thus H,? = 296. 
We next extend the definition of H,” to all integral values of p and r by 
(4.1) and (4.12). By a brief induction, we find that 


(4. 13) =0 (r=1; p=0,1,2,- 


(4.14) Het —0 (r=—0, p—rr+1,: °°). 


* The table has been checked by the use of formula. (3.7). 
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Now replace r by p—r in (4.1). We obtain 
(4. 2) Horm 1) + (r+ 
Let the generating function of the numbers 


be denoted by H,(x), so that 


p=0 mr 


since by (4.13), =: =0. 
On replacing r by r+ 1 in (4.3), changing the summation variable from 
p to p+1, and reducing by (4.2), we obtain the formula 


== 0,1,2,° 
Since by (4.14), Hp? =0 and H,° — 1, we have . 


(4. 41) H(z) =1. 


These two formulas serve then to define the functions A{,(x) completely, 
and H,(x) is seen to be a rational function of x. It is easy to determine its 
form. For by direct calculation from (4.4), we find that 


H(z) = (1 — 2)?(1— 22) ? 
= zl 15 — 45a + 402? — 122°] 
— x)*(1— 2r)?(1— 32) 


(1—3z)?(1—4z) 


We are therefore led to infer that the generating function Ar(x) is of 
the form 


(4. 51) — x)" (1 — - (1— 


where ,(z) is a polynomial in x with integral coefficients of degree r(r — 1) /2. 
The proof is a straightforward induction from (4.41) and (4.4) and will be 
omitted here.* 

If we put the right-hand side of (4. 51) into partial fractions, we see that 
H(x) may be written as 


* The relationship between ®..,(@) and ®, (a) deduced in the course of the in- 
duction is unfortunately too complicated to be of much service. 
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B, C, 
1—rer +r 1— (r—1)z (1— (r—1)z)? 
T 
where the numbers Ao,- - -, U; are all rational. If we now expand the right- 


hand side of this expression in ascending powers of x and collect the coefficient 
of 2”, we find that H,?~ is of the form 


= bor? + (co + (r—1)? + (Uo + tap + Uap? + + 


where the numbers bo, - -, Ur_-; are again all rational. We can however assert 
more than this. For if we apply the process just described to the expressions 
in (4.5), we find that * 


Hyp*=1, Hp? = (p+ 3)], 
(4.6) Hy = — (2p + 10)29 + (p? + Vp + 13) ], 
= — (3p + 21)3? 


+ (3p? + 83p + 96) — (p* + 12p? + 50p + 73)]. 


We infer therefore that H,? is actually of the form 


(4. 61) Hyp [1/(r—1) (— 1)" 


where 6:(p) is a polynomial in p of degree J with positive integral coefficients, 
and @(p) =1. I cannot however prove this statement. 


5. We conclude by giving a method for calculating the polynomials 6;(p) 
in (4.61) recursively. We begin by assuming that 


(5.1) Hy) — (—1)' @1(p) (r 


where ®;(p) is a polynomial of the same form as 6:(p). On setting p=p+1 
in (5.1), we find that 


Hor (A/r!) (—1)'@x(p +1) (r- +1 


* All of these formulas have been checked numerically, and are believed to be 
correct. The two congruences mentioned in the introduction are obtained by substi- 
tuting for Hyp. and Hp-? from (4.6) into (3.4). 

{ As additional support for it, I have found that 
Hp-5 = (1/24) [5p+4 — (4p + 36) 40+3 + (6p2 + 90p + 354) 3p+1 
— (4p3 + 72p2 + 452p + 992) 2p + (pt + 18p3 + 125p2 + 400p + 501)]. 


iy 
at 
4; 
a 
x 
ral 
ql 
1=0 
it 
4 
4 
fi 


STIRLING’S NUMBERS AND POLYNOMIALS. 95. 


If we now substitute these expressions for H — H,?*, H,?-* into (4. 2) 
and express the fact that the resulting expression must be an identity in p, 
we obtain the formula 


(5.2) +1) —(r+1)(O(p +1) —Oi(p)) 
(7121), 


which determines ®;(p) if 6:-1(p) is known. 

If we attempt to determine ®;(p) by writing it as a polynomial in p with 
undetermined coefficients, we find that we can express the coefficients only as 
determinants in the coefficients of 6:_,(p). We therefore assume instead that 
611(p) and @;(p) are expressed as sums of factorials: 


O1-1(p)= Yo t+ yup + (pt+l—2), 
@1(p)=2% + + 


and seek to determine the z in terms of the y. Needless to say, the x and y 
are all integers, when and only when all the coefficients in the ordinary poly- 
nomial expressions for 6;_,(p) and @:(p) are integers. 

If for convenience we set 


(5. 3) 


= = Yt = = 


we obtain on substituting from (5.3) into (5.2) the difference relation 


(5.4) +1) = (Yo-1 + (7 — 28) ys —(8 +1) (r—8) Yor), 
(s=0,1,---,1). 


As a numerical verification of this formula, take r= 3 and | = 2 so that 
we have to do with H,®* and H,?-*. From the formulas (4.6), we have 
@.(p) = 3p? + 33p + 96, 0,(p) = 2p + 10, so that 96, x, = 30, = 3, 
Y= 10, =2. The formula (5.6) with s 0,1, 2 then gives 


— 42, = — 3841); — 822 3B(Yo +41); = 
or 192 — 120 = 3(30— 6); 60—24—3(10+2); 6=—6. 


Since (5.4) is effectively a linear difference equation of the first order 
for z, the explicit form of 2, may be written down, but the general result is 
too complicated to be of interest. 


be 
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CREMONA INVOLUTIONS DEFINED BY A PENCIL OF CUBIC 
SURFACES. 


By EvELYN CARROLL-RUSK. 


1. Introduction. In an earlier paper * a (k,1) correspondence between 
the surfaces of a pencil of surfaces of order n and the points of an n — 2 fold 
line on each of the surfaces was discussed. If for k —1, n = 8, the line 
Z, = 0, x, = 0 is taken for d, the pencil of cubic surfaces is represented by 


(1) — = 0, 


where F(x) = ua, + va, and = wa, + tae, (u, v, w, t being quadratic 
forms in 2, %2, 3,74). If (z) = (0, 0, 23, 24) is a variable point on the line d, 
then a point (y) in space determines a cubic surface .of the pencil 
2F’,(y) —2F"3(y) =0. The residual point (y’) in which the line joining 
(y) to (z) meets (1) again, has codrdinates of the form px, = pr. = 
pt, = TY, + oF 3(y), = + oF’; (y), where 


(y)[y.u(P) + (F)] —FPs(y) + yet (F)] 
o=— 2{F;(y) [yiu(y, F) + yor (y, F) | —Fs(y) [yiw(y, F) + yot(y, F)]}, 


in which u(F’), v(F), etc. are quadratic forms in [0, 0, F’'3(y), F’s(y)], and 
u(y, Ff), v(y, Ff), ete. are the polar forms of F = ([0, 0, Fs(y), F’s(y)] with 
respect to u(y), v(y), etc., respectively. This involutorial transformation is 
of order eleven and the table of characteristics has the representation 

Si Si : d* d? 189 

d~ dd 189 

ag : d® d ys” 189 

d® dé ys’ 189? 

Jao T20 

in which the 18g straight lines are parasitic, and d and y, constitute the com- 
plete base of the pencil. 


2. Problem. The problem considered in the present paper is essentially 
concerned with, those cases in which the residual y, is composite. Each com- 
ponent contributes a principal surface and a number of parasitic lines. The 
interest lies in the distribution of the parasitic lines, the reductions in the 


*E. T. Carroll, “Systems of involutorial birational transformations contained 
multiply in special linear line complexes,” American Journal of Mathematics, vol. 54 
(1932), pp. 707-717. 


96 


| 
| 
| 
| 


CREMONA INVOLUTIONS DEFINED BY A PENCIL OF CUBIC SURFACES. 97 


order of the transformation, and the contact of the various principal surfaces 
along the line d. 

If ys includes a conic, either proper or composite, which lies in a plane 
through d, the conic is a fundamental curve of the second kind. A point in 
this plane lying on neither d nor the conic determines a composite surface of 
the pencil, the plane consisting of a pencil of fundamental lines of the second 
kind with its vertex at the point Z associated with that surface. In case the 
conic is composite, each component is parasitic in a new sense, every point of 
each having itself and the other entire line for images. The order of the 
transformation is reduced by unity for each such conic, proper or composite, 
and the number of parasitic lines is reduced by three. 

If a component of ys is a proper or composite plane cubic curve y; lying 
in a plane u = 0, then one surface of the pencil up = 0 is composite, @ being 
a quadric form vz, + waz. If up = 0 is associated with a point Z in the plane 
“= 0, every line of the pencil Z,u is parasitic and the order of the trans- 
formation is reduced by unity, while the number of parasitic lines is reduced 
by five. In every case the generator of ¢ —0 through Z is parasitic in the 
proper transformation. In general, if | #| includes kmes-m, km being a cone 
of order m with vertex at Z associated with the composite surface, the order 
of the transformation is reduced by m and the number of parasitic lines by 
4+m,m=1. 

A combination of several of these planes of either type or of both does 
not reduce the number of parasitic lines by the sum of the reductions computed 
for each plane individually. Thus, when yg is composed of eight lines, four 
of them meet d, and the four others form a skew quadrilateral, no side of 
which meets d. The number of parasitic lines is four instead of two according 
to the formula 18 — 2 & 3 — 2 & 5; two pairs of planes intersect in base lines 
and are counted twice. 

In addition to the above cases two types appear in which the order of the 
transformation is lowered without ys becoming composite. If | F'| includes a 
cubic cone with its vertex on d, the transformation is of order eleven unless 
the vertex is at the associated point of the cone. In the latter case every 
generator of the cone is parasitic and the order of the transformation is re- 
duced to eight, the number of parasitic lines to eleven. If the pencil of cubic 
surfaces is determined by two cubic cones with vertices at their respective 
associated points, the order of the transformation is five and the number of 
parasitic lines is four. 


3. Method. It is necessary to determine the genus of each component 
of ys and the number of intersections of the components in pairs. By mapping 
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one cubic surface of the pencil on a plane by the usual six point method, the 
complete basis curve yy, may be represented by cy : 1°2°3°- - - 6°. The genus 
of cy, and hence of yg, is ten. 

If the base line d is represented by d, : 12 on the map, the residual y, 
may be represented by cg : 17273°4°5°6°. Since the line 12 meets cz in four 
points apart from basis points, d meets ys, in four points. The genus of ¢,, 
and likewise of ys, is seven. From a point on d there are eight bisecants apart 
from d, which counts for six. 

There are twenty-seven lines on each cubic surface, one of which is d. 
The ten others meeting d are those having for images the base points 1 and 2; 
the lines 34, 35, 36, 45, 46, 56; and the conics 13456, 23456. 

A point P in space determines the surface of the pencil to which it 
belongs. Each of the twenty-seven base lines on a cubic surface is met by ten 
others; if P is chosen on one of the ten lines intersecting d and meeting yz 
twice, the line lies on that surface determined by P. If the line meets the 
cubic surface J’ in its associated point Z, this line is parasitic in the trans- 
formation. It has been shown * that there are eighteen such lines. This may 
also be demonstrated as follows: Given Z, there are ten lines meeting d in 
points P, while given any point P on d, there are eight bisecants of y, through 
it; any point on any one of these bisecants determines a surface, hence will 
fix Z; therefore there exists between Z and P an (8,10) correspondence; 
since d is rational, there are eighteen coincidences, hence eighteen parasitic 


lines. 


4, Classification of ys components. When ys is composite, the components 
may be classified as follows: 


I. & curves yn of order n and a non-composite curve ysxn of order 
8 — kn, n= 1, 2, 3,4, knS 8. 
II. k curves yn of order n and 8 —kn straight lines, k > 1, n>1, 
kn < 8. 
III. k, curves of order n,, k. curves of order n2, and 8 — k,n, — kom 
straight lines, ~ 0, ko ~0, > m, > 1, and kyny+ kon, < 8. 


5. Case I, A. ys: kyvys-x. There exist the following configurations of d 
and the k straight lines which do not necessitate the existence of other base 
lines. It is impossible to have four base lines mutually skew or two pairs of 
intersecting lines skew to each other, unless further base lines exist. In the 
former case there are the transversals meeting the four given lines; in the 


* Carroll, op. cit., p. 714. 
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tional base line. 


1. Ye? 


(a) 


(e) 


*In 4 (c) the residual y, consists of two conics in planes through the isolated line. 


latter case the intersection of the planes of the intersecting lines is an addi- 
The configurations may be represented by the following 
schemes, in which d may be any one of the lines, so that various subdivisions 
have to be considered for each configuration. 


(b) 
(b) (c) (d) 


ll 


(b) (c) (d) (e) 
(b) (c)* (d) 
(f) (g) 
(b) (c) (d) 
(f) 


(a) 

3. | 

(a) | 

| (e) 
5. Yet Ys 

| (a) 
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6. Discussion of Case I, A.1. If yg is composed of a straight line y, and 
yz, there are two possible cases —y, either meets or is skew to d. In the first 
case let d~d, : 12,y,~c, : 34; then y;~c, : 1°2737475°6%, p= 5. y, and 
d each meet y; in three points. There are two parasitic lines (d, y1, yz), that 
is, lines meeting d, yi, and y; each once, for, given Z, there is just one point P 
on yz, but on neither y; nor d, and lying in the plane determined by y, and d; 
given P, there is just one point Z, hence there are two coincidences. 

There remain eight lines meeting d, but not y,, and intersecting y, twice, 
thus determining eight points P for each Z. Given P on d, there are ten 
bisecants of y;, d itself counting for three. Each one of the seven remaining 
bisecants determines a Z; this (8,7) correspondence has fifteen coincidences 
accounting for fifteen parasitic lines of the type (d, y:7). 1 is a parasitic line 
and also a fundamental line of the first kind with the plane determined by 1: 
and d as its principal image surface. 

If is skew to d, it may be represented by c,: 13 and yz by : 1127374°5°6®, 
p=4. Each of the lines y, and d meets y; in four points. Five lines on 4 
cubic surface—those having for images the point 1, the lines 45, 46, 56, and 
the conic 23456, respectively,—meet d,y,, and y; each once, so that given Z, 
there are five points P. A plane passed through P and y; meets y; in seveD 
points, four of which lie on y,; the lines from P to the three remaining points 
meet y,, and each of these three lines determines a Z. Therefore there are 
eight parasitic lines of the type (d, y:, y7). 
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There are five other lines lying on each cubic surface, intersecting d and 
meeting y, twice, therefore determining five points P for each Z; given P, 
there are five bisecants of y; other than d, so that ten parasitic lines (d, yz”) 
are noted. 

If y: is defined by u—0, v0, its image surface has the equation 
u(x)v(F) —v(a)u(F) =0. 


7. Discussion of Case I, A.3(a). In this configuration d may intersect 
all, two, or only one of the three straight line components of ys. 

If d intersects the other lines y, y’1, and y1, the images of these may be 
denoted by 34, 56, and 35, respectively; the image of ys, the residual curve, 
may then be taken as ¢,: 17273147516", p = 2. d, y1, 71, y1, meet ys in one ,two, 
two, and three points, respectively. The plane determined by d and y, contains 
71, hence the transformation reduces to order ten; y: and 7’; are parasitic 
lines. The plane determined by d and y”; has one variable residual line on 
each cubic surface of the pencil; this line passes through the residual point 
of y; in that plane, and has for image the line 46. In this plane there are two 
parasitic lines of the type (d, ys, ys). Six lines, apart from y”1, lie on each 
cubic surface of the pencil and meet d once and y; twice; their images are the 
points 1 and 2, the lines 36, 45, and the conics 23456, 13456. From a point P 
on d may be drawn four bisecants of y;, hence there are ten parasitic lines 
(d,ys5”). There are, therefore, fifteen parasitic lines in this case. 

If d intersects y; and y’, but not y’;, the images of these lines may 
be represented by 34, 56, and 25, respectively, and the image of ys; by 
Cs : 17213745167, p= 2. d, yi, y/1, and meet y; in two, one, two and three 
points, respectively. The transformation is of order ten and the number of 
parasitic lines is fifteen. Four lines, apart from y’;, on each cubic surface 
of the pencil meet d and y”,, hence given Z, there are four points P on d; 
given P, there are two points Z, since the plane determined by P and +’, meets 
ys in three points on y”;, leaving two others; there are therefore six parasitic 
lines of the type (d,y”:, ys). Given Z, there are four lines, apart from y, and 
71, intersecting d and meeting y; twice, while given P, there are three bi- 
secants of y;, apart from d, accounting for seven parasitic lines (d, ys”). 

Lastly, if d meets only one of the base lines y,, the representations of 1, 
v1, and y”, may be taken as 34, 26, and 15, respectively, so that the image of 
Ys 18 c; : 112137475762, p 2. These four lines meet y, in three, one, two, and 
two points, respectively. There are two parasitic lines (d, y1, ys), since there 
is one variable line in the plane of d and y, and through the residual point 
on ys. There are four variable lines, apart from y,, lying on each cubic surface 
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and meeting both d and y’,; three lines may be drawn from a point P on d 
to meet y’, and y;, hence there are seven parasitic lines (d, 7/1, ys). Similarly 
there are seven parasitic lines (d, y’1, ys). There is one line meeting d once 
and y; twice, the generator of H,(d, y;) through Z and belonging to the com- 
posite cubic surface of the pencil. This case may he summarized 


parasitic lines 
— 


order of — — 
dmeets transform (d, Yu Ys) (d, Ys) (d, V1 Ys) (d, Ys") ¥1 V1 No. 
Yu 10 0 0 2 10 i 
10 0 0 6 
y1 11 2 v4 q 1 10 0 18 


8. Discussion of Case I, A. 6. If ys includes six straight lines and a 
conic, two cases arise, according as the residual line of the plane of the conic 
is a base line or not. In the latter case the configuration is shown by diagram 
(a); the section of each surface of the pencil by the plane of the conic is 
variable and the line forms a pencil with its vertex on one of the base lines; 
each of the six other lines meets the conic in one point. 

A conic on F' may be represented in three ways: 1. as a line through one 
base point; 2. as a conic through four base points; 3. as a cubic curve through 
all the base points and having a double point at one of them. If method 1 
is chosen, and the conic is represented by c, : 1, the image of the residual base 
curve is represented by cg : 172°3°4°5°6°, consisting of seven lines, six of which 
must meet the given base conic. The images of lines lying on the cubic sur- 
faces of the pencil and meeting c, : 1 are the ten lines ik, i,k541, and the 
five conics containing the symbol 1. 12, 23, 26, 34, 45, 56, and 13456 may be 
chosen as the representations of the seven lines; the residual line in the plane 
of the conic is 23456 and is intersected by 12. d may be chosen as 1. inter- 
secting four others; 2. intersecting three and forming a triangle with two of 
them; 3. intersecting three skew lines. The following results are obtained: 
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Case 1 Case 2 Case 3 
d~d,: 12 d~d,: 34 d~d, : 23 
order of trans- order of trans- order of trans- 
formation ~10 formation formation 11 


Parasitic lines 


(d, 13456, y2) 2 3 
(d, 45, ¥2) 2 2 
(d, 23, 26) 2 2 
(d, 26, y2) 3 3 
(d, 23, y2) 2 3 
(d, 45, 13456 ) 2 
(d, 26, 56) 2 
(d, 34, 13456 ) 9 
(d, 34, 45) 2 
(d, 12, 26) 2 
(d, 12, y2) 4 
base lines inter- 

secting d 4 3 3 
total number of 

parasitic lines 15 15 18 


When one base line is coplanar with the conic, the residual six lines make 

the complete intersection with a quadric. The configuration of these lines is 
shown in diagram (b). d may be taken as inter- 

‘2 a3 48 secting four, three, or only two skew lines. The 


” first case will be discussed in detail. The seven 
Py lines may be mapped on the plane by the scheme 
poy as illustrated. Since the lines 12, 13, 23 and 

45, 56, 46 form two sets of skew lines, each line 


of either intersecting all of the other, they lie 
on a quadric surface and furnish a complete intersection of | F |. The residual 
base is a conic represented by ¢.: 2. 

If d~d, : 12, each of the four lines meeting d is fundamental of the 
first kind, having the plane determined by that line and d for principal image 
surface, and is also parasitic. In each plane thus determined there are two 
additional parasitic lines; those in the plane of d and 13456 meet on 13 and 
the other pairs all meet on y,. The line represented by 23 has one additional 
line meeting it and d on every cubic surface of the pencil. From every point 
P on d it is possible to draw three lines intersecting 23 and the base curve in 
a second point; two of these lines intersect y, and the third, 13. The latter 
one lies on the fixed quadric surface, and, therefore, does not participate in 
the correspondence between Z and P. Hence there are three parasitic lines 
of the type (d,23,y.). The line 13 meets y, in one point, so that from P 
only one line may be drawn to intersect 13 and y.. This accounts for two 
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parasitic lines (d,13,y2). Through the point Z on d associated with the 
composite cubic surface there passes a generator of the component quadric 
surface which is parasitic. The number of parasitic lines totals eighteen—the 
four base lines meeting d; eight, in pairs, in the planes determined by d and 
these four base lines; three of the type (d, 23, y2), two of the type (d, 13, y2), 
and the generator of the component quadric surface. The image of yp is T, 
containing all the parasitic lines except the one on the fixed quadric surface 
and the two in the plane of d and 13456. 


(1) (2) 


Configuration (c) results from an attempt to have only six base lines 
arranged in the scheme (1). This is impossible, as the residual y; must be 
composite, having as a component a line intersecting four of the given lines 
(denoted by the dotted line). Adopting the scheme (2), three possible cases 
arise according as d intersects two pairs of intersecting lines, one pair of inter- 
secting lines and a third line skew to these two, or three mutually skew lines. 
Y2—~ Co : 112'3°4*516° and with the exception of 12, the straight lines inter- 
sect y. in one point. The complete table for this case follows. 


Case 1 Case 2 Case 3 
d~d,: 12 d~d,: 46 d~d,: 16 
order of trans- order of trans- order of trans- 

Parasitic lines formation =9 formation —10 formation = 11 
(d, 23, Ye) 4 
(d, 16, y2) 4 3 
(d, 23, 34) 2 
(d, 16, 56) 2 
(d, 56, y2) 2 2 
(d, 34, Y2) 3 
(d, 34, 46) 2 
(d, 23, 12) 2 
(d, 35, 56) 2 
(d, 46, 56) 3 
(d, 12, 2) 4 
base lines inter- 

secting d 4 3 3 


total number of 
parasitic lines 12 15. 18 
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9. Discussion of Case I, A. '%. The nine base lines enter symmetrically ; 
each one intersects four others forming two triangles. The representations of 
these lines may be taken as 12, 34, 56, 35, 46, 26, 14, 15, and 23. The equa- 
tion of the pencil of cubic surfaces may be written 


4 4 
4=1 i 
o =— [uv (yiu— y2v) + vi— 
uv — yd) 
beyiyst(y) + bayoysv(y). 


The order of the transformation is seven. The planes y,—0, y.—0, 
= 0, and come off as factors. If (iw), (iw), and (17) represent 
4=0,u=—0; 4% —0,7—0; and —0, 2; —0, respectively, it may be 
shown that 


S,~S;, : d 4g 
d~r,: 4g 
og~o,: dd (3v)*(4u)* (uv)? [ (1v)? (2u)*] 49 


Jo4=76T 12, Ty. being composed of two surfaces of order three, one of order 
two, and one of order four, (the images of the four lines skew to d, — 3v, 4u, 
34, and wv, respectively). 

The surfaces S; touch each other along every sheet through d. At every 
point of d one of the tangent planes to 7r,== y,i — y.0 = 0 coincides with 
that of o, = 0, and has three-point contact. Moreover, the surfaces have the 
same tangent plane at each point of (1v) and of (2u) but not of (uv), (3x), 
(4v). This accounts for twelve lines, leaving four parasitic lines. The same 
may be obtained by the discriminant of the residual conic in the plane tangent 
to F, at Z after removing d. 


10. Discussion of Case I, B. ys: = 1, 2, 4. 


1. When = 1, three cases arise: 


(a) [y2,d] 2. Let the representations be d~ d, : 12, y2~ cz : 8456, 
and ys : 172737425262. lies on a quadric surface, is of genus four, and 
meets y, twice. The transformation is of order ten and there are fifteen 
parasitic lines (d, y,”) ; these occur doubly on T, the image of y.; the conic 
is also parasitic. 


(b) [y2,d] =1. Ifd~d,: 12, cz : 1345, and yo ~ 112737425763, 
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it is noted that y, is of genus three and meets d in three points and yz in five 
points. The parasitic lines consist of nine meeting ys twice and nine inter- 
secting both y2 and y¢. 


(c) [y2,d] =0. Let d ~ 12, yo ~ C2: 1234 and ye ~ Ce: 11213747568, 
p=2. ye meets yz in six points and d, in four. The line in the plane of the 
conic and lying on the cubic surface of the pencil associated with the point of 
intersection of d and this plane is parasitic. From any point of d it is possible 
to draw two bisecants of y, and six lines meeting y2 and yg each once. The 
lines on the F’; of the map which meet d, y. and ye are represented by 
1, 2, 35, 36, 45, 46, 13456, 23456. Hence there are fourteen parasitic lines 
(d,y2, ye); 34 meets ye twice and d once, so that there are three parasitic 
lines (d, y2”). 

A proper ye with a quadrisecant can not be of genus two, if it lies on a 
quadric. Such a ye consists of y; ~c, : 56 in the plane of the conic and 
intersecting d, and ays; ¢; : 11213747576, p= 2. It meets in four points 
and d, in three. Moreover, d and y; lie on a quadric H which with the plane 
of y;: and y2 comprises a complete cubic surface of the pencil. The generator 
of H through the associated point Z of the composite surface is parasitic. 
There are also two parasitic lines (d,y:1,y5) in the plane of d and y, and 
fourteen parasitic lines (d,y2,y5). If Z is the intersection of y, and d, the 
transformation is of order ten. 


2. When & = 2 and the two conics lie in planes through d, the residual 
quartic must be of genus one and does not intersect d. The equation of the 
pencil has the form A,v7,H —2.7.H’ =0, H and H’ being quadratic forms. 
Both conics z, = 0, H’ =0 and z. —0, H —0 are parasitic, and the trans- 
formation is of order nine. The twelve parasitic lines are all of the form 


(d, ys”) 


3. k—4. If the intersection of the two quadrics H =0, H’ =0 con- 
sists of two conics, the base curve of the pencil is composed of four conics, two 
of which intersect d in two points, the other two being skew to d but meeting 
each other in two points. In case each of the conics meets d in only one 
point, let d~ d, : 12, y2~ : 1845, : 13846, ~ : 2356, and 
V"s—~ ce”, : 2456. The parasitic lines are found to be five each of the types 
(d, y2, y’2) and (d, y’”2) and two each of the types (d, y”), (4, 
(d, y’2,y’2), and (d, y's, 7’"2). The image of each base curve is a surface of 
order five, containing nine of the parasitic lines. These two configurations of 


base conics are the only ones possible. 
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11. Discussion of Case I, C. ys: kysys-sx. If ys is skew, k —1 or 2. 
If k =1, let ys and ys each intersect d twice; there are eight parasitic lines 
(d, ys”) and ten of the form (d, ys, 7s). If ys meets d in one point, y, meets 
it in three and the genus of y; is one; there are now three parasitic lines 
(d, ys”), five of the form (d,ys5”) and ten of the form (d,ys,ys). If ys is 
skew to d, ys has d for a quadrisecant, the genus of y, is zero, and no bisecant 
of y; intersects d; there are nine parasitic lines (d, ys”) and nine of the form 
(4, ys, 

When yz; is plane, let its image be cz, : 123456, p—1. The residual y; 
has for image c; : 11213747576?, p= 2. yz intersects d in one point, ys in five 
points; d and y; have three points in common. d and y; lie on a quadric H; 
u, the plane of y;, and H make a composite surface of the pencil. The 
generator of H through the associated point Z is parasitic and is a bisecant 
of y;. All other parasitic lines are of the type (d, ys, ys). 


12. Discussion of Case I, D. ys: 2ys4. Three cases are possible, genus 
one for each, genus one for the first and zero for the second, and genus 
zero for each. 

When d~ d, : 12 and both curves have genus one, they may be repre- 
sented by ys ~ : 112131415°6? and y’4 c’, : 11213747516. These two curves 
intersect in six points. Of the ten lines on a cubic surface meeting d, only 
one, namely, 34 meets y, twice; since from any point on d only one bisecant 
of ys, apart from d, may be drawn, there are two parasitic lines (d, y4”)- 
Similarly, there are two of the type (d, y’,”). There are eight lines on a cubic 
surface intersecting both y, and y’,; from a point P on d may be drawn six 
secants of y, and y’,, apart from d, hence there are fourteen parasitic lines 
(d, 

Cy 1729314756? and y’4 ~ c’, : 112°3°41516! represent quartic curves 
of genus zero and genus one, respectively. Since d intersects y, in three points, 
there are no bisecants of y, from points on d. A cubic surface contains five 
bisecants of y’, meeting d, and from P on d may be drawn two bisecants of y's, 
hence there are seven parasitic lines (d, y’,2). There are five lines intersecting 
both y, and y’, and from P on d nine such lines may be drawn but d counts 
for three of them, hence there are eleven parasitic lines (d, V4 '4)- 

Lastly, when the genus of each curve is zero, the quartic curves must 
intersect in eight points, and the representations Cy : 1°2°3"475'6? and 
7's~ c’, : 192737415261 may be made. In this case there are five parasitic 
lines of the types (d, y,2) and (d,y’,2) and eight of the type (d, y4, y's). 


13. Cases II and III. These cases may be considered along the lines of 
the preceding discussions and are, in general, special examples of Case I. 
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14. Reductions in the order of the transformation, ys beg non-composite, 
If the pencil of cubic surfaces z,/ — z,K = 0 is determined by a general cubic 
surface FP=2,u-+ —0 (u,v being quadratic forms in 2, %2, 73,24) and 
a cubic cone with vertex at (0,0,0,1) K=a,u'+ =0 (w’,v’ being 
quadratic forms in 2, 22, 4), the following table of characteristics is obtained; 


: dd? 11g 

d ys” 1lg 
O05: ys 1lg 
J og Tis. 

Given the pencil 2,K —2,K’ =0, K =a2,u+ 22,0 =0 (u,v being quad- 
ratic forms in 2, %2,%,) and K’ + (w’,v being quadratic forms 
in 2, 2,23). Here K —0 and K’ —0 are general cubic cones containing d 
and having vertices at (0,0,1,0) and (0,0,0,1), respectively. The residual 
curve of intersection of K and K’ is ys, having double points at the vertices 
of the cone and meeting d nowhere else. The table of characteristics is 
written : 

S,~ Ss: d? d? 4g 
d~m: @d 
02: d 4g 
: d* ad? ys 49? 


Ji, = Ts. 


I’; is a ruled surface, the image of any point of ys being a straight line. 
The section of T's by any plane through d consists of d counted four times and 
of four straight lines, each of which passes through a common point on d and 
is drawn to one of the four points of ys in that plane. 

Every plane through d meets o, in a residual line of invariant points. 
Since every plane through d is invariant, the transformation in each such 
plane is cubic; it is a non-perspective Jonquiéres involution with vertex V in 
the point of intersection of the generator of o. in that plane with d. The 
image of V is a conic determined by V and the four points of yz in that plane 
and having the generator of o, as a tangent line at V. This conic is also the 
residual section of the plane tangent to the cubic surface associated with V. 
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PLANAR CREMONA TRANSFORMATIONS. 


By SHERBURNE F. BARBER. 


1. Introduction. A plane curve Cz of order y) with multiplicities y; at 
i.e. m distinct points (1=1,- - -,m), is transformed by a Cremona 
transformation 7' of order n with r;-fold distinct F'-points - -,p, 
p<=m) into a curve C’, (in the same or a different plane) of order y’) and 
with multiplicities y’; at Qm?, m distinct points Fj (j—=1,- + -,m) of which 
P,,: +,Fp (p Sm) are the F-points of where 


= Yp+k (k& =1,---,m—p). 


The numbers s; are the multiplicities of 7-1 at F;. The directions around 
the points F'; correspond to the points of a rational P-curve P; of order rj 
with an «;j;-fold point at /;. Two sets of points, such as Py»? and Qm?, are 
said to be congruent sets of points under 7. The element S has the invariant 
quadratic and linear forms 


(2) Yo? — —° Ym? 


The numbers r; satisfy the Diophantine equations 


(4) 
i=1 4=1 

The general solution of these equations is not known nor is there any criterion 
for picking out from the algebraic solutions those which correspond to existent 
geometric situations. The only sure method of finding new types is by con- 
structing products of known types. 

The elements § constitute a group gm,z of finite order for p< 8, of in- 
finite order for p= 9, which is generated by the permutation group II of 


(5) (j= 0, 1,2, 3) 
123 , 
Yu= Ye -+,m). 


The subgroup II of Jm,2 is generated by transpositions of the type (12), i.e. 
109 
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, , , 


6 
(6) (j =3,--+,m). 


This is involutorial and has the space of fixed points y,—y2. Hence T's. is 
a central involution with space of fixed points y: —-y2 and centre at the pole 
of this fixed space with respect to the invariant quadric (2). The involutions 
conjugate to 7,, are determined by the spaces conjugate to y1—vy2. Thus 
we find that A,., is determined by yo—+y1—y2—vys- The forms conjugate 
to yi —yz2 under the Cremona transformations on m F-points will be called 
discriminant or D-conditions. Thus we find the conjugate set: 


(7) 


together with all that arise from these by the operations of II. 


2. The group generated by two discriminant conditions. The general 
discriminant condition (*, p. 16) on m points (m > 9) is not known. We 
shall select two particular ones of the form 


(8) (ciy) = Coryo — Crty1 —* * *— Cmiym 
where the coefficients cy; are integers satisfying 


Cor? — C14? — 2 


(9) 


3Coi — C1i— Cri = 0. 
The element (*, p. 17) of gm,2 defined by (8) is 
(10) +y 


where the subscript 7 (7 =0,1,---,m) is to be attached to 7,y and the 
unattached c;. This element, denoted by J, is of period two; two such ele- 
ments will in general generate a dihedral group of infinite order and we are 
thus led to consider the product } 


(11) = [k(ery) + (Coy) Jee + + y 


where k= (c,c,). The dihedral group contains elements of two types 
— W", W°, W1, W°l., W4I.- - -—of which the first 
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have no period and the second are of period two. For the simpler involutions 
we observe the discriminant conditions from which they arise 


: + Pi(cey) 
: + Po(cey) 
(12) WI, : Po(ery) 
Wl, : Py (Czy) 
: Po(ciy) + Pi(ezy), 
where Pp = 1, =k, P2 = —1). We wish to ascertain the form of 


Pn(¢ry) + Pm+s(¢zy) to which is attached. If Pm(cry) + Pm-1(¢2y) 
is a discriminant condition, on applying (9) we obtain 


(13) Pm? + = 1. 

For the early cases, if we define P_, = 0 we observe the recurrence relation 
(14) P, = kPy.. — Pr-2. 

If we suppose (14) true for r= m we derive 

(15) Po? — = 1. 

(16) + Pm? — kP = 1. 

Hence if (16) is true, both (15) and (13) are true. But (16) holds for early 
values of m. Hence (13) and (15) are true by induction. 


More generally to find all discriminant conditions in the pencil determined 
by (cry) and (czy) we seek the conditions under which 


(17) + y (Coy) 


is a discriminant condition. Analogous to (13) we seek the general solution 
in integers of 
(18) a? + — key =1, 


of which a particular solution is =k, y= 1. 
The general solution (°, p. 409) of 
(19) Av? — 2Bry + Cy? =c 
is 
(20) + Ynui(— B+ 
— [Aa + b(—B + K*)][p + q(—B + 


(4,6) is a particular solution of (19), (p,q) is the smallest solution of 
—2Bpq + ACg?= 1 for.which p? + g? > 1 and K = B*— AC =(k? — 4) /4. 
For (18), —B + K% —=—k/2 + (k? —4)%/2 =p, whence 
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Y¥i=b=—q=1 


+kp+1=—0, 
and the general solution of (18) is 
(21) + pYnsr = (41 + pyr) (41 + pyr)” = (41 + pyr) (Zn + 


Expanding and equating coefficients, we obtain 
(22) = Tn, Engr = — 


whence 2 = Pm, y = Pm-_s, since the initial conditions are the same. Equation 
(18) can be written as (22 — ky)* — (k? —4)y? = 4, the form of the Pell 
equation (*, p. 373). The fact that the solutions of the Pell equation con- 
stitute a singly infinite set shows that the sequence (22) comprises all the 
solutions of (18). 


(23) The form x(ery) + y(cey), tf (ery) and (czy) are existant discrimi- 
nant conditions, is an existant discriminant condition, where x = Pm, y = Pn. 
The polynomials P; are connected by the recurrence relation (14). 


For early values of & the values of the polynomials P;(k/) are tabulated 
as follows: 


k=0 k—1 k=2 
0 0 0 0 
P, 1 1 1 1 
(24) P, 0 1 2 3 
P, 1 0 3 8 
P, 0 4 21 
P, 1 anil 5 5D. 


For k =0 and k =1 we get groups of orders 4 and 6 respectively; for al’ 
other cases the group is infinite. 

By direct substitution it is verified that 
(25) P,(k) => 


satisfies (14). Between the polynomials P; there exists the further relation 
(26) PrP — PoP = (s > r) 


deduced by use of (14) applied r times. 
The bilinear invariant of any two involutorial elements, WJ, and W*"I:, 
attached to the D-conditions 


(27) P,(¢xy) + Pra(cey) = (diy), Ps (cry) + = (dey) 
is 


(28) k’ Ps-+-2 Por. 
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If s=r-+1 in (27) we can solve completely for (c:y), (Czy) since the de- 
terminant Ps_,. = P) =1, cf. (26). In other words 


(29) Any two consecutwe imvolutions will generate the group. 


The group generated by the involutions J,, J, is a dihedral group, in 
general of infinite order. The group may be generated by W =I, : J, and I; 
subject to the relations J,2—1, J,W—W~I,. The entire group is not in 
general generated by any two of its involutions. If WJ, and W°I, are any 
two of the involutions in the given group, these two generate a dihedral group 
whose cyclic subgroup is generated by W’ = W4J,- W°I, = We. Thus only 
the cyclic elements W* where k =0 mod (a— 6) of the original group will 
occur in the group generated by WJ. Unless the given involutions WJ, and 
WI, are adjacent, the discriminant conditions attached to them will, when 
used as (iy), (Czy), not determine in the above fashion all the discriminant 
conditions of the form (17). If they were so used, other discriminant con- 
ditions could be interpolated between them. We wish to examine the possi- 
bility of such an interpolation. 

We suppose (d,y), (dey) are known with hk’ = P,_,.— Ps_, and we seek 
(¢:y), (Czy) as in (27). The number k’ may arise from the table (24) as the 
difference of two numbers in some column, once removed, and always appears 
in the row P,; in this case s—r—1 and — = —P,; =— k. 
If an examination reveals it in the latter position only, (diy), (dsy) are 
adjacent. In general such is the case since the aggregate of numbers repre- 
sented by Ps, — Ps_r-2 is very restricted. If, however, k’ does appear as the 
difference of two numbers we seek to interpolate involutions between (d,y), 
(dzy). Since any two consecutive involutions generate the group, we seek that 
particular pair (¢c;y), (¢sy) of which the former is (d,y) itself. This requires 
that we reduce the subscripts in (27) r times and that system becomes 


(30) (Cry) = (diy), Per (ery) + Ps-rs(Coy) = (dey). 


The coefficients cz. must be integral for the solution to be geometric; 
this may or may not be sufficient. The final test is whether (czy) can be 
transformed into a form y;—vyj. In certain particular cases however it is 
possible to find (ciy), for example 


(31) (diy) — 3y2— Yu 
(doy) = 84y0 — 8y1 — — 
for which k’ 18, (cry) == (diy), (Coy) =—y1 


Since W" — W], - WI, and the components arise from the discriminant 
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conditions Pm(cry) + Pm+s(¢zy) and (cry) respectively, the form of W™ is 
found to be 


(32) [P%ms(cry) + Pn-sPm-2( cay) Jer 
+ [PmPm-s(cry) + (coy) + 


3. Conditions for permutability of two cyclic groups generated as in § 2, 
To consider the permutability of two infinite cyclic groups of the type dis- 
cussed in § 2, we select four discriminant conditions (c:y), (Coy), (sy), (Cay) 
which yield J,-Z, and I,;-J,. The condition 


may be expressed as the following bilinear form in y and y’, 


(34) (Cry) (¢ay’) [@AC + aB + + + (Czy) (Csy’)C 
+ (¢ay’) [AC + B] + (ery) (esy’) [a + 6] 
= (Czy) (C2y’) [adc + AB + ab + C7] + (cay) (G17) C 
+ (Cay) (¢xy’) [ae + B] + (Cry’) [Ac + 5] 


where kis (cic;) and a= b = ks, C= A Ksa, B= koa, C == kos. 
Since the group is to be abelian it must contain the additional elements: 


1,13, I,1, 1314, 41s. 


The elements of the linear group arise from each other by permutation of the 
indices. Regarding (1), (2), (3), (4) as the identical order of the indices, 
the products above arise from the transpositions (12), (34) and the permuta- 
tion (13). (24). These generate the octic group 


1 1 
(13) (24) (aA) (cC) 
(14) (23) (aA) (BB) 
(12) (34) (bB) 
(35) (12) (bC) (cB) 
(34) (bc) (BC) 
(13 24) (aA) (bCBc) 
(14 23) (aA) (bcBC). 


The condition (34) is an identity in (n + 1)? coefficients yi’; which involves 
both the coefficients c; explicitly and their combinations k;;. The resulting 
system of (n+ 1)? equations would be too complicated for immediate dis- 
cussion. We therefore seek a derived system which will contain the k;; alone 
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The resulting values for the &;; will lead to such a simplification of the identity 
(34) as to admit of its complete discussion. 

In (34) we let y and 7 take on the values ¢,, C2, cs, c, and obtain sixteen 
equations in the six quantities a,b,c, A,B,C. Of these equations two pairs 
are identical; moreover each of these two equations appears as a linear com- 
bination of two other equations. We are thus left with only twelve equations 
which must be all or part of a conjugate set under the octic group (35). 
When we arrange the equations in conjugate sets, we find eight new ones. The 
twenty equations in all divide into three conjugate sets of four equations each 
and one conjugate set of eight equations. Sample equations from each set are 
listed. If aor A appears as a factor of an equation, it is cancelled; as we saw, 
cf. (24), the cyclic group is finite if a or A is zero. The sample equations are 


aA-bec+A(bB+ cC) + a(b? +c?) +2(00 + cB) 
abcAB + ab?B + ac?B + bc?A + DAB? + DBC —aAC 
+ + c® + cB? — 2aB — 2bA — 4c = 0, 
a? A?C — acAC? + a@AB + abA? — acBC — bcAC — abC? 
— ABC? — 2a?C — 2A?C + acA — bcB 
— b?C — C* — B’?C — 2ab — 2AB + 40 =0, 
abcAC + aA?C + bDABC + ab?C + b?cA + ac?C + 2bA? 
+ + be? + 00? + aAB + cBC + 2cA — — 4b = 0. 


(36) 


Of these four equations, the first three are members of conjugate sets of four 
equations and the last a member of the conjugate set of eight equations. The 
above are combinations of the following eight equations: 


aA-bc + A(bB + cC) + a(b? +c?) + 2(b0 + cB) =0, 
(Az) aA- BC + A(bB + cC) + a(B? + 0?) + + cB) =0, 
(A;) aA-b0 + A(b? + C?) a(bB + cC) + 2(be + BC) =0, 
(As) aA- Be + + c?) + a(bB + cC) + 2(be + BC) =0, 

(B,) C(aA + bB—cC) + aB + 2c) =0, 

(B,) c(aA + bB—cC) + 2(AB + ab + 2C) =0, 

(B,) b(aA —bB + + 2(ac + AC + 2B) =0, 

(B,) B(aA —bB + cC) +. 2(cA + a0 + 2b) =0. 


(37) 


(B,) and (B,) are linear and homogeneous in a, b,c and yield the values 
(38) a= 2%, b=——p0,c=—pB, p=—2(ABC + A? + B? + 0? —4). 
If these values are substituted in (A,)- - - (Bz), (Bz) we obtain 


(39) 2(p?—1) (ABC + B? + 0?) =0, O(p?—1) (AC + 2B) =0, 
B(p?—1)(AB + 2C) =0. 
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Suppose p 0 and take p? — 1 to obtain 


9 b=b, c——B, 


If p? ~ 0,1 and B~0 we obtain from (39) 


IIT: a=a,b=—b, c=), A=—2, B 
A 


a=a, b=—b, c——b, 


Finally if B = 0, p? 0,1 we obtain from (39) b= B=c—C = 0 and the 
identity (34) is satisfied. If, instead of (B,) and (B,), we select another pair 
such as (B,), (B,) linear in a, B, C we arrive ultimately at the same solutions. 

We have to place the solutions (40) and (41) in the original condition 
(34). If we use the solution J and equate to zero the coefficient of yiy’; 


we obtain: 


(42) [eis + [(B— Ab) cj, — be js] 
— [ei + ¢j2][(6 —AB) cis — Beis] =0 (1,7 = m). 


If i=] since [ci; + ci2] is not in general zero, cf. (49), 


43 Cig = [ (2B — Ab) /(26 — AB) cia, 
(43) + Cia = [(b +B) (2—A)/(20—AB) (i =0,1,- +, m). 


For this solution kis -- kos — = 0, i.e. 

(44) (Co1 + Coz) (Cos Cos) —2 Ciz) (Cis Cia) = 0. 
The permutations of (35) change this into 

(45) (Cos + Cos) (Cox — Coz) —2 (Cis + Cia) (Car Ci2) = 0, 


Equation (45) merely expresses a condition that the réle of (csy), (czy) is the 
same as that of (c:y), (czy). In view of (43), (45) becomes 


(46) + B)(2—A)/(2b— AB) =0. 


If A 2 in (46), from (48) (b —B) (cis + cis) =Oorb=—B. If 6b =——B 
in (46), from (43) B(A + 2) (cis + cis) =0, whence either B=0, 


A=—2. If B=0, b=0 then c—0, C=O and we have an earlier case. 
If c = 0 in (46), then B = 0; in (42) if i=], (Cir + (Acts + 2cig)b =?. 
If Acis = — 2Cis, Cig = — 2¢i3/A and from (9) there results A = 2; 


A=A, B=B, C=—2, 
A=A, B=B, C=b. 
= B, C=B, 
B, C=—B. 
| 
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this case two of the discriminant conditions differ at most in sign. Hence we 
have the two solutions 


Iq: b=b, c——8), A=2, B=b, C=—48, 


Putting these values in (42) we obtain the respective conditions on the 
coefficients : 
+ + = + Cj2) (Cis Cia) = 0 
(48) (Cir + Ciz) (Cj3 — — (Cir + Cj2) (Cis — Cig) = 0 


The assumption was made that ci: + ciz0. If cir + for a 
particular 7 consider the P-curve P; in the product I,J. 


(49) Vi = [2 (ery) + (Coy) + (Cry) Cir + 


The coefficient of yi is — 2¢i1Cig — C?i2 — 7, + 1 1; the P-curve thus has 
a multiplicity (—1) at F;. To be geometric, the P-curve must reduce to the 
directions around F';. For the indices 7 different from 1 we must then have 


(50) (2¢j1 + — Cj1) Cig = (Cj1 + Cig = 0. 


Hither cig = 0, ci, = 0 and J,J, belongs to (m—1) instead of m points or 
Cj + ¢j2=0 and (cry), (¢sy) differ in sign only. These cases we do not 
wish to consider. 

A similar treatment of solution IT leads to the following conclusions with 
corresponding conditions on the coefficients: 


51 a=—2, b=), A=—2, 
Ih: a=—2, b=b,c=—b, A=2, B=—),C—bd, 


(Ci: — Ciz) (Cis — — (Cj1 — (Cis — Cis) = 0, 


(Ci: — Cie) + Cy) — (Cj1 — (Cis + Cis) =O. 


Solutions J7ZJ and IV of (41) duplicate the previous results. 
Throughout the investigation of equations (39) the assumption has been 
made that p40. Consider the vanishing of p and its conjugates under the 


group (35) : 


(52) 


(C,) (C;) abC+a?+b?+0?4 =0, 


(53) (C2) aBc +a? +B?+-¢? —4 — 0, (C4) Abc+A?+6?+c?—4 == (0), 


The equations (C2), (Cz), (Cs) are valid from another point of view; (C.) 
for instance, is the factor p for the solution of the pair of equations (Bz), (Bs). 
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substituted in (C,) and all such possible selections are made, there result: 
(54) 


Using the plus sign we verify that 

(55) (a— A)(b—B)(c—C) =0 

and using the minus sign that 

(56) (a+ A)(b+B)(c+C) =0. 

There are thus six cases to be considered according as 

(57) a=A, b=B,c=C, a=—A, b=—B, c—=—(C. 
Consider first (C,),---,(Cs) become | 


ng) + 49+ ABe + BY + 


Subtracting these equations in pairs there arise the four possibilities 


AB+0+c=0 
AB4AC+0m0’ 

(59) | Ac +B+b=0 
Ab +C+c=0. 


For the fourth possibility b = B, c = C and two of the cases reduce to a = A, 
b—B,c=C. Placing these values in (A,)- - - (B,)- (Cs) the solutions 
turn out to be special cases of (40) or lead to coincidences among the dis- 


criminant conditions. From (59) there remain the cases 


60) b=B 
( AB+C+c=0’ AC+0+B=0. 
We consider only the former case for which (A,),- - -, (C's) reduce to 


(61) ABC + A? + B? + C?—4=—0, AB+C+c=0, 
and give the values 


(62) 2B—=—AC + [(A?—4)(0?—4)]*%, cm—(AB+C). 


If the last three equations are solved for B, C, A respectively and these values 


(Cs) + abe +a? (Cr) +ABc+A?4+B?+c?—4 =0, 
= 0, (Cs) =0. 
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In (34) let (cry) =a and substitute to obtain 


(63) — [+ (A? — 4)4*(C? — 4)¥] 
+ + + (C—c) =0. 


This identity may be satisfied in one of several ways. If it is satisfied by the 
vanishing of the coefficients, the situation reduces to aA, b=B, c—C. 
Since one of the quadratics %,%,— 2.7, and 0%, 2,23 + is not a 
multiple of the other, we consider the possibility of a linear relation among 
the variables of the form 


(64) Le = + 8X2 + 


Again the possibilities give nothing new. Finally the variables may be twice 
related as 
(65) 1,44 -+- Lote, M7}, -+- 


This situation was considered in § 2 (27) where it was found that the group 
generated by (czy), (¢sy) was all or part of that generated by (¢:y), (Czy). 
In like fashion we may treat the other cases of (57) and we find no solutions 
other than (40) and (41). We sum the results of this section in 


(66) <A necessary and sufficient condition for the permutability of two in- 
finite cyclic groups generated respectively by the pairs of discriminant con- 
ditions (cyy) and (Czy), (¢sy) and (cy) all distinct, is either (1) that the 
bilinear forms be one of the aggregates 


Ta I, IT ITy 
kz 2 2 —2 —2 
kas b b b b 
ku —b b b —b 
kesa 2 —2 —2 2 
b —b b —b 
kos —b —b b b 
where b is an arbitrary parameter and the coefficients c, (k=1,-- +,4) 


satisfy for In, I, IIa, IIy respectively the following identities 


(Cis + (C53 + — + Cj2) (Cis + Cis) = 0, 

(Cir + Ciz) — — (Cj1 + Cj2) (Cis — Cis) = 0, 

(Cix — Ci2) Cjs) (Cj; Cj2) (Cis Cis) = 0, 

(Cir — Cia) + Cys) — — Cj2) (Cis + Cis) = 0, 
(1,7 = 0, 1,- 


or (2) thatb B=c=—C 
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4. The Cremona group for P,*. The determination * of the numbers 
n, Ti, 8j, %i; for p=9 is complete (*). To generate an abelian subgroup in 
that case two kinds of generators were used. One kind ¢;,°* (1 =2,: - -,9) 
has the form 


n= 36pi? +1, =6pi(2pi— 1), = Gps + 1) 


(67) = 8; = 12p;? = 2,---,9,k, 


By replacing 2p; by k; this becomes the product of the involutions which arise 
from the discriminant conditions 


(ciy) = — (ki + 

(Cry) =— 11 + 

It is readily verified that the conditions of (66) are satisfied. 

There are seven distinct types of planar Cremona transformations on 9 
points; we shall follow the notation in the reference cited. The two relations 
for a P-curve 


lead for types I, JI, V, VII to the following two relations 


9 


(70) (a) (b) + 2, 


For these four types we prove by direct substitution in the corresponding 
formulas 


(71) If 8 v, y 1s a solution of (70) which corresponds to a transformation T, 
then 8; +, v+ 3, y (€ any integer positive, negative, or zero) is a solution 
of (70) which corresponds to the same transformation. 


In order to determine the transformations by a single set of integers 8,,--- , 5s 
we determine « so that v is 0, 1, or —1 in accordance with the above theorem. 
Using these values for v, in turn, equations (70) become, respectively, 


9 9 
(72) (a) —=—0,3,—3, 
4=1 4=1 


(73) To write a transformation of one of the types I, III, V, VII, partition 


* Corrections to the published formulas are as follows: for type III replace a, 
by y+ 5;—4,, a,, by y—e,,, for type VI replace a), by + 
by for type VII replace by ¥— 
+ 6; 
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one of the numbers 0, 3, —3 into nine integers 8,,: - -,89; then determine y 
from (%2); these values, substituted in the proper formulas, yield existant 
transformations. 


For types IJ, IV, VI we replace v by Y —1 and proceed as above. 
(14) To write a transformation of one of the types II, IV, VI, partition one 


of the numbers 2, —1, —4 into &1,---,8&s; then determine > from 
9 9 9 

(75) By, = 27’ — 1, 2 2/ 
= 


respectively. These values substituted in the proper formulas yield existent 
transformations. 


5. An abelian subgroup for P,.?. The following pairs of D-conditions 
obtained from those for nine points, satisfy the conditions of (66) and generate 
an abelian subgroup for ten points, depending on nine parameters: 


(76) Y10 
Ale gyo—(2kes—1 ) (2g +1) (ys + +y10) 


The two examples of § 4 and § 5 are sufficient to indicate that the general 
theorem of (66) does have application. The subgroup for P,? has a finite 
number of conjugates whereas the one for Po? is not so characterized. Could 
one exhibit a closed set of discriminant conditions for Po? such as exist for 
P,’, one might hope to regain this property. 
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SOME THEOREMS ON TRIODIC CONTINUA.* 
By N. E. Rorr. 


It is proposed in this paper to examine triodic continua ¢ from. a point 
of view somewhat different from any other now in print, and to prove for 
unbounded continua a statement resembling the triod theorem.{ Two lemmas 
will be established first. 


Lemma I. If K is a compact indecomposable plane continuum and H 1s 
a compact plane continuum having in common with K a set T such that 
H —T is connected and K —T is nonvacuous, then there is a composant § 


of K containing no point of H. 


The proof is immediate if 7—H or JT —0, so suppose 7 ~// and 
T=~0. Moreover let the noncompact component of the plane complement 
of K contain H—T. Assume that the lemma is not true. As T' is closed 
and compact it is the sum of a set of mutually exclusive compact continua 
no one of which has a complement among whose components is one which is 
compact and.contains points of K + H. If to each element of this set all 
the bounded components of its complement are added, a collection results in 
one to one reciprocal correspondence with the original one, in which the 
elements are still mutually exclusive bounded continua having a closed sum. 
As no one of them divides the plane, they may serve as the only nondegenerate 
elements of an upper semicontinuous collection completely occupying the 
plane and providing a continuous transformation of the plane into itself-{ 
If H, K, and T are converted into H;, K:, and T; by this transformation, 
then it is clear that 7: is totally disconnected, that K; is indecomposable, 
that all relations assumed in the hypotheses of the lemma between K and H 
exist also between K; and H;:, and that some point of 7; is contained in 
every composant of K;. But this implies that every point of 7; is arcwise 


* Presented to the Society June 23, 1933. 

+ For definition see R. L. Moore, Point Set Theory, p. 254. 

+R. L. Moore, “Concerning triods in the plane and the junction points of plane 
continua,” Proceedings of the National Academy of Sciences, vol. 14, no. 1, pp. 85-88, 
Theorem I. 

§ The term composant is used here to represent, as originally by Janiszewski, any 
maximal proper strongly connected subset of a continuum. 

| R. L. Moore, “ Concerning upper semicontinuous collections of continua,” Trans 
actions of the American Mathematical Society, vol. 27 (1925), pp. 416-428. 
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accessible from, the complement of K+, in fact there exists a simple closed 
curve separating K,;—T; from H:—T,; and containing only the points 
T, of Ki + Hy. But this is a contradiction.* 


Lemma II. If K 1s a compact plane continuum containing the point k, 
and expressible as the sum of a set [Ka] of continua each of which contains 
k and is a proper subset of K, then K is expressible as the sum of two of its 
proper subcontinua each of which contains k. 


If 2, y, and z are any three distinct points of K and K is irreducible 
between x and z and between y and z then it is reducible between x and y, 
for let Kz and Ky, be any two elements of [K,] containing x and y respectively 
and consider K,-+- Ky. As Kz is a proper subcontinuum of K containing z 
it does not contain z, and for a similar reason K, does not contain z. Thus 
as both K, and Ky contain k and neither one contains z their sum is a proper 
subcontinuum of K containing z+ y. Thus K is decomposable. 

Omitting cases in which the lemma is evidently true, suppose then that 
K is the sum of the proper subcontinua A and B, where B does not contain & 
and A is irreducible between k and any point whatever of A+B. Consider 
the components of K — A. If there are at least two of these and one of them 
is not contained in the limit sum of the others, let it be D. Then A+ D 
and A + (B—D) are subcontinua of K of the sort desired. On the other 
hand if every component of K — A is contained in the limit sum of the rest, 
let y be a component of c(A) ¢ and [D,] be the nonvacuous collection of the 
components of K — A contained in it. If [D,] includes an element Dg such 
that two different components, yr and ys, of y-c(D,) contain points of B, 
then the theorem is true owing to the representation of K as the sum of the 
continua A+ D,+y-:B and A+c(y,):B. But in case no such two 
domains exist then the elements of [D.,] form a collection which is orderable f 
in y and if D, and D, are nonconsecutive elements of [D.] both arewise 
accessible from the domain upon whose boundary all of [D.] have points, 
then, with [Dp] and [Do] the subclasses in [D1] complementary to D, + Ds, 
two elements of [Dy] being separated by D, and D, if and only if they come 
from different classes, a representation of K of the sort required will be 


A+ B-c(y) +D,+ De+ and A+ B-c(y) + Dr + Ds + 


*S. Mazurkiewicz, “Sur les points accessibles des continus indecomposables,” 
Fundamenta Mathematicae, vol. 14, pp. 107-115. 

+ In general c(X) will be the complement of the point set X. 

+N. E, Rutt, “On certain types of plane continua,” Transactions of the American 
Mathematical Society, vol. 33, no. 3, pp. 806-816. 
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There remains only the case in which B—B-A is a connected set (,. 
As the theorem will be true if C; is expressible as the sum of two proper 
subcontinua both containing points of A suppose that it is not. If ©, is 
indecomposable, consider any element Kz of [Ka] having a point in C,. As 
K, contains A but not K, it appears that C,- Kz is a proper subset of C, and 
C,- Kz is a set each of whose components belongs to a composant of ©, and 
contains points of A-B. By varying z it is seen that every composant of 0, 
contains a point of A, a contradiction of Lemma I. 

Finally suppose C; = P; + Q, where P, and Q, are proper subcontinua 
of C, and Q:-A=0. Let A, —=A-+P,;. As in the case of A it may be 
concluded that A, — A,-@Q, is connected and that A, is irreducible between 
k and every point of A,-@Q;. As in the case of B it may be shown that 
C, = K — A, is connected and that Q; is the sum of its proper subcontinua 
Q. and R, with Q.- A; —0, and so on. In general a well ordered sequence 
Q1,Q2,Qs,° results. If the sequence has a last element 
let it be Qy, and if it has no last element let the product of its elements be Qa. 
If nondegenerate, Q, is necessarily indecomposable and the theorem follows, 
If Q) is a single point it must be the infinite product of the elements of the 
sequence. But in this case K is not reducible between & and Q), as any 
continuum containing k and Q, musi contain 3A, and 3A, K — Q). 


Corottary. If K is a compact continuum in the plane containing the 
subcontinuum k and expressible as the sum of a collection of proper subcon- 
tinua [Kq| each of which contains k, then tt is the sum of two proper 
subcontinua each of which contains k. 


The corollary follows easily from the preceding lemma by means of an 
upper semicontinuous transformation of space. 


TuroreM I. If K is a plane bounded continuum not separating the 
plane and expressible for any point k of K as the sum of two of its proper 
subcontinua each of which contains k, then K 1s triodic. 


Let & be any point of K, and let K, and K, be subcontinua of K of the 
type assumed. The set K,—K.-Ky is connected as otherwise Ka+ Kv 
separates the plane. Consider now any point z of Ka—K., and let Kz be 
an irreducible subcontinuum of K, containing « and K,. If for each x such 
a continuum exists which is proper in Ka then it follows from the corollary 
above that the theorem is true, as Ka is expressible as the sum of the two 
continua K, and K, both containing K, and neither one containing Ka— Ke, 
so that the continua Ky, Ky, and Ky + Ky: Kg exhibit K as triodic, the set 
K,: K, being clearly a continuum with a point in common with K». 
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On the other hand if there exists an 2 in Ka— K- such that the only 
subcontinuum of K, containing z and K, contains Ka, then consider x. By 
supposition K is the sum of two of its proper subcontinua XY, and X., each 
of which contains x As K, is irreducible between x and K., if Xr-X,~0, 
then X,  Ka— and consequently both X, and X, contain Ka— Ke, a 
set clearly connected, and have points in K, including of course the continuum 
(Ka— Thus Y,—K,:X, and Xz are continua 
neither one of which contains the other and both of which contain D, so that 
the continua Y,, and (Ka—K.) + exhibit K as a triod. 


Lemma III. Let K be a bounded continuum, the domain 8 be a com- 
ponent of c(K) with boundary A, and F, and F, be two bounded continua 
such that 

(a) K-Fy, K+ Fo, 8+ Fi, and 8- F, are all nonvacuous, 
(b) Fi, —K-F, and F, —K- F, are connected but (K + F,)- (K+ F.) 
is not, and 
(c) K-F,+ K-F, belongs to a proper subcontinuum D of A. 
Then K + F, + F, is a continuum F containing a triod. 


Clearly the set (D+ F,) + (D+ F,) separates 8 between two points 
f; and f, which are not separated by either K + F, or K + F,. Let A be an 
arc in § connecting f; and fe but not intersecting F., and let C be a simple 
closed curve in 6 containing f, + f, but no other points of A+ F,. Com- 
plementary to A + are three domains two of which must contain points 
of (D+ F,)- (D+ belonging to different components of c(A + C) -F 
and having points of C as limits, that is having subsets in F.-c(K +f). 
But then these components contain subsets U and V which are subcontinua 
of F, with points in D+ F, andinc(K+F,). ThusA+F,,D+0+4+Fi, 
D+ F, contains a triod. 


Lemma IV. When K is a bounded continuum, the domain 8 1s a com- 
ponent of c(K), and F is a closed set such that H =8-F has only a finite 
number of components then: 

(a) If H-K has three or more components, K + F contains a triod, 
(b) If H-K has exactly two components and their sum is a subset of D, 
a proper subcontinuum of K, then K + H contains a triod. 


In (a) if H-K contains components F’,, F2, F3 let 41, 42, 3 be mutually 
exclusive neighborhoods of these with simple closed curves as boundaries not 
intersecting H-K. Let K,, K2, K; be the components of K -+ H in m, yp, ns 
respectively containing F,,F.,F;. Now K,,K2,K, are mutually exclusive 
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continua no one of which is contained in K, so K+ K,, K+ K.,, K+ K, 
clearly contains a triod. 

In (b) if the two components of H- K are F, and F., form K, and K, 
as above. Then K, D+ K,, D+ K, clearly contains a triod. 


THEOREM II. If K 1s a bounded continuum expressible for any point k 
as the sum of three of its subcontinua each one containing k, and no one 
contained in the sum of the other two, then K contains a triod. 


If for some point k& there exist subcontinua K,, K2, K; as assumed in the 
theorem such that K,-K.,, K,;-K,, K.: Ky are all connected, that K contains 
a triod is readily seen. So suppose that K,- K, is disconnected and let & be 
a component of c(K,-+ K,) containing points of K;. Let A be the outer 
boundary of & and 8 be the component of c(A) containing 8’. Clearly 
8-K A~A0. It is easy to find a triod in K when more than two components 
of c(A) contain points of K. When exactly two contain points of K, each 
must include just one component of K-c(A) and a situation arises identical 
with one dismissed below in which one domain contains two distinct com- 
ponents. So it may as well be supposed that only 8 of the components of 
c(4) contains any points of K. The many cases remaining will be carefully 
listed below, but a full discussion will be given only in a few of typical sorts. 
Whenever for given point k, the sets K,, K2, Kz are continua of the type 
supposed in the theorem, then each of the three contains points, hereafter to 
be called essential, which are not contained by either of the other two. 


The cases in which K —A PDA will be treated first. 


(A) The set K —A consists of more than two components. This case 


is obvious. 


(B) The set K —A consists of a pair of components R and S whose 
limit sets G and G, are mutually separated. Clearly G, and Gs are connected 
(LemmalIV). If A contains a continuum D such that D- G,~0, 
and A— (D+ G,+ G,) ~0 use Lemma IV. Suppose that no such con- 
tinuum as D exists. If in R there are two continua R, and Rg each having 
points in both G, and ¢(G,), then when (R,+ G,) (Ra +G,) is discon- 
nected Lemma III applies and when it is not A+ Ry: Rg, Gr + Rp, Gr + Ba 
clearly contains a triod unless either Rp, Ry or Rg Ry. So of any two 
subcontinua of R or of § having points in both A and c(A) one contains the 
other. Let Rk and consider K,, K2, Kz. Among the components of 
K,-S, K.-8, and K;-8 is one containing 8. If it belongs to K,, then 
K,2A+S8 and all essential points of K, and K; belong to R. Let 
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P, =R- Ki, P2 = K.:c(K;), and P; = Clearly P,, and Ps 
are connected and if (Pit P.+G,):(Pi+P;+G,) is disconnected 
then Lemma III applies, while if not then P.-P;-+ Ki, P2+ Pi + Gr, 
bP; + Pi: + G, contains a triod. In this case the theorem is true. 


(C) The set K —A consists of a pair of components & and S whose 
limit sets G, and G, are not necessarily mutually separated. If either G, or 
G, is disconnected it consists of precisely two components. If either one is 
disconnected an argument resembling the proof of Lemma IV may be used, 
and if neither is then the methods of (B) apply. 


(D) The set K —A is a single component H whose limit set in A is 
disconnected into two sets G, and Gs, both evidently connected. Let k be a 
point of H, and let A- K; be the set of components, evidently not more than 
two in number, K’; and K”;. By methods employed in other connections all 
possibilities except two are easily dismissed. The two will be discussed. 

(i) Suppose A=K’,+ K’, where K’,: Gs=0, G-=0, 
and K’,-Gs;40. In order that A= + K’,, the set K’,:K’. must be 
disconnected. Accordingly K’,:(K’,-+H) has at least three components 
and Lemma IV applies. 

(ii) Suppose A= K’,. There are various subcases. 

(a) All three of K,, K., and Ky have essential points in H. Consider 
the sets P; —8-K,, P, and P; K;. 

(1) If any one of these has a component with limits in both G, and Gz, 
as A contains mutually exclusive subcontinua D, and D, with points in one 
and only one of G, and G, respectively, then, P being the component, 


P+@r+@s+Ds, 


contains a triod. 

(2) If none of these has such a component, let P’,, P’2, P’s represent 
the particular components of P,, P2, P; containing essential points. Two of 
these must have limit points in the same one of G, and Gs. ‘Suppose that 
P’, and P’, have limits in G,. It is easily seen that K contains a triod 
unless (G, + P’,)-(G,-+ P’2) is connected and when it is connected then 
Gy +P, Ge + contains a triod. 

(b) Finally let K, have no essential points in H. 


(1) If H contains a proper subcontinuum with points in both G, and Gs, 
a triod can be found as in (1) above. 
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(2) If two components from the same or from different ones of P,, P., P, 
have limits in the same one of G, and G., triods may be found as in (2) above. 

(3) Neither P, nor P; may have a component with limits in G, and 
another with limits in Ge, since if one did then it would contain A and K, 
could have no essential points at all. 

(4) When P, is connected and has limit points only in G, and P, is 
connected and has limit points only in Gs, the existence of a triod in K is 
clear unless of any two subcontinua of P, or P; with points in A and in c(A), 
one necessarily contains the other. Under these circumstances let k be a point 
of A— (G, + G,) and consider with respect to this new k a new set of con- 
tinua K,, K,, and K;. One of these three must contain a point of P,:P, 
and thus, as (b) (1) has already been treated, must contain all of P, — P, : P, 
or P;—P.:P; while the same one or some other must contain all the 
remainder of H. In either case K is the sum of just two of the three. 


(E) The set K —A is a single component of H, and H-A is a proper 
connected subset of A. Unless of any two subcontinua of H' with points in A 
and in c(A) one contains the other, the existence of a triod in K is evident. 
When of any two one does contain the other, let H  k and K, - H, as it is 
clear that one of the three must contain H. Thus both K, and K; have 
essential points in A and it is possible to apply Lemma III. 


Now the cases in which K —A-A will be treated. 


(A) The set K —A consists of more than two components. This case 
is obvious. 


(B) The set K —A consists of two components R and § with limiting 
sets G, and G, in A. If G, were to contain two continua neither one of which 
contained the other, both of them containing points of A and of c(A) belong- 
ing to a proper subcontinuum of A, then a triod could readily be found in XK. 

(i) If and G, DA let Rk and consider sets K,, K; for 
this selection of K. Owing to comments just made above it is clear that the 
only situation remaining uncompleted requires one of these sets to contail 
R and another to contain S, so that K is the sum of just two of them, a 
contradiction. 

(ii) If G-DA and G,DA let SDk and among the related sets 
K,, K, let K, DS. Suppose P,=c(S)-K, and P;=c(5)-K;. If 
either of these were to be disconnected it would be evident that K contains 4 
triod. If both are connected then whether or not (P2+ Gs) ° (Ps + %) 
is connected it appears that K contains a triod upon using Lemma III. 
(iii) Finally let G- DA and G,DA. Let and consider K,, Ky, 
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It is clear that c(A) contains essential points of all three and that two of the 
three, say K, and K>», have essential points in one, say R, of R and S. Let 
P,=K,-R and P,=—K,:R, both of them clearly connected sets. If 
(P,+4):(P:+A) isa connected set D, then S+A+D, A+D-+P,, 
4+D-+ PP, contains a triod, and if it is not connected then Lemma III 
may be used. 


(C) The set K — A consists of a single component H. Suppose A- k 
and consider K,, K., and Kz. It is readily seen that H contains essential 
points of all three of these. Let P,—c(A):Ki, P2,=c(A+ K,)- Kz, 
and P;=—c(A+ K,+ Kz. It is clear from Lemma IV _ that 
(1=1,2,3) has at most two components, G’; and @”;, and from 
this fact and other considerations that P; has at most two components, that 
when it has two, say P’; and P”;, the limit set of each is a continuum and 
when they are distinct they must be G’; and G@”; respectively, and that when 
it has only one the limit set is either a continuum or a pair of mutually 
exclusive continua, namely G’; and @”;. 


(i) Let P’, and P”, exist. 


(a) When both P’, and P”, exist let F’, and F’, be subcontinua of P, 
whose sum does not include P,-c¢(G’, + G2), each containing points of A, 
and one in addition containing points of P’, and the other of P”,. It is clear 
that both of these exist, but they may of course be subsets of A. Then 
contains 
a triod. 

(b) When both G’, and G”, exist but P”, does not, obtain mutually 
exclusive subcontinua H’, and H”, of P, containing points of P’, and of G's 
and @”, respectively, and then in the sentence just above replace P’, by 
+ H’., and P”, by + 

(c) When neither G”, nor P”, exist examining the relations of P; with 
the rest of K reduces all cases occurring to ones essentially equivalent to the 
two just completed except when neither G”’, nor P”, exist. In this case let 
F’, and F”, be subcontinua of P’ , and P’, + P, respectively having a sum 
which contains neither P,-c(G’, + G’,) nor P,-c(G’,), each one containing 
a point of A, and the first containing a point of G’, while the second contains 
one of G’;. Clearly these continua exist as the position of & and the distri- 
bution of the essential points of K,, K2, K, show easily. They may of course 
reduce considerably in special cases, even down to subsets of A. Then 


contains a triod. 
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(ii) Let G’, and G”, exist but not P”;. 


(a) When both P’, and P”, or both G’, and G”’, exist, the sets F’, and 
F’’, may be constructed as in (a) and (b) above, and no new cases needing 
special mention arise. 

(b) When neither P”, nor G’”, exist, depending upon whether both P’, 
and P”, or both G’, and G”;, or whether neither P”; nor G”; exist, a pair of 
continua F”’, and F”; (like F’, and F’’, except that it must be specified that 
their sum does not contain (P, + P.)-c(G@’s + Gs) ), or a pair of continua 
F’, and F’; (as in (c) just above) may be found, and then a triod is contained 
either in 


A+P,+P.,, in in 


in this same set with replaced by H’; + G’, and by H”,+ 
or in the set of the last sentence of (i) (c). 


(iii) Finally let neither G”, nor P”; exist. 


(a) When either both of P’, and P’, or both of G’, and G’’, exist upon 
regarding momentarily A+ P, as A and reviewing (i)(a) and (i)(b) it is 
seen that the arguments used there are applicable here also. 

(b) When neither P”, nor G”, exist but either both of P’, and P”; or 
both of G’; and G”; exist then the methods of (ii) (b) may be used without 
important change. 

(c) Finally when none of G2, Gs exist, the procedure of 
(i) (c) may be used again. 


The theorem is seen to be proved at last. 


Remarks. A plane bounded dendron or acyclic continuous curve having 
at least three end points is a convenient simple example of a set satisfying 
the hypotheses of Theorem I. A plane bounded cyclicly connected continuous 
curve which is not a mere simple closed curve is a convenient example of a set 
satisfying the hypotheses of Theorem II. It is evident that each of these sets 
contains at least one simple triod and therefore is triodic. 

Neither Lemma I nor Lemma II is true as stated in space of more than 
two dimensions. This may be seen by means of easy examples. The condition 
in Theorem I is obviously necessary that K be a triod whether K divides the 
plane or not. That it is not, however, sufficient if K divides the plane is made 
evident at once by any simple closed curve. Upon examining the simple 
continuous are it is seen that the condition of Theorem I must apply to all 
points of K except at most one, whereas that one exception is actually allowable 
the argument itself shows readily enough. The condition of Theorem II is 
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not necessary. A simple triod consisting of three arcs has three points, namely 
the free ends of the arcs, which do not admit being used as the point k. 

The triod theorem referred to at the beginning of the paper states that 
no plane collection of mutually exclusive bounded triodic continua can be 
uncountable. Theorem III below makes a somewhat similar statement con- 
cerning a plane collection of unbounded continua. Professor Kuratowski has 
described a complicated continuum* not containing a bounded subcontinuum 
which is triodic and satisfying the supposition made in this theorem about 
the continua involved. Other much simpler examples + serving equally well 
exist, however, and concerning collections of continua of either of the types 
referred to, the theorem states that the elements can not be both uncountable 
in number and mutually exclusive. It will be seen that Theorem III is not 
true if the collection includes elements separating the plane, and this any 
uncountable system of parallel straight lines in the plane shows at once. 


LemMA V. If Ka and Ky are unbounded plane continua whose sum does 
not divide the plane, then the components of Ka: Ky are all unbounded. 


If one of the components were bounded and the plane were inverted using 
as center of inversion a point not belonging to Ka + K, then the set into which 
K,: Ky, would invert would be disconnected. Such being the case Ka + Ky 
must have divided the plane before inversion. When K,-+ Ky, occupies the 
whole plane other easy choices may be made for the center of inversion when 
inversion is useful. 


Lemma VI. /f K is an unbounded plane continuum not dividing the 
plane and is the sum of two of its unbounded subcontinua Kq and Ky neither 
one of which contains the other, then K contains two distinct points a and b 
and a closed set H not containing either a or b such that any simple closed 
curve C enclosing a and b and excluding H has upon it two distinct points 
mand n each of which belongs to an unbounded component of K - ci(C).t 


As K is a continuum, Ka: K,~ 0; and Ky: Ky is a closed set. Let it 
be H. Let a and b be points respectively of K,— H and K,—H, and let C 
be any simple closed curve enclosing a+ 6 and not intersecting H. Then 
¢(C)  H, and ce(C)+K consists of components no one of which contains 
both a and b. Now both K, and K, have points both inside and outside C 
so in ci(C’) each of these has an unbounded component with a point on C 


Fundamenta 


*B. Knaster and C. Kuratowski, “Sur les continus non-bornes, 
Mathematicae, vol. 5, see figure on page 43. 

+ J. H. Roberts, “ Concerning atriodic continua, Monatsheften fiir Mathematik und 
Physik, 37, Band 2, example on page 223. 

t When C is a simple closed curve in the plane i(C) is its interior, e(C) is its 
exterior, and ci(C’) and ce(C) are the complements of these sets. 
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which is not contained in the other. Let these points be m and n, the corre- 
sponding components just identified being M and N whether distinct or not. 


THEOREM III. Jf [Wa] is a collection of unbounded plane continua 
none of them separating the plane and each one having two unbounded sub- 
continua neither one of which contains the other, then the elements of the 
collection are not both mutually exclusive and uncountable in number.* 


For the typical element W of [W,] let U and V be a typical pair of sub- 
continua of the sort assumed. Suppose that the theorem is not true. Then 
for uncountably many of the distinct elements of [Wa] either (1) U- V £0, 
or (2) U-V=0. 

If (1) occurs let U + V —K and consider the uncountable collection of 
mutually exclusive continua [Kg]. Let [Hg], [ag], and [bg] be the collec- 
tions of sets and points derived in the proof of Lemma VI. It is readily 
seen that circles Cz and Cy each contained in the exterior of the other and 
uncountable subcollections [H,], [a,], [b,] out of corresponding elements 
of a subcollection [kK] of [Kg] exist such that 1(C.) contains all of [a,] 
and i(C,) contains all of [by], and e(Ca)-e(Cy) contains all of [H,]. 
Let Kp and Kg be elements of [K,] neither of which contains a or b. As 
K, + Kq does not separate the plane it does not separate a from b and so 
there is a simple closed curve enclosing a+ 06 and excluding K, + Ky. 
Out of it and Ca + Cy may be constructed a simple closed curve C such that 
(4(Ca) + ), that C consists of a subare A of Ca, a subarc B of 
Cy, and two arcs P and Y complementary to these having only their end points 
in Ca + and that 1(C) -c(i(Ca) + ) contains no points of Kp + Ky 
Consider now M, and N,y, M, and Ny, as determined in Lemma VI. Clearly 
M,-C and M,:C are on A, and N,-C and N,:C are on B, and because of 
this it may readily be seen that no component of any element of [/| can 
contain a point of P + Q so that e(C) contains all of [H,]. 

It is now possible to use Lemma VI to advantage. Points mg and ty 
exist for every element Ky of [K.], and no such pair of points can be sepa- 
rated on C by any other pair. Thus C contains an uncountable infinity of 
mutually exclusive arcs. This contradiction shows (1) impossible. In (2) 
the points of the collections [ag] and [bg] must be chosen from corresponding 
elements of the collections [Ug] and [Vg]. The case can then be reduced to 
an absurdity along much the same but less complicated lines as above. The 
contradiction is thus general, and the theorem proved. 


NORTHWESTERN UNIVERSITY. 


* As this theorem has been anticipated in an example by J. H. Roberts, “Com 
cerning atriodic continua,” loc, cit., its proof will be reduced here to a summary. 
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CYCLIC ELEMENTS OF HIGHER ORDERS. 
By G. T. WHYBURN. 


In this paper it is purposed to develop a decomposition of closed and 
bounded (compact) subsets M of n-dimensional euclidean space R” into sets 
E, for each r = 0, 1, 2,- - - which is analogous to the decomposition of locally 
connected continua into true cyclic elements.* The sets H are defined with 
respect to the r-dimensional complete cycles in M, and in case r = 0 they are 
maximal subcontinua of M which are not separated by any one point. Thus 
in case M is locally connected, the sets Hy are exactly the true cyclic elements 
of M; and since the properties exhibited by the sets #, for arbitrary r with 
respect to r-cycles are parallel to those exhibited by the sets H, with respect 
to 0-cycles, these sets will be called the r-th order cyclic elements of M. Most 
of the results established below for the sets H, reduce to or follow from known 
properties of the true cyclic elements in case M is locally connected and r = 0. 

The usual terminology and notation of point set theory will be employed, 
the diameter of a set X being denoted by 8(X), etc. The letter M will desig- 
nate a compact subset of R” as indicated above. The results themselves do 
not seem to require anything more of M than that it be compact and metric, 
but the proofs lean heavily on linkings and on the duality theorem, so that 
such an imbedding requirement is necessary for the present at least. The 
notions of a complete cycle and its associated concepts are used in the sense 
of Vietoris and Alexandroff.t Complete cycles in M are denoted by y" and 
ordinary geometric cycles in R" — M are denoted by I’, in each case the super- 
script indicating the dimensionality of the cycle. Homologies are indicated 
by the symbol ~ and bounding relations by —. All bounding relations and 
cycles are understood to be taken modulo 2, and orientation of cycles plays 


*See my paper “Concerning the structure of a continuous curve,” American 


Journal of Mathematics, vol. 50 (1928), pp. 167-194; also Kuratowski and Whyburn, 
“Sur les éléments cycliques et leurs applications,” Fundamenta Mathematicae, vol. 16 
(1930), pp. 305-331, and note bibliography at the end of this article. That decom- 
positions such as we obtain in the present paper might be possible has been predicted 
by R. L. Wilder (see his first paper cited below). 

} See Vietoris, “ Uber den héheren Zusammenhang kompakter Riiume . . .,” Mathe- 
matische Annalen, vol. 97, pp. 545-572; Alexandroff, “ Untersuchungen iiber Gestalt 
und Lage abgeschlossener Mengen beliebiger Dimensionen,” Annals of Mathematics, 


ser. 2, vol. 30 (1928), pp. 101-187; see also Lefschetz, “ Topology,” American Mathe- 
matical Society Colloquium Publications, vol. 12 (1930). 
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no part in our treatment. A 0-cycle T° is understood to be any even number 
of 0-cells (i. e., points). 


1. Thesets T, and E,. A closed set of points which carries no essential * 
complete r-dimensional cycle (i.e., no y”) will be called a T,-set, or simply 
a T,. Thus any closed subset of a 7',-set is itself a 7,-set. A non-degenerate 
subset X of M will be called an F,-set, or merely an H,, provided X is not 
separated (disconnected) by any 7’, in X and X is saturated in M relative to 
this property. The existence of an H, in M containing any given non- 
degenerate set X having the property not to be separated by any 7’, has been 
established by the author as a particular case of a general existence theorem 
on maximal sets. However, for convenience of reference we list this result 


together with some properties of the sets H, as 


(1.1) For any non-degenerate subset X of M which is not separated by any 
T,, there exists a unique E, in M containing X. Furthermore, each E, is a 
continuum; and the common part of any two distinct sets E is a T,-set. 


(1.2) Suppose the compact set B carries the homology y" =y." + y2" ~0 
and that X 1s a closed subset of B gwing the separation B—X = B, + B,, 
where yi7 © Bi, +X, (t=1,2). Then if every r-cycle in X is ~ 0 in X, 
i.e., of =0, we have yi" ~ 0 Bi +X, (1—1, 2). 


This result is a generalization of a lemma proved by the author in the 
article just cited, and it is established by the same argument as was given to 
prove the lemma.§ 


(1.3) If y CH, and y’~0 in M, then any irreducible membrane B 
carrying the homology y" ~ 0 in M is contained in E, so that y" ~0 in E,. 


This has also been proven by the author in the above mentioned article. 
It will be noted that it follows readily from (1. 2). 


(1.4) Any carrier CCM of an essential y" contains a subcontinuum K 
which is not disconnected by any T,-,-set. Thus K C some E,-. 


We may suppose that 7” is not ~0 in C. Then p*(C) > 0, and since 


* A yr is essential if it has at least one carrier in which it is not ~ 0. 

+ See Bulletin of the American Mathematical Society, vol. 40 (1934). 

t Here pr(X) denotes the r-th connectivity (Betti or Brouwer) number of the 
set X. See, for example, Alexandroff, loc. cit.; also Wilder, Bulletin of the American 
Mathematical Society, vol. 38 (1932), pp. 649-692. 

§ See my paper, loc. cit. 
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by the duality theorem,* pt(C) = there exists a in 
Rk" —C which is linked with C. Now C contains a subset K which is irre- 
ducibly linked with I~", By a theorem of Alexandroff,+ any set F which 
disconnects K must have p™“""-)-2(F') = p™*(F) >0; and thus no such 
set F is a T’,_,-set. 


(1.41) Jf M contains an essential y", then M contains non-degenerate 
sets Hy. 


(1.42) <Any closed subset K of M which is irreducibly linked by some T"-'-1 
in Rn — K is contained wholly in some single E,-,. 


(1.5) very T,,-set is a T,-set, (r =1,2,3,°* 


Suppose, on the contrary, that some 7’,, contains an essential r-cycle. 
Then by (1.41), 7’, has at least one set H,_, of itself. But then if F' is any 
set separating carries some essential (7 — 1)-cycle. Thus carries 
an essential (r— 1)-cycle, contrary to definition. 


(1.6) For each r and each E, in M there exists a sequence of sets 


This results at once from (1.5). For since no E, is disconnected by any 
T,, and since every 7’, is a T,, therefore H, is not disconnected by any Tr-1; 
and hence it lies wholly in some single /,_,. Similarly #,_, lies in some E,-2, 
and so on. 


(1.7) For each r, dim =r-+ 


Proof. This is immediate for r= 0, since each FH, is a non-degenerate 
continuum and hence dim Z,=1. Suppose it to have been proven for 
r=k—1. Then for each E;_,, we have 


(i) dim E,., = k. 


Now let us consider any set E;,. By definition of E;,, any set F which 
separates LY, must carry some essential k-cycle. Thus by (1.41) any such 
set F' contains a set H¥,_, of itself. By (i) we have 


*See Alexandroff, loc. cit., p. 156; Frankl, Wiener Akademie Anzeiger, Abt., 2A, 
vol. 136 (1927), pp. 689-699; Lefschetz, Annals of Mathematics, vol. 29 (1928), pp. 
232-254; Alexander, Transactions of the American Mathematical Society, vol. 23 
(1922), pp. 333-349. 

7 See Alexandroff, loc. cit., p. 153, Satz IV. 
{The notation dim X means the Menger-Urysohn dimension of the set X. 
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dim F = dim #";,_, = k. 


(ii) 


Thus any set separating HL, is of dimension =k, and consequently 
dim =k +1. 

Thus the truth of our theorem for r = & — 1 implies its truth for r =k, 
Accordingly, by complete induction, the theorem is established. 


2. Connectivity Numbers. The formula p"(M) p"(£;-:). 
(2.1) If F is closed and F=> T',,, then F is a T;. 
i=1 


For suppose on the contrary that F contains an essential r-cycle. Then 
by (1.41) there exists at least one set H”,., in F. Thus we have 


But each term in this sum is a closed set which must be non-dense on F,_,, 
since any open subset of H?,_, contains sets disconnecting H’,_, which cannot 
be contained in any 7,_,; and clearly this is impossible. 


k 
(2.11) S T+, isa T,, for every k. 
i=1 


We proceed to establish the following formula for the r-th connectivity 
number of the sum of any finite number of sets H,_,: 


This is trivial in case k 1. Suppose it proven for k =m—1. Then 


m-1 


m-1 


m-1 m-1 m-1 
E™,_, Et,_, E™,_, = > 
4=1 4=1 i=1 


since by (1.1) the common part of any two sets #,_, isa T;.. Thus by (2.1), 


m-1 


m-1 
Bis) = = 0. 
i=1 


Whence, by an addition theorem of Mayer,* we have 


*See W. Mayer, Monatshefte fiir Mathematik und Physik, vol. 36 (1929), p. 40, 
formula (96). This formula has been extended to complete cycles by E. R. van Kampen 
and P. M. Swingle. 


} 
( 
EF,.. > EY T*, 
k k 
i=1 
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m-1 

Now, denoting > H',_, by K, let us take any y"* in K- E™,_, which is ~ 0 
4=1 


in K. Let B be an irreducible membrane in K carrying the homology y"* ~ 0. 
By (1.3), we have BC H™,_,. Whence 0 in Thus any y"* 
in K- E”,.. which is ~0 in K is ~0 in K-#™,.,; consequently, by the 
addition theorem quoted above we have 


This together with (i) gives the desired formula for km. Thus by in- 
duction the formula is established for all values of k. 


(2.3) If yt Sr), where the sets E,* are all 
k 

distinct, and y;" in then in M. 
i=1 


Let us suppose this is not so, and let us choose & as the least integer for 
which it fails. It follows readily from (1.2) and (1.3), thatk>1. By 
supposition there exists a set of cycles [yi], where yi” C yi? #0 in 


k 
Sr), andy ~0in M. Let B be an irreducible 
4=1 
membrane carrying the homology y’~0 in M, and let N denote the set 
k 
B+>S E,‘. Since k > 1, there must exist some 7',-set T, in N giving a 
i=1 


separation N Since for each 1, H,+—T, is: con- 
nected, each of the sets #,.* is contained wholly in either N, + 7, or Nz + Tr. 
Thus y" breaks up into two cycles and where 
(t= 1,2), where 8,” is made up of all those cycles such that C N, + T,- 
and 6,” consists of all the remaining ones. Since every 7’ is a T,, by (1. 2) 
we have 6;7~0 in N;+T,, (t=1,2). Since & was chosen a minimum, 
either 8,7 or 8", say 8,7, must be identical with y’. But then by (1.2) we 
have y~0 in B- (N,+ 7;-), contrary to the fact that B is an irreducible 
carrier of the homology y"~ 0. Thus the supposition that our theorem is not 
true leads to a contradiction. 


(2.4) If there are only a finite number of sets Ey. in M such that 
P(E,.:) >0 and if K denotes the sum of all such sets Ey, then 
S pr(K). 


Suppose, on the contrary, that p"(M) > p"(K). Then by the duality 
theorem quoted above, p"*-*(R"—M) > Thus if 
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is a base for the (n—r—1)-cycles in Rk" — M, then 
since t > p”*1(R" — K), the cycles in this base cannot be independent in 
kn —K. Accordingly there exists some combination of them, say !"*, which 
is ~ 0 in Rn — K. This means that [~~ links M but does not link K. This 
is impossible, for if any I-"-" links M, it irreducibly links some subset F of M; 
and by (1.42) we have FC some F£,_,C K, so that Il" links K. This 
contradiction proves our result. 


(2.5) pr(M) =X p"(L,41), the summation being extended over all sets 
m M. 


Proof. It follows by (2.3) that we have 
(i) = % 


For, taking 7” = 1r—1 in that theorem, it follows that if we choose in each 
E,_, a basis (yi"), [1 = 1, 2,- - p"(#r-1)], for the r-cycles in that set, then 
there will exist no relation of the form y’~0 between any of the whole 
aggregate of cycles [(yi")] obtained for all sets H,, in M. Thus the cycles 
in this aggregate are independent in M and (i) follows. 

Now to prove the reverse inequality, we note that we can suppose 
> p"(H;.,) to be finite; for if it is infinite, then by (i) it follows that p"(J) 
is infinite and this gives the desired relation. Thus by (i) there can be only 
a finite number, say k, of sets H,_, with p’(E£,.) > 0. Let K denote the sum 
of all such sets H‘,,. Then by (2.2) we have 


k 
(ii) pr(K) = 
Now by (2.4) together with (ii) we obtain 

eee k 
(iii) p'(M) = p"(K) 2 1). 
Whence 
(iv) p(M) SX 


since for any not in K, p"(£,_,) = 0. 
The inequalities (i) and (iv) give our desired formula. 


(2.51) In order that p"(M)=0 it is necessary and sufficient that 
= 0, for each E,_, in M.* 


* For the case where M is a locally connected continuum and r = 1, this reduces 
to a result recently established by Borsuk; see Fundamenta Mathematicae, vol. 20 
(1933), p. 230. In connection with this same case, see R. L. Wilder, Annals of Mathe- 
matics, vol. 34 (1933), pp. 441-449. 
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(2.52) In order that M should separate R it is necessary and sufficient that 
some Ey. in M should separate R”. 


This follows at once from (2.51) together with the duality theorem 
quoted above. For, taking r—n—1 and applying (2.51), we have that 
p"'(M) > 0 if and only if p"*(£,_2) > 0 for some Hy». Thus by the duality 
theorem, M) > 0 if and only if p°(R" > 0 for some 
and this is equivalent to (2. 52). 


(2.6) For each Sr, =X p'(L,), the summation being extended 
over all sets HL, in M. 


This follows from (2.3) by the same argument as given to prove (i) 
under (2. 5). 


(2.61) If pr(M) =0, then =0 for each Sr and each set Ey 
in M. 


(2.7) For each <r, p'(M) the summation being extended 
over all sets HE, in M. 


This is an immediate consequence of (2.5) and (1.6). 


3. E,-sums. A set X is said to be y’-connected provided that every y” in 
X is ~ 0 in X, i. e., provided p"(X )= 0; a closed, connected, and y"-connected 
set X will be called a y"-continuum. A self-compact set X is said to be locally 
y’-connected provided that for each e > 0 a 8 > 0 exists such that every y” in 
X which is carried by some set of diameter < & is ~0 in some subset of XY 
of diameter < «.* 

A closed subset K of M having the property that K contains every FH, in 
M such that /,- K carries some essential y” will be called a K,-set, or simply 
a K,; in other words, if K,- 2,7, always implies E,C K, then K is a 
K,. A y"-connected K, will be called a C,-set or simply a C,. Finally, a 
closed subset A of M will be called an A,-set or merely an A, provided that 
for each y" in A, every irreducible membrane in M carying the homo'ogy 
vy’ ~ 0 in M is contained wholly in A. These sets K,, C,, and A, are analogous 
to the so called A-sets in locally connected continua,+ and indeed they all 
reduce to the A-sets in case M is a locally connected continuum and r= 0. 
On account of this analogy they may be thought of as #,-sums. 

By (1.1) and (1.3) we have at once 


“Compare with Alexandroff, loc. cit., p. 181, and Lefschetz, loc. cit. 
+ See Kuratowski and Whyburn, loc. cit. 
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(3.01) very E, isa K,- Ar, ( 1.¢., both a K, and an A,r). 


(3.1) For any closed set F in M and any K,, every y" in F- Ky which is 
—~ 0 in F and also in K; is ~0 in F: Ky. 


Suppose, on the contrary, that some y” in F': K, is ~ 0 in F and in K, 
but not in F-K,. Then by a result of Alexandroff,* there exists a I~"? in 
kn — (F + K,) such that "7? ~ 0 in Rk" —F and also in R"— K, but 
in kn — (f+ K,). In other words, links F + but does 
not link either F or Kt. Now F + K, contains a subset B which irreducibly 
links ™*~*, By (1.42), B is contained wholly in some #,. Now since It 
links B but links neither F nor K,, B is not contained in either F or K,. But 
then (K,—F-K,) (F—F-K,). Thus F- discon- 
nects H,, and hence this set contains an essential y". Thus K,- F, is not a T,, 
and this gives #,C K,, contrary to the fact that B is not contained in K,. 
Thus the supposition that (3.1) is not true leads to a contradiction. 


(3.11) If F 1s a y'-continuum in M, so also is every set F- C,. 
(3.12) Jf M is y*-connected, every EL, is a C,. 

(3.13) If M 1s locally y*"-connected, so also is every set E,. 
(3.2) Every C, ts an Ay. 


For let B be any irreducible membrane in M carrying the homology 
y’ ~ 0, where y’C C,. Then since y’~0 in C, and also in B, by (3.1), 
y’~0in B-C,. And since B is irreducible, this gives B C C,. 


Ay A; 
(3.3) The product of any number of sets {ix.} is a set {#t 2 
C, 


In other words, we have 


(3. 31) 1 A, = A, 
(3. 32) ox, K; 
(3. 33) IC, = C,. 


The first of these is an immediate consequence of the definition of an Ar. 
To prove (3.32), let H, be any F,-set with F,-1 K,AT,. Then we have 
E,-K, AT, for every K, in our collection. Whence, K, for every Kr, 
and this gives #, C II K,. 


* See Alexandroff, loc. cit., pp. 178-179. 
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To prove (3.33), we note in the first place that since each C; is a Ky, 
then by (3.32), IC, is a K,; and by (3.2) and (3.31) it is also an Ay. 
Thus if we take any y” in ILC, and any irreducible membrane B in some one 
C, of our collection so that y’~ 0 in B, we have BC IIC,. Whence y” ~ 0 
in Thus is y’-connected and hence is a C;. 


This is an immediate consequence of the definition of Ar. 
(3.41) If M is y"-connected, every K,- Ar ts a Cy. 
(3.42) If M is locally y’-connected, so also is every Cy. 

This is a consequence of (3.2) and (3.4). 


a) Ay 
(3.5) If X ts any {t x and T, is any T,-set in X giving a separation 
(c) C 
(a) Ay 
X—T,=X,+ Xo, then X,+T,, isa K, 
(c) C, 


To prove (a), let y" be any r-cycle in X; + 7, and let B be any irreducible 
carrier of the homology y’~0 in M. Then BC X. Thus if B is not con- 
tained in. X; + we would have the separation Xz. 
This is impossible by (1.2), since y" is carried by B-X;,+T7;, and B is 
irreducible. Thus BC X;,+7;, which shows that X¥,+T7,, (t—1,2), 
is an A,, 

Part (b) is immediate; for, if an #, is such that H,-(X;-+ T7,) is not a 
T,-set, then E,-X;~0; and since #,—EH,-T, is connected, we have 
E,CX,+T,. 

To prove (c), we note that by parts (a) and (b), X¥;+ 7; is both an 
A, and a K,, since every C; is an A,- K,. Thus since X is y"-connected and 
X;+T, is an A,- K, relative to X, we have by (3.41) that X; + 7; is a Cy. 


co 
(3.6) If C=>K,-* is a y"-continuum in M, then C is a C,. 
i=1 


Proof. We have only to show that C' is a K,. To this end, take any F, 
such that C’- contains an essential Since C is y"-connected, there exists 
an irreducible membrane B in C carrying the homology y’~0. By (1.3), 
we have BC H#,. Since B=>B-K,‘, at least one of the sets [B- K,*], 


4=1 
say B- K,*, contains an open subset R of B such that B — R carries y’. Since 
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R contains subsets which separate B into two sets one of which carries y’, 
and since by (1.2) every such set contains an essential r-cycle, it follows 
that B-K,* and hence F,-K," contains an essential r-cycle. But then 
E, C K,* CC, and therefore C is a K,. 


(3.61) Any y'-connected + C,? or + K,? is a C;. 


Definition. A closed subset A of M will be said to have property P pro- 
vided each point of A either belongs to some FH, which is contained in A, to 
no EF, whatever, or to an LH, with H,- A—=T,. A closed set having property P 
will be called a P,;. 

We have immediately 


(3.71) Every Ky, has property P. 


(3.72) If no irreducible carrier of an homology y"~0 in any EF, ts con- 
tained wholly in the sum of the remaining E,-sets, where y" is an essential 
cycle, then the property of being a CO, is equivalent to the property of being 
y’-connected and having property P. 


Proof. The first property implies the second by (3.71). To show the 
reverse implication, let C be any y’-continuum having property P and let us 
take any #, such that #,-C contains an essential r-cycle y". Since y’~0 
in C, we may choose an irreducible carrier B of this homology, and by (1.3) 
we have BC #H,. By hypothesis there exists a point 2 of B which is contained 
in no £,-set other than #,. Thus since H;-C~T;, and zeH,, we have 
I, C C by property P. Thus C is a Ky and hence a C’. 


(3.73) If no E, intersects uncountably many other E,-sets, the hypothesis 
of (3.72) is satisfied; and hence the two properties there mentioned are 


equivalent. 


We have only to show that the hypothesis of (3.72) is satisfied. If this 
is not so, then there exists an irreducible carrier B of an homology y’~? 
in some Z,, where y” is an essential cycle, and a countable sequence (£;‘) 


co 
of other Z,-sets such that BC > F,‘. But then some one of these, say L,*, 
i=1 


contains an open subset R of B such that B—R carries y’; and this is 
impossible, because by the argument given under (3.6), every such subset of 
contains an essential r-cycle whereas = T,. 


(3.74) In case r=0, the hypothesis of (3.73) and hence also of (3.72) 
is satisfied. Thus in this case the two properties in (3.72) are equivalent. 


SSS 
| 
| 


)- 
0 


CYCLIC ELEMENTS OF HIGHER ORDERS. 143 


This is a known * property of the sets Ep. 
From the definition of property P we obtain at once 


(3.75) Any closed set which 1s obtained by adding together E,-sets is a Py. 
Also any closed set which is the sum of E,-sets plus points belonging to no EL, 
sets is a Py. 


(3.8) Notes. Any closed set K such that for each L,, H,: K =T;, isa Ky. 
In particular, if K intersects no £,, then it isa K,. Such sets K are analogous 
to the closed sets of cut points and end points of a locally connected continuum. 
We have similar results concerning them. For example, if each of any number 
of them is y’-connected, so also is their product [by (3.33)]. In case M has 
no true /,-sets, i. e., if M is y"-acyclic, then (a) every closed subset of M is a 
K, and (b) every y’-connected closed subset of M is a C;. In general, every 
such set K as mentioned above is y’-acyclic. If M is locally y*"-connected, 
every y’-connected closed subset K such that for each K-H,=T, is a C;, 
and hence by (3.42) is locally y"-connected. 

The following table gives at a glance the relations existing between the 
various types of sets considered in this section. A symbol + or — in a given 
row and column indicates the truth or falsity of the statement: Every set of 
the type designating the row is a set of the type heading the column. 


Ee + + — + + 
+ — — + 
+ + + + 


4, Extensible and reducible properties. A property X will be said to be 
E,-extensible provided that when each FE, in M has property X, then M itself 
has property XY. A property X is said to be F,-reducible provided that when 
M has property Y, so also does each LH, in M. Some properties of this type 
have already been established, e. g., (2.51) and (2.52), and more will be 
proven in this section. The H,-extensible and reducible properties are strictly 
analogous to the cyclicly extensible and reducible properties + of locally con- 
nected continua, to which they reduce in case M is a locally connected 
continuum and r = 0. 


See my paper in American Journal of Mathematics, vol. 55 (1933), p. 456. 
+See my paper “Concerning the structure of a continuous curve,” loc. cit., and 
Kuratowski and Whyburn, “Sur les éléments cycliques . . .,” loc. cit. 
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(4.1) Let N be a y'-subcontinuum of M such that for all save a mill 
sequence * of sets in M we have N- =T;.t Then if N- E',., 
is locally y’-connected for each i, N is locally y"-connected. 


Proof. Suppose, on the contrary, that N is not locally y’-connected, 
Then it follows at once that there exists an « > 0 and an infinite null sequence 
of closed subsets X,,.Y2,- of N with « > 8(X;i) such that each 
carries an r-cycle which is not homologus to 0 in any subset of N of diameter 
<4e. Then if V.(X;) denotes the set of all points at a distance <« 
from Xj, it follows by the duality theorem that X; links some Ty" in 
Rn —V,(X;)-N; and thus X; contains a closed subset Y; which is irre- 
ducibly linked with Tj". Now for each 1, by (1.42), there exists an E™ 
in M such that Yi; CH". Since Y; carries some yi" which is not homologous 
to 0 in any subset of N of diameter < «, no #,-, can contain infinitely many 
of the sets Y; by hypothesis. Thus by the condition on the diameters of the 
sets H‘,,, there exists an integer k such that 6 <e But in 
Whence yx" ~ 0 in which is impossible since ) <e. 


(4.11) Suppose M is y’-connected and that the sets EH, in M form a mill 
family. Then if each E,_, 1s locally y’-connected, so also is M. 


(4.12) If the sets Ey. in M form a null family, then any subcontinuum N 
of M such that N - E,_, is either vacuous or locally y*"-connected for each E,-; 18 


itself locally y"-connected. 


Definition. M will be said to be hereditarily locally y’-connected pro- 
vided every y’-subcontinuum of M is locally y"-connected. 


(4.2) If the sets E,. in M form a null family, the property of being 
hereditarily locally y'-connected in M is E,-,-extensible and reducible. 


The reducibility is obvious and the extensibility follows immediately 
from (4.12). 


(4.3) Suppose M is locally y'-connected and let B be any y"-subcontinuum of 
M which is not locally y"-connected. Then for some « > 0 there exists a mull 
sequence of closed subsets [Di] of B such that for each i, Di is contained 
wholly in some E,* and Dj carries some yi" such that every carrier of the 
homology yi ~ 0 in B is of diameter > «. 


* A sequence or family [X,] of sets is called a null sequence or null family provided 
that at most a finite number of the sets exceed any given e > 0 in diameter. 
ti.e., this set is a 7,,-set. 
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Proof. By virtue of the non-local-y’-connectivity of B it follows that 
there exists an « > 0 and a null sequence [Yi] of closed subsets of B, where 
each Y; carries some y’, say Ci", such that every carrier of the homology 
in B is of diameter > 4e. Furthermore since M is locally 
connected, we may suppose that, for each 1, the homology Ci” ~0 in M is 
carried by some subset of M of diameter <«. Then if Fi — V.(Yi)-M, 
we have Ci” ~ 0 in F; and Ci” ~ 0 in B but Ci" +0 in B- Fi. By a result 
of Alexandroff’s,* there exists a ["~? in R” — (B+ F;) which links B+ F; 
but links neither B nor F;. Then B-+ F; contains a closed subset X; which 
irreducibly links '™"-*. By another result of Alexandroff’s ¢ it follows that 
some /,* contains X; for each 1. Since I~? links neither B nor Fj, there 
exist complexes Ky and Ky in Rk" — B and Rk" — F; respectively, each bounded 
by Then = K,+ K; is a cycle in Rk” — Fj. 

Now must link X;-B-F;. For if in R"— Xi: Fi, 
there exists a complex Q in R"— X;,:B-F; bounded by T*"*. We may 
suppose Q subdivided so finely that no simplex of Q has points in common 
with each of the sets X¥;-B and X;: Fi, because Q does not intersect the 
product of these sets. Let K be the complex consisting of all simplexes of Q 
which have points in common with X;- B and let K >A". Let P denote 
the complex A”** + K; (mod 2), i. e., the complex consisting of all simplexes 
of A"*-' which are not in K; + all simplexes of K; which are not in A"**, 
Then since A”*-'-> 0, we have P—>I"-"-*, Another way to define P is as 
follows: Let S be the complex consisting of all simplexes of A"*-' which are 
not in K; and let 7 be the complex consisting of the remaining simplexes in 
A”, Let R be the complex consisting of all simplexes of Ky which are not 
in (j.e., the ones not in 7’). Then if S > we shave T > 
and 4 Thus if we set P=S-+ we have Por. 

Now by virtue of the definition of K we have 


Also P-X;,:Fi=0, because Ky and K;:-Fi=—0 


and S-X;-F; 0 by virtue of the definition of K, i.e., each simplex of 9 
is on a simplex of K which intersects B-X; and which therefore cannot 
intersect Y;-F;. But then 


contrary to the fact that I~? links Xj. 


*See Alexandroff, loc. cit., p. 178. 
Loc, cit., p. 153. 
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Therefore 1 links X;-B-F;. Consequently it links some yj" in 
Xi: Fi: B; and since is in kR”—B-Fji, yiT £0 in Fi. Now if 
there were a carrier H; of the homology yi7~0 in B of diameter < «, we 
would have H; C F; which would give yi7~0 in B-F;. Thus there is no 
such carrier of diameter <«. Hence if we set Di —X;i-B-Fi, all the 
conditions for our theorem are satisfied. 


(4.4) In addition to the hypothesis of (4.3), let us suppose that B inter- 
sects only a null sequence of sets LH, in M in more than a T,-set. Then there 
exists some. EH, in M such that E,: B is not locally y"-connected. 


This follows at once from (4.3). As a consequence of (4.4), we have 
immediately 


(4.5) If M is locally y"-connected and the sets Ey form a null family * 
then the property of being hereditarily locally y"-connected is E,-extensible 
and reducible in M. 


By way of recapitulation we list here the extensible and reducible 
properties which have been established in the preceding sections. 
The following properties are E, extensible and reducible: 
(1) to have a vanishing 7’-th Betti number for any 7 > 1, [(2. 51) 
and (2.7) ] 
(2) to be y-connected for any 7” > r [same as (1) ] 
(3) to separate R’**, when M C R74, [ (2. 52) ] 
(4) to be a Tri, [(1. 41) ]. 
In case M is y’*'-connected and the sets #, form a null family we have also 
(5) to be locally y"**-connected [ (3.13), (4.11) ] 
(6) to be hereditarily locally y"*'-connected [ (4. 2) ]. 
In case M is locally y"-connected and the sets Z, form a null family we have 
(7%) to be hereditarily locally y"-connected [ (4. 5) ]. 


The following properties are E,-reducible: 


(i) to be y’-connected, for any ” =r, [(2.6)]. 
(ii) to be locally y’’-connected, for any 7” = r. 


THE JOHNS HOPKINS UNIVERSITY. 


* For r= 0 this condition follows from the local connectivity hence is superfluous. 
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| APPLICATION OF BERNOULLI POLYNOMIALS OF NEGATIVE 
— ORDER TO DIFFERENCING (SECOND PAPER).* 


; | By B. F. KIMBALL. 


1. This paper along with the preceding one by the author + gives a solu- 
tion of the problem of the expansion of the n-th difference of a function in 
terms of its derivatives. In the author’s first paper the case of real, equal 
difference intervals was studied and certain problems of interest were treated 


: by the technique there developed. If A f(x) denotes the n-th difference of 
Wn 


f(z) with complex difference intervals 


we have 


n co 

(1.1) A f(x) (1/2m! (@ + 10). 
Wn m=0 

The results outlined in § 5 of the present paper taken along with the theorem 

) of § 4 give a means for studying the rapidity of convergence of the above series 

when the difference intervals are unequal and complex; and in some cases a 


means for finding the asymptotic value of A f(r) asn—o. 
Wn 


Norlund § has developed the theory of the Bernoulli polynomials of nega- 
80 tive order. The author in dealing with specific series of the above type has 
been interested to carry the study of these polynomials further. 


2. Resumé of some of the properties of By" (2%, *wn). In order 
to simplify the notation in this paper the Bernoulli polynomials with difference 
intervals w,w.* * * Ws OF w;w2* * ‘ws Will in many cases be written simply as 
B,-*(x). We recall that 


d 


2.1 
dz 


=1. 


* Presented to the Society, April 14, 1933. 

+ “ Application of Bernoulli polynomials of negative order to differencing,” American 
Journal of Mathematics, vol. 55 (1933), p. 399. 

t Kimball, loc. cit., formula (1.3). 

§ Nérlund, Differenzenrechnung, Julius Springer (1924), Chapter VI. Further 
references to this book will be denoted by the letter N. 
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Let the difference intervals, real or complex, be denoted by wiw2° - - wp 
and set tr, + 02+: -on). Then (N, p. 140) 
(2. 2) (— tm) =0 


for all positive integral m and n and for m0 orn=0O. Also (N, p. 140) 


(2.3) Bo" (—7m) 


1 2m! 281 . 282 - 
where s; is a positive integer or zero such that s; + m and the 


summation extends over all possible values of the numbers s;. Thus we see 
that B>"(— 7) ts a homogeneous, symmetric polynomial of degree 2m in 
* 

If all the intervals wu, are known to be real, we denote them by w, and 
set t, = 4(w,+ The above formula shows that if all the 
difference intervals are real, the value of — tn) 1s unchanged in replacing 
one or more negative difference intervals, by their absolute values. Again, we 
note that for real difference intervals, B>™(— tn) is positive. If the difference 
intervals are all equal to unity, B= (—4n) is more easily calculated by a 
formula developed by the author * than by Norlund’s formula (2.3). If the 
difference intervals are all equal, say to w, we have 


(2. 4) (— 1m) = o™B-» (— 4n) 


where a Na $n) denotes polynomial with difference intervals equal to unity. 
When the difference intervals are unequal, formula (2.3) serves to determine 
the structure of the polynomial. 

Now from (2.1) and (2.2), using Taylor’s expansion, we have 


and 


It is thus noted that for x real or complex, 


(2. 7) (—tm + 2) = BS (—m—2) 
and 
(2. 8) (—tm™ +2) =— 


* Kimball, loc. cit., formula (2.12). 
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Thus if the intervals wx are all real, B>" (x) 1s positive for all real values of x 
with its minimum value at — tn; and (x) 1s positive for x real and 
greater than —t, and negative for x real and less than — tn. 


3. Reduction formula for B--"(x). Norlund has obtained a reduction 
formula for the Bernoulli polynomial with equal difference intervals (cf. N, 
p. 145). The analogous formula for unequal difference intervals can be ob- 
tained in a somewhat similar manner as follows. By the differentiation of 
what Norlund calls the generating function of the Bernoulli polynomials of 
negative order [cf. N, p. 142, Erzeugende Funktion—formula (75)] one 
obtains the relation 


(¢ + 02, on) — By (a, on). 
Since the following difference equation holds 

(3. 2) (a + — (2) = B (2) 

we may write (3.1) in the form (cf. N (79), p. 144) 


(3. 3) (0/00; ) By" (a, on) 


= B- (a, on) + (x, @n) — Br" (2, 


Summing this equation for all the intervals w; one obtains 


(3.4) B,-*(2) 


> 


= — (x) + r> oi (x) + (x, [wi ]) 


where we have denoted by B,-“"-? (x, [w;]) the polynomial of n —1-th order 
with difference intervals wn, 04 being omitted. Now 


(3. 5) = arB- (x). 


But referring to (2.5) and (2.6) we note that B,"(x) is a homogeneous 
polynomial of degree r in &,ww2* * ‘wn. Hence using the theorem of Euler 


+ 01 (0/00;,) Be" (x) = (2). 
4=1 
Thus adding equations (3.4) and (3.5) and solving for B,-"() we have: 


(3.8) = [1/(n+r)] (a, + + (2)}. 
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One notes that if all the difference intervals are equal to unity, this relation 
reduces to that given by Norlund (cf. N (81), p. 145). 


4. Upper bound of Bo"(— tn). We take the difference intervals w; as 
positive. By virtue of (3.6) we have: 


(4. 1) tn) =[1/(n+ 2m)]> tn, [wi] ). 
4=1 
4 
Denote by a summation extended over j 1, 2,3,- -,n omitting j=1. 


Thus we have: 
(4. 2) tny [wi] ) 
(— + 2m (te — be 


since — t, + 3 Wj = —tn + 2tn — wi, where Bor (x, [wiw;]) is the poly- 
nomial with and wj omitted from the difference intervals w,, Wn 
Thus 


(4.3) [wi]) 


tn, [wis ]) + 2m (— ty, [wi])} 


Recalling the properties of the polynomial of odd degree (v. (2.8) et seq.) 
we note that: 


(4.4) (— ty, [we]) = Bs (— — [wi]) < 0. 


2m-1 
We now consider two cases: Case 1 where t, = w; for i—1, 2,- - -n, and 
Case 2 where t, <.w; for some i—1,2,---n. 
Case 1. th= for i—1,2,---n. Thus t,—w; is positive or zero. 


Let M be the minimum absolute value of B>°"—)(—tn,[wi]). Now 
m-1 


Bor) (— tn, [wi]), is. negative. Hence 


2m-1 


(4. 5) — ty, [wi])S —M — = —(n — 2) 
t=1 


and we have 


(4.6) B-»(— ty, [wiwj]) 
2m j 2m 


j 

i 
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where if n = 2 the equality sign holds but if n > 2, the inequality sign applies. 
One notes that if n = 2, t, —4(w,-+ we) and hence the condition of Case 1 
does not hold unless w, = w, in which case the left-hand term of (4.5) is 
equal to zero and hence the equality sign must be used. 

Case 2.° tn << wi for some 11, 2,---n. One has to be satisfied with 
the relation (4.1). Now from’ the equality [N, p. 14, formula (31) ] 


A f(t) =f™[ao + O(wi + real, 


Wk 


it is seen that 


(— tn, [wi]) = [— tr < 
Hence 
(— ty, [wi]) < tam, (b= 
and we have 
< [n/(n + 2m) 


Under Case 1 above, we now distinguish between the cases, Case (1.1) 
when t, = wi + wj, 1,7 = 1, 2,°°:,n, + j and Case (1.2) when th << wi + 
for some i and j,i4j. We find that under the condition of Case (1.1), 


1 tj 
tn, [wiwj]) S in + tn, [WiWjWx |) 


where the summation is for k = 1, 2,3,- - -, with the omission of k =i and 
k= 7. Under Case (1.2) we cannot go further than to state that 


n(n—1) 
(2m + n)(2m+n—1) ™ 


For the general case the reasoning is the same. Thus we have the following 
theorem : 


Bor (— ta) < 


THEOREM. Let w,w2: + * Wy denote the n positive difference intervals of 
B* (2, ++ Wn). Set + Let = w, represent the 


sum of r intervals w;, with different subscripts taken from the above group. 
If ris an integer (or zero) such that 


tn — = 0 


r 


for all possible sums ¥ wi taken from the above group, then 


as 
ly- | | 
' 
| 
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2m 


where the equal sign does not apply when n > 2. 


One notes that if the difference intervals are all equal, r can be taken ag 
[4n] and no larger. This gives the result announced in the previous paper 


by the author.* 
5. Discussion of Bo" (— tm) when ow; 1s complex. 


(A) If all the difference intervals »; are pure imaginaries, we set 
wi = %w; where w; is real. Since B>”(—-) is a homogeneous polynomial 


of degree 2m in o; we find that 
(5. 1) Bon (— tn, = (—- ta, Wn). 


Thus the coefficients of (2 + 7»)* in the expansion of B,"(z, * wn) are 
real quantities alternating in sign. [v. formulae (2.5) and (2.6) ]. 

(B) In general, when w; is complex, referring to formula (2. 3)—which 
holds equally well for complex difference intervals—we note that the coeffi- 
cient of any term in w,7#w,27%- - -w,?% is a positive real number. Thus by 
virtue of the fact that the absolute value of a sum is less than or equal to the 
sum of the absolute values of the terms in the sum, we have the relation 


! 
2m! 


28, 28n 
=> 2m | | |? | w | 262 
Hence it follows that 
(5. 2) | Bo" (— ta, |= Be (— tny WyW2* * * Wn) 


where w; =|; | and t, =4$(w, + w.+--- wn). 


* Cf. Kimball, loc. cit., Theorem 2. 
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NON-HOLONOMIC GEOMETRIES. 


By Joun L. VANDERSLICE. 


Of great significance in the unification and development of nineteenth- 
century geometry was the famous observation of Felix Klein that a geometry 
could be defined as the invariant theory of a transformation group acting upon 
a manifold. Today it is common knowledge that this point of view has only 
limited application and that a strict adherence to it has long been abandoned. 
Nevertheless its fruits are far from exhausted. Consider the case of the so- 
called non-holonomic geometries of which the Riemannian geometry is the 
most familiar type. These form probably the most notorious exceptions to 
Klein’s rule. Yet it is a fact first emphasized by Cartan * and Schouten f 
and foreshadowed in the work of Ricci, Konig, Weyl, and others that these 
geometries have much in common with those of the classical type, that a pro- 
lific source of new non-holonomic geometries and a powerful aid in the study 
of the old ones lies in the adoption of a standpoint which is a direct generaliza- 
tion of Klein’s. Roughly speaking this standpoint consists in regarding a 
non-holonomic geometry as the theory of isomorphic displacements of spaces 
with classical geometries along arbitrary curves of an underlying manifold. 
Up to the present time only the Riemannian (generalized euclidean) and the 
generalized affine, projective, non-euclidean and conformal geometries have 
been treated extensively in this way. In the literature there are also several 
brief discussions of the general case in which the displaced spaces carry Klein 
geometries with arbitrary fundamental groups.{ 

The present paper develops the general theory of non-holonomic geome- 
tries as generalizations of Klein geometries starting from a set of fundamental 
assumptions presented in the form of postulates. There will be four groups 
of these defining respectively, the initial structure of the underlying manifold, 
the associated Klein spaces, the relationship between the underlying space and 


*E. Cartan, “Les récentes généralisations de la notion d’espace,” Bulletin des 
Sciences mathématiques, vol. 48 (1924), pp. 294-320. 

+J. A. Schouten, “ Erlanger Programm und Uebertragungslehre,” Rendiconti del 
Circolo Matematico di. Palermo, vol. 50 (1925), pp. 142-169. 

tE. Cartan, “Sur les variétés & connexion affine et la théorie de la relativité 
généralisée.” Annales de V’Ecole Normale, vol. 40 (1923), pp. 383-390; J. A. Schouten, 
loc. cit.. p. 163 ff.; H. Weyl, “On the foundations of general infinitesimal geometry,” 
Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 716-725; H. P. 
Robertson and H. Weyl, “On a problem in the theory of groups etc.,” ibid., pp. 686-690, 
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each associated space, and the relationship between the different associated 
spaces. In giving these postulates we are not so much interested in logical 
rigor as in stating explicitly the initial assumptions involved in the construc- 
tion of a non-holonomic geometry so as to furnish a common basis and a means 
of parallel development to the important special types. Whenever possible and 
sometimes at the expense of brevity we state the postulates in purely geo- 
metrical form. For the most part the terminology is that of Veblen and 
Whitehead in the Cambridge Tract, “ Foundations of differential geometry ” 
and in several instances knowledge of the contents of this book will be assumed. 

We do not take the position that the non-holonomic geometries defined 
by our postulates represent the only significant generalized geometries, nor do 
we wish to minimize the importance of other points of view toward these same 
geometries. Our treatment is not in conflict with the conception of a geome- 
try as the theory of a geometric object; * the analytical development soon gives 
rise to a “ geometric object ” f;* (p. 161) upon which the subsequent discussion 
is based. Rather does our theory furnish one method among many of dis- 
covering geometrical objects which are of significance. 

We wish at this point to express our appreciation to Professor Veblen for 
his valuable inspiration and advice in the preparation of this paper. 


1. The underlying space; Postulates A. As our Postulates A char- 
acterizing the underlying manifold of a non-holonomic geometry we shall use 
without modification the recent differential geometric axioms of Veblen and 
Whitehead.t Essentially, these axioms limit the underlying space to being a 
topological manifold having an arbitrary but fixed class u (degree of smooth- 
ness) as defined through the intermediation of a very general class of “ allow- 
able ” codrdinate systems related to each other by transformations of class u 
(number of continuous derivatives). Any n-dimensional space satisfying these 
axioms will be called an A,. Subsequent developments will show that it is 
necessary always to chooseu= 3. (Cf. D(3), (p. 161), and 7.1). 


| 2. A class of Klein spaces; Postulates B. Thus far we have used the 
term Klein space rather vaguely as representing a space carrying a transforma- 
tion group. By means of Postulates B we shall now give an explicit definition 
of a class of Klein spaces t which we believe includes all those that may be 


* Cf. O. Veblen and J. H. C. Whitehead, “The Foundations of Differential Geo- 


metry ” (Cambridge Tract), p. 46 ff. 

+ Op. cit., Chapter IV. Also, “A set of axioms for differential geometry,” Pro- 
ceedings of the National Academy of Sciences, vol. 17 (1931), pp. 551-561. 

tIt has points of similarity with the class of “ homogeneous spaces with a Lie 
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profitably generalized to the non-holonomic case. In selecting this restricted 
class we have been guided by the general considerations that the structure of 
any space of the class be definable in its entirety by means of preferred coérdi- 
nate systems, that in any discussion each space permit simple treatment as a 
whole without recourse to infinitesimal methods. It is also to be characteristic 
of this class that any two spaces bearing the same group are isomorphic, indeed 
the postulates select from all spaces admitting the same group one of simple 
topological character. Thus for the euclidean group all space forms are ex- 
cluded except the open n-cell. In the subsequent generalization these spaces 
are to serve as tangent spaces to an A» to aid in the infinitesimal investigation 
of the latter and for such a purpose we consider the above properties essential. 

In form the postulates are a rather direct extension of the axioms G of 
Veblen and Whitehead * to apply to spaces which are not necessarily homeo- 
morphic to the arithmetic space.t Any space satisfying the postulates B is 
termed a By. 


Definition. G is a family of continuous transformations between regions 
of the arithmetic space of n-dimensions. 

B(1) Each preferred codrdinate system is a one-to-one transformation 
of a subset of the space B, into the arithmetic space of n-dimensions. 

B(2) Hach point is represented in at least one preferred codrdinate 
system. 

B(3) Any transformation between two preferred codrdinate systems (de- 
fined on the common domain of these systems) belongs to @. 

B(4) The domains of any three preferred codrdinate systems have at 
least one point in common.f 

B(5) With every preferred codrdinate system and transformation of G 
there exists a unique preferred codrdinate system related to the first on their 
common domain by the transformation of G@. 

B(6) If a transformation of @ leaves pointwise invariant a region of its 
domain of definition it is the identity. 


The geometries defined by the axioms G of Veblen and Whitehead, of 


group” recently studied by Cartan. See, for example, his Mémorial, La théorie des 
groupes finis et continus et Vanalysis situs (Paris, 1930). 

* Op. cit., p. 24. 

+ E. g. projective, conformal and non-euclidean spaces. 

¢ And hence also 2 region in common if we define a region of B,, as the image in a 
Preferred coérdinate system of a region of the arithmetic space. It should be remarked 
that with this definition of region postulates B endow a B,, locally with the topological 
Properties of the arithmetic space. 
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which the affine and euclidean are the most notable, form a sub-class of those 
defined by postulates B above. Indeed one of the leading virtues of the 
postulates we have given is the fact that they are also satisfied by the classical 
projective, conformal, and non-euclidean geometries. 


THEOREM 2.1. The family G is the realization of a group. 


In the first place it is immediately evident from the postulates that 
the identity is in G together with the inverse of any transformation of @. 
Secondly, suppose 7’, and 7’, are transformations of G and that 7, determines 
by B(5) a preferred system X, from a preferred system X and T, a preferred 
system X, from X;. Then 7.7, defines on the common domain D: of X, 
X, and X, (B(4)) the transformation from Y to X2. But by B(3) the trans- 
formation between X and YX, is a transformation, say 7’, of G defined on the 
common domain D, of X and X,. Hence T;—T.7T, on D. There can be 
no other transformation 7”, of G with this property for if so 7;°7’,;A1 
would contradict B(6). This proves the theorem. 

Two spaces B,, Bn with the same group G will be called iser ,hic 
if there exist a one-to-one point correspondence between them sr vat the 
domain of each preferred codrdinate system of B,“ is mapped on the domain 
of a preferred system of B,“*), and conversely, points with the same codrdinates 
correspond. Of course two spaces isomorphic in the above sense have iden- 
tical properties. 

This definition of isomorphism at first appears too strong; it might seem 
necessary to allow for the equivalence of spaces with simply isomorphic funda- 
mental groups. This is not the case however; the actual analytic form of 
is essential because of the precise nature of preferred codrdinate systems. For 
example, preferred systems for euclidean geometry are rectangular Cartesian 
systems and hence the group for this geometry must have the precise form 
of the euclidean group expressed in Cartesian codrdinates. 


THEOREM 2.2. Two spaces By, Bn® with the same group G admit 
a family of isomorphisms in one-to-one correspondence with the transforma- 
tions of G. 


Let D, be the domain of a preferred codrdinate system XY, in By“, D2 the 
domain of X, in B,. Applying any transformation 7 of G to X, and Y: 
one obtains by B(4) two new preferred systems Xr, X2r of domains D,r and 
Der respectively. It follows readily from the axioms that to every transforma- 
tion T of G will correspond in the above manner one and only one preferred 
coordinate system of and Xor of By, and that all preferred coordi- 
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nate systems in either space are obtained in this way. Consequently a one-to- 
one correspondence is set up between the preferred systems of the two spaces. 
Now consider the representation of B,“? on By‘ in which each domain Dyr 
is mapped on the corresponding domain D.7 making points with the same 
codrdinates coincide. This representation is an isomorphism in the sense 
defined above. For proof it is only necessary to show that the representation 
is one-to-one, or what is equivalent, to show that the transformation 7, of G 
defined by B(3) on the common domain of any pair of preferred systems in 
B,™ is identical with the transformation 7, of G defined in the common 
domain of the corresponding pair in B,‘”. Consider the domain D*, of By“ 
common to the given pair and the original D,; also the similarly defined 
D*, of B,“. That these common domains exist follows from B(5) and of 
course in the above representation they correspond. Then from the manner 
in which the correspondence was established between the codrdinate systems 
of B,~ and B,® it is evident that 7, and T, are identical in so far as they 
act upon the corresponding domains D*, and D*,.. Hence 7; and T, are 
completely identical; if not 7,7'.-+ would be a transformation of G other than 
the identity leaving an n-dimensional arithmetic domain pointwise invariant 
contrary to the hypothesis on G. Thus for every choice of preferred system X2 
as correspondent of a fixed X, a unique and distinct isomorphism is determined 
between the given spaces, and indeed all isomorphisms are obtained in this 
way. The resulting one-to-one correspondence set up between the preferred 
coordinate systems of B,‘*) and the isomorphisms of B,“ and B, establishes 
the theorem. 

As an immediate corollary of theorem 4.2 it follows that a space By 
admits a group of automorphisms isomorphic to its fundamental group G. 
Thus having started with the notion of preferred codrdinate systems we arrive 
at the existence of a group of motions, the fundamental concept of the classical 
geometries. 

For the future development it will be necessary to consider the analytic 
expression of the isomorphisms of two B,’s. This requires a fixed codrdinate 
system in both B,, and B,° and since a codrdinate system is not in general 
defined over the entire space an isomorphism is not analytically expressible in 
its entirety but only locally in the domains of the chosen codrdinate systems. 
Let X, and X, of domains D, and D, be fixed preferred systems in Bn‘ and 
B,. Let Xr be any other preferred system of Bn related to X, by the 
transformation 7 of G. The isomorphic representation of B,@ on By, 
determined by the correspondence of X, and X27 is expressible analytically 
in the systems Y, and X, by the transformation X, = 7-1X,, which is defined 
for any T of G in some n-cell of D,. Thus we have the following theorem 
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THEOREM 2.3. LHapressed in two fixed coordinate systems X, and X, of 
B, and B,® the family of isomorphic representations of Bn™ on B,? is 
gwen by X,=TX, where T runs through all transformations of the funda- 
mental group G. 


Before proceeding to the generalization of spaces of type B we impose two 
additional postulates in order to make possible a differential geometric treat- 
ment. Their introduction has been delayed because the results of this section 
are independent of them. 

B(%) Each transformation of G is of class * v = 2. 

B(8) The set G forms ¢ an A, of class w = 2. 

In the presence of B(7) and B(8), Theorem (2.1) becomes 


THEOREM 2.1a. The set G forms an r-parameter Lie transformation 
group of class = 2. 

The above restriction that the class be = 2 makes possible the construction 
of one parameter subgroups of G from its infinitesima! transformations, a con- 
struction of fundamental importance in the sequel. 

It will often be convenient to use in a given B, the class of codrdinate 
systems obtained by submitting each preferred system to the set of all affine 
(linear) transformations. The introduction of these systems which will be 
called quasi-preferred allows, for example, the use of oblique codrdinate sys- 
tems in euclidean geometry; in projective geometry on the other hand no 
extension takes place. In general the transformations between quasi-preferred 
codrdinate systems do not form a group. 


3. Generalized Klein spaces. The next step is the generalization of 
the class of Klein spaces defined above to the non-holonomic type. The pro- 
cedure is as follows. With every point P of an An (§1) there is associated 
a By, (§ 2) each B,(P) having the same fundamental group G. A first set 
of postulates, (, defines a class of point correspondences between each Bn(P) 
and the neighborhood of P in A, establishing a relation of tangency while a 
second set, D, defines point correspondences between spaces associate to dif- 
ferent points of An. The former will be called local correspondences, the 


latter displacements. 
Local correspondence, postulates C. 


C(1) A local correspondence for a B,(P), PC An is a one-to-one bi- 
continuous point transformation of a region of B,(P) into a region of An. 


* When v =w (analytic functions) B(6) is redundant. 
¥ In the sense of postulates A. 
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C(2) If C:, Cz are two local correspondences for Bn(P), the product 
(,C.-1 (a point transformation in A,) is defined in a region containing P and 
as expressed in an allowable coordinate system z of domain containing P is of 
order greater than one in the increments * of the codrdinates x about P. 

C(3) If Ci, Cz are transformations satisfying C(1), C(2) and if C, is a 
local correspondence, then so also is C>. 

C(4) For each B,(P), PCA, there exists at least one local corre- 
spondence. 

With these postulates we have attempted to define the notion of tangency 
abstractly without the use of an ambient space. 


THEOREM 3.1. For a given allowable coordinate system x of An and 
point P of codrdinates q there exists at least one quasi-preferred coordinate 
system Y of Bn(P) in which the local correspondences at P are expressed as 


(3. 1) = xt — + 
where the et run through all functions of class > 0 and order > 1. 


In the first place, it follows from C'(2) that P has a unique correspondent, 
say P’, in B,(P). Now let Y be any quasi-preferred system of B,(P) in 
which the codrdinates of P’ vanish and let 


(3. 2) Yt = F' ($2) F*(0) =0 
be a local correspondence. From C'(2) 
(OF */0(8z/) ) p = a;* 


where the a;* form a non-singular matrix. If Y* be that quasi-preferred 
system related to Y* by 


Y* = 8,4 
(3.2) becomes in the new coordinates 


where ¢,‘ is of class > 0 and order greater than one. That all correspondences 
are obtained by letting the «‘ vary as in the statement of the theorem then 
follows immediately from ('(3), C'(4). 

*Thus 0,0,-1 is expressible in an allowable codrdinate system @ containing P as 
det’ = where the gi are of class >0 by C(1) and lim pi (dx) = 0 
(4j=1,...,n) by O(2). 
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This theorem makes clear how the local correspondences lend tangential! 
character to B,(P). 

Any quasi-preferred coérdinate system in B,(P) in which the local corre- 
spondences are given by (3.1) will be called a tangential coordinate system 
associated with the system z. 


Displacements; * Postulates D. 


Definition. A one-cell of A» is called allowable if it is simple and of 
class + = 2. 

D(1) Given any two points P and Q of An and an allowable one-cell ( 
joining them, there is a unique isomorphic representation D.(P,Q) of Bn(Q) 
on B,(P). 

D(2) If P,Q, and R are any three points of an allowable one-cell C, then 
D.(P,Q) followed by D-(Q, is identical with D.(P, 

Two immediate consequences of these first two postulates are that 
D,(P, P) is the identity and that D.(P, Q) is the inverse of D.(Q, P). 


Definition. An allowable coordinate system x of domain Dz in Arp to- 
gether with a quasi-preferred codrdinate system Zp in each B,(P), PCD, 
is called an admissible reference scheme for a domain D C D, if 

(i) the domain of Z,, P C D, contains the contact point, and 

(ii) D.(P:, Pz), (C, P:, contained in D), expressed as a transforma- 
tion between Zp, and Z», is of class = 2 as function of P, on C at each point 
of the domain of Z,, at which the transformation is defined. 

Thus in the codrdinate systems Zp, Dc(P:,P2) is a transformation 
= F*(Z»,, P2) mapping the point of codrdinates in Bn(P;) upon the 
point of codrdinates 7‘), in By(P2) and (ii) asserts that F* are of class 2 2 
in P, for all values of P. and Z‘,, for which F* are finite. Incidentally it 
follows from postulates B and the fact that D.(P:P2) is an isomorphism, that 
for any point P, of C, F* are defined in some subdomain of the domain of Z,, 
and this is sufficient to define the complete isomorphism between B,(P;) and 
B,(P2) (ef. Theorem 2. 3). 


Defimtion. D.(P,P + dP) = lim [D-(P,P + AP)/AP]dP, where 
AP-0 


* Veblen and Whitehead, op. cit., p. 91, have given a very general set of axioms 
for a displacement theory, but to permit of differential geometric treatment a more 
specialized set is necessary here. 

+ In other words, if it has no double points and is representable in an allowable 
coérdinate system by wi = a@i(t) of class > 2 in the parameter t. 
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D.(P,P + AP) is expressed in an admissible reference scheme, is called an 
infinitesimal displacement from P along C. 

In terms of these definitions the final two displacement postulates are: 

D(3) For any point P of A» there exists an admissible scheme of tan- 
gential codrdinate systems the domain of which contains P. 

D(4) If two allowable one-cells C, (’ are tangent * at a point P, the 
infinitesimal transformations D,.(P,P + dP), De (P,P + dP) are identical 
as expressed in an admissible reference scheme. 

An A, together with its associated B,’s satisfying postulates A, B, C, D 
will be called an X, and it is with the geometry of an X» that we are here 
concerned. Such a geometry is conveniently termed non-holonomic since in 
general the isomorphisms between different associated spaces are only unique 
as defined along a curve. 


4. Differential equations of displacement. As a consequence of postu- 
lates D a set of differential equations can be derived which when integrated 
along a one-cell furnish the corresponding displacement. 

Let (z, Y) be an admissible reference scheme of tangential codrdinate 
systems for a domain D of R. Consider the family of curves 


(4. 1) xt = + pit 


of which there is one curve passing through z, in each direction p‘. This 
family will fill out a certain neighborhood of 2 in D. The displacements 
D.(%,x) from a» along the curves of the family can be written 


(4. 2) Yt = t, p) 


where Y, are tangential codrdinates in Bn(%) and where the F* are con- 


. tinuous of class = 2 in ¢ since the Y’s form an admissible reference scheme. 


The infinitesimal displacements defined at 2, along the curves (4.1) and 
obtained by differentiating (4.2) at 2) have the form 


(4.3) dY' =f,‘ (Y, p) pi dt 


where f;# are homogeneous of degree zero in p* since the displacements are 
independent of the choice of parameter ¢. Then by virtue of D(4) the in- 


*More generally tangency. may be replaced by contact of order p> 0. Certain 
non-holonomic geometries have been considered in which p > 1. See e. g., H. V. Craig, 
“On parallel displacement in non-Finsler space,” Transactions of the American Mathe- 
matical Society, vol. 33 (1931), pp. 125-142; A. Kawaguchi, “ Die Differentialgeometrie 
in der Verallgemeinsten Mannigfaltigkeit,” Rendiconti del Circolo matematico di Pa. 
lermo, vol. 61 (1932), pp. 245-271, “The foundation of the theory of displacements,” 
Proc. imp, Acad. (Japan), vol. 9 (1933), pp. 351-354. 
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finitesimal displacement at x, along any allowable one-cell in the direction pé 
is given by (4.3). 2 being any point in D, there is a well-defined set of 
functions f;*(Y,2z,dxz) determining an infinitesimal displacement in each 
direction at each point zx of D, viz. 


(4. 4) — f,*(Y, 2, dx) dai =0. 


The finite displacements between the associated spaces along an allowable one- 
cell are reconstructed by the integration of (4.4) along the one-cell. Since 
the finite displacements are of class = 2 along one-cells of class = 2, the f;! 
must be of class = 1 in their arguments so long as x is in D and 3(dz‘)? 0, 

It is often desirable to write the differential equations (4.4) in terms of 
preferred codrdinate systems. In order to do this it will first be necessary 
to show the existence of admissible reference schemes of preferred systems. 
We return to the family of curves (4.1) and note that since the functions F' 
of (4.2) may be obtained by the integration of (4.4) along the family, the 
F* must be of class = 2 in all arguments. Since besides p‘ and ¢ can occur 
only in the combination p‘t the transformation (4.2) may be written 


(4. 5) = Ft(Y,, 2) 


where F% are of class = 2 in x within a sufficiently limited domain D,  %. 
Now since the displacements are isomorphisms a family of preferred codrdinate 
systems {X} exists, one in each B,(P) such that the displacements along 
(4.1) are represented in these codrdinates by 


(4. 6) 


Furthermore, from the continuity of the displacements in tangential codrdi- 
nates it follows that in a sufficiently restricted domain D, > z, each of these’ 
systems contains the contact point provided the system X,* in By(x») does. 
The systems Y of (4.5) will be related to the systems X of 4.6 by, say 


(4.7) Xt 2). 


Since (4. 6) must be a consequence of (4.5) in Ds; = D,D, by virtue of (4.7) 
it follows that (4.7) are continuous of class = 2 in Y and z for rCD 
Therefore the preferred codrdinate systems XY together with the underlying 
system xz form an admissible preferred reference scheme for the domain D:. 
This important result we state as 


THEOREM 4.1. For each point P of the domain of an admissible tan- 
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gential reference scheme («,Y) there eaists an admissible preferred reference 
scheme (x,X) for a domain DO P. 


Suppose that has r essential parameters and that &*(X) (#=—1,- -r) 
be a set of independent infinitesimal generators of G. When the differential 
equations of displacement are written in terms of an admissible preferred 
reference scheme, they must then be of the form 


(4.8) dX* + dr) dai = 0 


where Aj* are homogeneous of degree zero in dx and continuous of class = 2 
in the arguments. (4.8) have the advantage of exhibiting explicitly the precise 
functional form of the most general displacement equations for a given funda- 
mental group G. 


5. Curvature; Holonomic spaces. In a given Bn(P), PCR there is a 
unique automorphism associated with every closed curve O of class = 2 con- 
taining P and contained in #, namely the automorphism obtained by mapping 
B,(P) upon itself by displacement around O. The set of all these auto- 
morphisms of B,(P) forms an invariant subgroup H of G. The group H is 
independent of the particular point P originally chosen and may be called 
following Cartan the holonomy group of X» for the region R. 

At any point P there will be a family of infinitesimal transformations 
of H defined by displacements about infinitesimal circuits at P. At a point 
at which this family reduces to the identity, the XY, is said to have no curvature. 
The analytical expression of these infinitesimal transformations is readily ob- 
tained by the use of the familiar device of displacing B,(P) about an in- 
finitesimal parallelogram of edges dz, 8x. Expressed in an admissible pre- 
ferred reference scheme (2, X) for the neighborhood of P, the resulting in- 
finitesimal displacement is * 


(5.1) = Rt, (a, X, de, x) 
where 


+ Aj" (a, dr) (a, 
By the use of the relations 


* Cf. Weyl, loc. cit., p. 717. 
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where ¢%qg are the structure constants of G 


(5.2) Rig, = $2) 4: C%pydj? (x, dx) dx” (x, | (X) 


showing explicitly that AX‘ is an infinitesimal transformation of G. 
From (5.1) the necessary and sufficient conditions for the curvature to 
vanish at x are 
(5. 3) (a) Rt i,(X, x, dk, &&) =0 
which imply 


(5.38) 


Since (5.3) are the conditions of integrability of (4.8) we have 


THEOREM 5.1. A necessary and sufficient condition that the displace- 
ments De(P:,P2) defined in a simply-connected region R be independent of 
the path C C R is that the curvature vanish at every point of R. 


The geometry is said to be holonomic in the given region. 

When the curvature vanishes at every point of a region FR, the equa- 
tions of displacement (4.8) are completely integrable and any displacement 
D.(P:,P2) is independent of the one cell C. When this is the case, the 
geometry is said to be holonomic in R#. 


6. Preferred coérdinate systems in A,. In the holonomic case it is 
possible in an invariantive way to introduce codrdinate systems locally in the 
underlying space An which are related to each other by transformations of G. 
This fact expresses that a holonomic space is locally of the same character as 
the associated spaces. We shall discuss this question, first geometrically, and 
then analytically. 

We confine attention to the domain of an admissible preferred reference 
scheme (x, X) of R. Let 2x, q, be a pair of points in the chosen domain and 
let Xo(x) be the codrdinates * of the contact point in B,(x). Since the space 
is assumed holonomic there is a unique isomorphic representation of Bn(4q:) 
upon B,(z,) in which Xo(q,) is mapped upon a point X(2,q,) of Bn(2). 
As q; varies within a sufficiently restricted domain D, while x, remains fixed, 
a correspondence 
(6. 1) Xt = X'(z,, q) 


is established between D and a region of B,(x,). This correspondence may be 


* The functions X, will be continuous of order = 2 by virtue of (4.7). 
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interpreted as an introduction of preferred coordinates in D. Allowing z, to 
vary, a family of coordinate systems X (zx, q) is obtained the members of which 
are related by transformations * of G and serve also as preferred systems for D. 
And having once introduced a preferred system X(z,q), all the preferred 
systems of B,(x) having a domain in common with the image of D, serve 
equally well as preferred systems for D. 

We now proceed to the derivation of a set of partial differential equations 
having for solution these preferred systems as functions of q. 

Since (5.3) are satisfied, (4.8) may be written as a set of total dif- 
ferential equations 
(6. 2) 0X+*/dxi = f;*(x, X) 


which are completely integrable. The complete solution depending on n 
arbitrary constants may be written 


(6.3) = $'(2, 9, X) 


where X are the n arbitrary initial values assumed by XY at r—gq. Thus 
Xi = g'(q,q,X). If now X is set equal to the contact point Xo(q) of Bn(q) 
equations (6.3) furnish the correspondence (6.1) which served to introduce 
preferred coordinates in An. 
It is a well-known property of the solutions of equations of the form 
(6.2) that 
= $4(q, 2, X) 


where x and gq have been interchanged in (6.3). The functions $4(q, 2, X) 
are a set of first integrals of (6.2) and therefore satisfy 


+ = 0 
identically in x, ¥ and the parameters g. Therefore 
(6.4) 
Hence ¢ for 


vi yi l 
(6.8) 
0 


* Tf X(w,,q), X(#,,q) are two systems of the family, the transformation between 
them is just that produced by displacement from wv, to w, according to (4.8). 

+ Note that there are two meanings to @/dqi, according as it acts upon q only as 
it occurs explicitly in the function or upon q totally. In the first case we write 
46( )/dq, in the second, aX and similarly for other functions. 
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Higher derivatives of X with respect to q are expressible in analogous 
form by differentiation of (6.5) totally with respect to q and use of the 
derivatives of (6.4) with respect to X. Thus 


(9, Xo) 0X Of ;'(q, Xo) (q, Xo) 
0X + fi (q, Xo) ax. ) 


The symmetry of these derivatives in 7, k is a consequence of the integrability 
conditions of (6.2). 
In general 
(6. 7) 
OX oh 


— f(a, + 


where ¥%& represents terms linear in the derivatives of X with respect to X, 
of lower order than p. 
It will be necessary here to make the assumption 


(6. 8) det | 0X,*/0qi — f;*(q, Xo)| 40 (generically). 


Geometrically this condition requires that the contact points of the Bn’s in a 
neighborhood of q form an n-dimensional set when mapped upon B,(q) by 
(6.2). With this assumption equations (6.7) for any p may be solved for 
- - -OX linearly in terms of - -dq** (s—=1,-- -,p). 

We now make use of the fact that the transformations of the fundamental 
group @ are given by the complete solution of a system of mixed total dif- 
ferential equations, the so-called Mayer-Lie system associated with the group.* 
They have the form 


0 — Re (2,75. 


(6.9) 


These equations can be combined with (6.7) for p=1,---,a and with 
Xt = X,'(q) to give rise to a mixed system 


* Bianchi, Teoria dei gruppi continui finiti (1918), p. 40. 
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ax 

aX 

These finally are the equations which we set out to derive; the complete 
set of solutions depending obviously on r parameters gives the family of pre- 
ferred systems for domains of An. The proof is almost immediate. From the 
manner of forming (6.10) it is evident that for the initial conditions on the 
parametric derivatives obtained from (6.7) by making 


OX 
(s == 2,- -a—1) 


(6.10) 


the solution is given by (6.3) with XY — X(q), i.e. 


Xt ¢'(z, q; X(q)); 


and since there can be only one solution with given initial conditions it is 
unique. But now every solution X' = ¥4(X) of (6.9), that is, every trans- 
formation of G furnishes at least formally a solution of (6.10) 


(6. 12) Xt q, Xo(q)))- 


These solutions depend upon r-parameters and hence form the complete solu- 
tion of (6.2). Also they obviously give the desired family of preferred 
codrdinate systems. This completes the proof. It is to be noted that the 
complete integrability of (6.10) is a consequence of the integrability of (6. 2). 

Formally the equations (6.10) also exist when the integrability conditions 
(5.3) are not satisfied, the functions and © being in general homogeneous 
of degree zero in dg. And they will be of geometrical significance since by 
their use preferred codrdinates can at least be introduced along curves of the 
A,. Important use of this possibility will be made in §§ 11, 12. 

Any passive system of differential equations having as complete solution 
the transformations of G could be used in place of the Mayer-Lie system (6. 9) 
in forming the fundamental differential equations. Although the alternative 
system to (6.10) thus obtained may no longer be total, it may have the merit 
of greater simplicity. 

It should be remarked that the equations (6.10) could be used as a basis 
for the generalization of a classical Klein geometry instead of the notion of 
displacement. The general method would be to write down the completely 
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integrable differential equations for the introduction of preferred codrdinates 
in a B, referred to general codrdinates and then retaining the form of the 
equations to remove the restriction that they be completely integrable.* 


7. Transformation of coordinates. In order to preserve the continuity 
of the fundamental displacements, the allowable codrdinate transformations 
in X, must be restricted to those between admissible reference schemes. Fur- 
thermore, for all our purposes, quasi-preferred codrdinate systems are the 
most general that we need use in the associated spaces. We therefore restrict 
the allowable coordinate transformations to those between admissible quasi- 
preferred reference schemes (2, Y), viz. 


(b) 


where Z‘(x) are continuous of class u and Y¢ of class => 2. In particular, if Y 
and Y are tangential codrdinate systems (7.1(b)) have the general form 


(7. 1) (c) + (Y, 2) 


where the e* are of order > 1 in Y. 
Under a transformation of the form (7.1) the displacement equations 
(4.4) take the form 


dY‘ @, dz) =0 
where the parameters f;‘ in the new codrdinate scheme (Z, Y) are related to 
those in the original scheme (z, Y) by 
4 dz) = r 
(7.2) 2, da) — [ dz) + - 


The quantities f;* are therefore the components of a “ geometric object ” and, 
as we have remarked in the introduction, a non-holonomic geometry with 
(4.4) as equations of displacement may be conceived as the theory of this 
“ geometric object.” 


8. Local isomorphism and invariant theory. 


Two non-holonomic spaces Xn, Xn are said to be locally isomorphic if 
there exists 


* As an example of this method as applied to projective geometry, cf. Veblen, 
“Generalized projective geometry,” Journal of the London Mathematical Society, vol. 4 
(1929), p. 142. 
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(i) @ one-to-one correspondence of class u, i= f(x), between a region 
R of An and a region E of An 

(ii) an isomorphic correspondence between By(x) and Bn(#) for every 
pair of corresponding points x, and & of R and R respectively, by which the 
local correspondences and displacements in X» are carried into those in Xn. 


The preservation of the local correspondences is best expressed by the use 
of tangential codrdinate systems since in them the local correspondences receive 
their simplest expression. Thus referring Xn, XY, to admissible tangential 
reference schemes, if 
(8.1) am 


is a correspondence between regions of A, and A, the isomorphisms between 
the associated spaces as expressed in the tangential reference schemes must 


be (cf. 7.1 (c) ) 
(8. 2) Yi = Yidri/dzi + (Y,z) 


where ¢! are of order >1 in Y and such that Y is one of the tangential 
codrdinate systems associated with Z as a system of coordinates in Ay. 
If furthermore the displacements are to be preserved, (8.1), (8.2) must 
be so selected that they transform the displacement parameters f;* (Y, x, dx) 
of X, into the parameters f;#(Y, @, dz) of Xn, that is to say (cf. 7. 2), so that 


+ fe" (Y, dz) 


This very general discussion of the equivalence problem indicates that in 
constructing a local invariant theory of our X, it is sufficient to use only tan- 
gential coordinate systems and hence only the simultaneous coordinate trans- 
formations (8.1, 8.2). An attempt to construct an invariant theory for the 
general case of an X, with any fundamental group @ is of little practical! 
value. For any particular geometry it is better to use the special devices there 
available. Thus one important artifice often applicable is that of linearizing 
the fundamental group by the use of supernumerary coérdinates. In these 
coordinates the displacement equations become linear of the general form 


+- (x, dx) Z8dai = 


The quantity with the components A%g; is called a linear connection, and con- 
cerning the general theory of such a connection much is known.* 


* . . oe 
The first general treatment of linear connections was given by R. Kénig in 
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9. The tangent space of differentials. Let dq‘ be the differentials of a 
system of underlying codrdinates at the point gq. It is characteristic of 
differentials that there is a family of relations 


(9.1) dq‘ = + 


where the e are of order > 1 in x — q, between them and the increments of the 
z’s about g, and that under allowable change of codrdinates in An 


(9. 2) gt — 


they transform according to 
(9. 3) = 


As (9.2) run through all allowable codrdinate transformations, (9.3) run 
through all transformations of the centered affine group. These remarks show 
that the various systems of differentials at g may be interpreted as the pre- 
ferred coordinate systems of a centered affine space * which by virtue of (9.1) 
is tangent to A» at q, with the center (0,0- - -0) as contact point. 

The question presents itself as to the possibility of representing the space 
of differentials at a point upon the associated B, at that point. (9.1) indicates 
that dg‘ could be represented by the point @ of codrdinates dq‘ in some 
tangential system Y of B,(q), and that then under (9.2, 9.3) there would 
be a unique tangential system Y associated with @ in which the point Q has 
codrdinates dg‘. But since there is no distinction between the tangential 
coordinate systems in Bn(q) which are associated with a given underlying 
system , it is impossible to choose one of them as representing the differentials 
without introducing extraneous elements into the non-holonomic geometry. 
However, there is an invariantive one-many correspondence which always 
exists, namely, one in which a set of differentials dg‘ corresponds to all points 
in B,(q) which have coérdinates dg‘ in some tangential system associated 
with z. 


10. Preservation of local correspondence under infinitesimal displace- 
ment. Let B,(q) be mapped upon B,(q + dq) by displacement from q in the 
direction dg. The local correspondences existing between B,(q) and any 


“ Beitrige zu einer allgemeinen Mannigfaltigkeitslehre,” Jahr. der D. Math. Ver., vol. 28 
(1920), pp. 213-228. The most recent publication on the subject is D. J. Struik, 
“Theory of linear connections,” Erg. d. Math., vol. 2; ser. 3, in which there is an 
extensive bibliography. 

*That is, a B, in the sense of postulates B in which @ is the group of linear 
homogeneous transformations in n variables. 
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eneighborhood * NV, of q in A are carried into a set of correspondences {C} 
between B,(q + dq) and N,. When the set {C} is identical to within terms 
of the second order in e, dg with the local correspondences defined between 
B,(q + dq) and WN, we say that the local correspondences are preserved under 
displacement. 

The necessary and sufficient condition for this to be the case is 


Assumption D f;*(0, 2, dx) = — 


where the f;* are expressed in an admissible tangential reference scheme. The 
proof is as follows. Applying an admissible tangential reference scheme, a 
point Y of B»(q) is mapped under displacement upon the point 


(10. 1) = + f,*(¥, q, dq) dqi + 8'(Y, q, dq) 


of B.(q + dq) where the 8 are of order >1 in dg. The point Y‘ of Bn(q) 
and Y* of B,(q + dq) are related to An by the respective families of local 
correspondences 


(10. 2) Yt q) 
(10. 3) Y" = — dq? + q— dq). 
From (10.1), (10.2) the correspondences {C} become 


(10. 4) Y qi + f;*(0, q, dq) dgi + — q, dq) 


where the «‘ are of order > 1 in the combined arguments. By a comparison 
of (10.3) and (10.4) our assertion is proved. 

In the general development of a non-holonomic geometry it is not de- 
sirable to impose Assumption D ab initio. But the investigation once having 
been made in its full generality, it will be found that the use of this assump- 
tion produces a marked simplification in the analytic treatment. It might be 
mentioned in this connection that in viewing a non-holonomic geometry as 
immersed in a By m > n, the assumption D is satisfied. 


11. Generalized affine geometry. We now proceed to the application 
of the general theory just developed to certain special geometries. The gen- 
eralization of the classical affine geometry is one of the simplest to carry out 
because of the fundamental réle played by the affine group in the earlier work. 
This particular non-holonomic geometry has been very extensively treated and 


) *By an e-neighborhood of q we mean the set of all points # of A, for which 
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for the most part as a theory of vector displacement. We shall give a brief 
formulation on the basis of the preceding pages thus taking point displace- 
ments as fundamental. 

The group @ is in the affine case 


—aj'Xi + at 


where the n?-+ parameters a are subject only to the mild restriction, 
det | aj#| 40. A B, is now a classical affine space with the domains of the 
preferred codrdinate systems coinciding with the space itself. Also there is no 
distinction between preferred and quasi-preferred systems and in a given B,, 
there is but one tangential codrdinate system associated with any given allow- 
able codrdinate system in the underlying An. Hence, in conformity with § 9 
a set of differentials dq has a unique representation as a point in Bn(q) so that 
B,(q) and the space of differentials at g may be identified. 
A complete set of infinitesimal generators of the group is given by the 

array 

: 

«=—column. 
The equations of displacement can therefore be written 


(11.1) dX* +. T4y,(a, dx) Xi + dx)da* =0 


where the I’s are of degree zero in dz and of a certain class = 1. The geometry 
will be holonomic provided these equations are completely integrable. The 
conditions are 


(c) = =0 

(d) = == 


(11. 2) 


Confining the transformation theory to tangential codrdinate systems in 
conformity with § 8 the allowable transformations are 
(a) Z F(z) 


(11. 3) (b) — 


while the law of transformation of the parameters of displacement become 
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( (b) dx* 


By virtue of (11.3) the formalism of tensor analysis is available for the 
development of the invariant theory. For example, the quantities set equal 
to zero in (11.2) become tensors of the character shown by the indices. 

Let us now construct the differential equations (6.10) for the intro- 
duction of affine codrdinate systems in the underlying An. We use tangential 
codrdinate systems in which the law of displacement is (11.1). Of course 
in each B, the contact point is then (0,0,---,0). Referring to (6.5), 
(6.6) there results 


By virtue of (6.8), (11. 5(a)) can be solved in the form 


Also, the Mayer-Lie system (6.9) for the affine none is 

(11. 7) — 0. 

From (11. 5(b)), (11.6) and (11.7) the system (6.10) becomes 


(11.8) — —9 
where 
0 


From the form of equations (11.8) and the fact that they are invariant 


0 
under the transformations (11.3) it follows that the functions Tj, are the 
components of an affine connection, that is to say, they transform under (11. 3) 


according to (11.4(a)). I+ will be called the derived affine connection to 
distinguish it from jz. 

Although the affine displacement determines the derived connection the 
converse is not true. From (11. 9) 


0 
(11. 10) jy = — 0041/09") 
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and thus for given I'4;, the choice of I’; remains arbitrary. 
An important identity arises from expressing the conditions of integra- 
bility of (11.9) viewed as linear differential equations for I;. It is 


0 


0 0 
where ‘;;,; is the curvature tensor formed from Ij, We note also that 


0 
(11. 12) 5, = (5x). 
A consideration of (11.2), (11.10), (11.11) and (11.12) leads to 


THEOREM 11.1. The integrability of (11.1) implies the integrability * 
of (11.8). Conversely the integrability of (11.8) tmplies the integrability 
of (11.1) provided (11. 2d) are satisfied. 


Of special importance are the solutions of (11.8) which satisfy the 
initial conditions (X*)q.2 = 0, (0X*/0q/)q-2 (6.11), (11. 5(a)), 
(11.6) and the above theorem show that as functions of a these solutions 
satisfy the displacement equations (11.1) and transform as a contravariant 
vector (11. 3b). 

Non-integrability of the fundamental equations (11.8) by no means 
destroys their utility. Over certain subspaces of A» they may be integrable 
and serve to introduce affine codrdinates in these regions. In particular this 
is always the case along curves of A,» and leads to the notion of generalized 
straight lines, those curves of A, along which the affine codrdinates satisfy the 
usual linear equations. In terms of a suitable parameter ¢ this condition is 


(11. 13) = 0. 


Using (11. 8) 

dt? dqidg® dt dt dé? 


(11. 13(a) ) 


Since det | 0X*/dqi | A 0 we have as differential equations of the generalized 
straight lines 
Gat dai dak 


(11. 14) 


* This also follows directly from the general theory of § 6. 


0 
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The following alternative geometrical definition of the curves defined by 
(11.14) is noteworthy. Let the spaces B,(x) associated with the points x of 
one of these curves be isomorphically represented on one of their number, say 
B, (29), by means of the fundamental displacement law. Then the contact 
points of the B,(z) are represented upon B,(2o) as a straight line. 

This interpretation points the way to the definition of more general 
families of curves similar to the one defined by (11.14). Instead of requiring 
the contact points to be mapped into a straight line we could require the same 
of some arbitrary field of points, say X‘(x). The differential equations for 
the resulting curves may be found as follows. Form the equations (6.10) as 
before but using the field X*(xz) in place of the contact point (0,0,---0); 
then proceed as in (11.13(a)). We need only require of X‘(x) that (6.8) is 
satisfied with A ‘(xz) replacing Xo‘. The final result corresponding to 
(11.14) is 


(11. 15) te 
where 
(PX OX™ (a £ 
(11. 16) + May ) Tink 
m or! 
j X™(z) + my X™ (2) ) 


and 
(0X" (x) + X™(x) +745) = 


0 
Of course, when = 0, Tj, = 
If X‘(x) does not satisfy (6.8) the quantity I‘, is not uniquely 
determined. 


0 
The argument used to prove I‘; to be an affine connection suffices to 


prove the same concerning I4jx. 


The displacement (11.1) is composed of an infinitesimal affine trans- 
formation 


leaving the origin invariant and an infinitesimal translation 
= —Ti,dz*, 


It therefore establishes between the vectors V‘ of the associated spaces corre- 
spondences defined by the differential equations 
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(11.17) dVt + = 0. 


Corresponding vectors are said to be parallel. These remarks bring our 
formulation of generalized affine geometry into relation with the theory of 
infinitesimal parallelism. 

The integrability conditions of the vector displacement are (11. 2 (a), (c)). 

If x‘ — z(t) is a curve of A, the quantity (dz‘/dt)q may be represented 
geometrically by a vector V‘ = (da‘/dt), in the tangential codrdinate system 
of Bn(q) and by virtue of the local correspondences this vector plays the rile 
of tangent vector to the curve at the point g. With this observation before us 
an autoparallel may be defined as a curve in A» whose tangent vectors are 
parallel according to (11.17) along the curve. The differential equations for 
the family of all such curves are obtained immediately from (11.17) as 
d?xt dxi dzx* 
These curves are the familiar “ paths” of the theory of infinitesimal paral- 
lelism and it is to be noted that in general they are not the same as the 
generalized straight lines defined by (11.14). The necessary and sufficient 
condition that these two systems be the same is most simply expressed by the 
condition 


(11. 18) 


0 


where 


1 


0 

and similarly I‘, are the projective connections * formed from the sym- 
metrical I’s. 

To conclude this section we consider the result of imposing Assumption D 
(p. 171) upon the displacement parameters in (11.1). This condition is for 
the case under consideration 
(11. 19) Tt; 
Integrability conditions (11.2 (b)) become 
(11. 2 (b’) ) 21 53, 0, 


and most important of all 


(11. 20) = 


*L. P. Eisenhart, “ Non-Riemannian geometry,” American Mathematical Society 
Colloquium Publications, 1927, p. 98. The quantities ‘TIé;,, ave due to T. Y. Thomas. 


{ 
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It is interesting to note that the necessary and sufficient conditions for 
the existence of the relation (11.20) entirely apart from (11.19) is the 
vanishing of the covariant derivative of the tensor I; with respect to I'jx. 


12. Generalized projective geometry. The field to which we shall next 
apply our general methods is that of the generalized projective geometry. 
This field, like that of the generalized affine geometry discussed in the pre- 
ceding section has been widely exploited in recent years but there is a no- 
torious lack of uniformity in formulation and method of investigation. This 
is due to the fact that the passage from the affine to the projective case in 
non-holonomic geometry involves such an extensive generalization that a 
certain freedom of choice in the formulation is inescapable. This fact alone 
shows the desirability of a general non-holonomic theory such as the one we 
have given here to serve as a norm in the construction of the more involved 
non-holonomic geometries. The first generalization of projective geometry 
was made by Wey! * in 1921 and investigation was continued along the same 
general lines by T. Y. Thomas, O. Veblen and others in the years immediately 
following. Cartan + in his development of the subject introduced a point of 
view which has been adopted in its essentials in many of the recent contribu- 
tions to the subject.[ The brief development we give here on the basis of our 
general theory amounts to establishing this point of view on a solid foundation. 
In the process several new results are obtained. 

The fundamental group @ has in the projective case the form 


(12.1) XU = (atj;XI + /(aX* + ao) 


where the ratios of the a%g (#, 8 =0,1,---n) form n? + 2n essential para- 
meters with det | a%s|540. The classical projective space clearly satisfies 
axioms B with the above group for G. Hence by theorem (2.2) every Bn for 


*“Zur Infinitesimalgeometrie: Einordnung der projektiven und der konformem 
Auffassung,” Gott. Nach. (1921), pp. 99-112. 

+“Sur les variétés a connexion projective,” Bulletin de la Société Mathématique 
de France, vol. 52 (1924), pp. 205-241. Cf. Introduction. 

t Of these contributions the following are representative: 

E. Bortolotti, “Sulle connessioni proiettive,” Rendiconti del Circolo Matematico 
di Palermo, vol. 56 (1932), pp. 1-57; D. van Dantzig, “Theorie des projektiven Zu- 
sammenhanges n-dimensionaler Raiime,” Mathematische Annalen, vol. 106 (1932), pp. 
400-464; J. A. Schouten and D. van Dantzig, “On projective connections and their 
applications to the general field theory,” Annals of Mathematics, vol. 34 (1933); O. 
Veblen, “ Projektive Relativitatstheorie,” Erg, der Math. (Springer), 1933; J. H. C. 
Whitehead, “ The representation of projective spaces,” Annals of Mathematics, vol. 32 
(1931), pp.. 327-360. 
In the fourth item a fairly complete bibliography will be found. 
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this G is such a space. Just as in the affine case (§ 11) there is no distinction 
between preferred and quasi-preferred coordinate systems but on the other 
hand there is now more than one tangential codrdinate system associated with 
a given allowable system a in the underlying An. Indeed if X is one such 
system in B,(«) then any system X obtained from X by the transformation 


(12. 2) Xi X1/(1 + X*) 


is one also, and conversely all the tangential systems are obtained in this way. 
The invariantive representation (cf. §9) of a set of differentials at a point 
x is therefore a straight line through the contact point of Bn(a) with the 
contact point itself omitted. 

A complete set of generators for the group 12. 1 is 


0---0 X1--+ Yn QO 0 X7X1 O1-:-0 
(a) 


i=row; #=—column. 
The displacement law therefore will have the form 
(12.4) dX*+ dx) Xidu* + dx) Xidx* + P%,(x, dx) dr* =0 


where the P’s are homogeneous of degree zero in dx and of class 21. The 
condition for the preservation of local correspondences, Assumption JD, is 


(12. 5) Pt, == §4,, 


In accordance with § 8, for the purposes of invariant theory or questions 
of equivalence, it will be sufficient to keep to admissible tangential reference 
schemes and hence to consider only transformations which are combinations 
of the two types 
(a) — 


and 
(12.7) 


(b) Xt/(1 + $5 


where ¢;(z) are arbitrary functions of x of class = 2. 

Under (12.6) the P+; transform as the components of an affine col- 
nection * and Pix, P; as tensors of the character indicated by their indices 
while under (12.7) the transformation equations are 


* That is to say, according to (11.4(a)). 
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(a) = Pip, — — 
(12. 8) (b) Pin = Pi + — ix + 
(c) P%, P*,, 


The conditions for the holonomity of the geometry are 


(a) Pt == OP — OP*;,/dx* Pr — 
8¢;P%Pri — -+ == () 
(12.9) (b) == OP jx — + PriP" ix — = 0 
(c) = 4+ — =0 
(d) independent of dz. 


These conditions are of course independent of the codrdinate systems used in 
A, and the associated By’s. 

In forming the fundamental equations for the introduction of projective 
coérdinates in A, we shall use in place of the Mayer-Lie system the following 
simpler set of equations 


ox 

ax | ) 

which are known * to have as complete solutions just the group (12.1). 
System (12.10) is not passive. Its integrability conditions are 


(12. 10) 


(0-4 log const 


io) 00 


Referring the associated spaces to an admissible tangential reference 
scheme equations (6.5), (6.6) furnish 


Combining (12.10) and (12.11) the fundamental equations may be written 


(12. 11) 


where 


*0. Veblen and J. M. Thomas, “ Projective invariants of affine geometry of paths,” 
Annals of Mathematics, vol. 27 (1926), p. 284. 
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0 
(12.13) Pty, pt, (@Pr;/agk + P*;Pry,), 


+ 34). 


0 
Under (12.6) P*;, transform as an affine connection and under (12.7) 


0 0 
(12. 14) P* jx = Pty, + + 


The quantities 6@/da2/ may be eliminated from (12. 12) to give the equiva- 
lent equations 


1 
t+1 dq) Ogi 
where 
0 
(12. 16) jx, = Pi 4- 8t,Pr,;). 


0 
The quantities II‘;, are invariant under (12.7) and transform under (12.6) 


like the projective connection of T. Y. Thomas i. e. 


dxt Pat 
' 
8; 8% | dx/dz | \ dz 


0 
(12.17) — (10 


The generalized straight lines in An may now be defined just as in the 
affine case. Using a suitable parameter ¢ the differential equations of these 
lines in projective coérdinates are (11.13) and expressing these equations in 
general codrdinates by the aid of (12.12) (cf. 11.13(a)) there results 


\ dei dak 
+ (Pint ‘ala a” 


Through a further change in parameter these equations may be written 


det de! dat 


4 


= (), 

From the method of derivation of equations (12.18), they continue to repre- 
sent the same geometrical loci under all transformations (12.6), (12.7): 
This is also clear from a direct consideration of the law of transformation of 


given above. 
We shall merely note in passing that systems of paths associated with any 
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point field X*(2) may be defined just as in the affine case (p. 176). To each 


field will correspond a set of parameters Pry, with properties analogous to 


0 
those of P 

There is a noteworthy simplification of the equivalence problem as formu- 
lated in § 8 which is available in the projective case. It is possible in case 
u = 4 to select in invariantive manner a unique admissible tangential reference 
scheme to be associated with a given underlying system 2, namely the one 
in which 


(12. 19) Pty, = 0. 


Under (12.6) and (12.7) respectively 


(a) Pi,, a= Oak log | | 
(12. 20) az! 
(b) Pty, = Pty, — (n + 1)P4d1. 


Hence if {X} is a set of tangential codrdinate systems in which P+, 0 
it is only necessary to apply (12.7) with @: = [1/(n +1) ]p*:P‘ix to obtain 
the unique set {X} in which (12.19) hold true. Then to insure the invariance 
of (12.19) the allowable transformations must be restricted to the special 
combination of (12.6), (12.7), 


(a) Z = 


(b) Xf om 1 — 
where is an abbreviation for 
The transformation induced by (12. 21) on the displacement parameters is 
8 4 
ii = 


Oar 


The formal statement of the equivalence problem becomes: Given two non- 
holonomic projective spaces X,, X, in which coordinates have been chosen such 
that Pi, P+; —0, to find an allowable transformation under 
which (12.22) are identically satisfied. 

Even with this simplification the equivalence problem with its concomitant 
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invariant theory is a great deal more complicated than in the case of the affine 
theory previously discussed. This situation subsists because of the non-linear 
character of the non-homogeneous projective transformations which renders 
impossible the concise tensor theoretic treatment of the affine case. By the 
use of homogeneous projective coordinates, linearity may be regained (at the 
expense of complete functional determinacy it is true) and a projective tensor 
calculus introduced which simplifies the formalism of the theory. This idea 
due originally to T. Y. Thomas was elaborated and given added significance 
by Veblen. We now turn to this line of development. However the non- 
homogeneous discussion already given is not to be considered supererogatory. 
It is of interest because it is the most direct development from the standpoint 
of our general theory of non-holonomic geometries and furthermore offers a 
welcome basis for the establishment of the homogeneous theory. 

Each tangent space being an ordinary projective space, homogeneous 
coordinates Z* (a —0,1,- --+,m) may be introduced. The domain of each 
homogeneous coordinate system is of course the whole space. The existence 
of the special class of non-homogeneous projective codrdinates which we have 
called tangential permits the selection of a correspondingly restricted class of 
homogeneous codrdinates to play a like réle in the new formulation. The 
simplest procedure is to replace each tangential system X by the homogeneous 
system Z in which 


and each such system 7 will be called appropriately a homogeneous tangential 
coordinate system. 
In the new codrdinates the restricted transformations (12.6), (12.7%) 


become 
(a) (2) 


(12. 25) (b) Za — pv%ZP 

where 
0 

(12. 26) gs 


and p(x), ¢i(z) are arbitrary functions of class = 2. 
To obtain an expression for the displacement law in the new coérdinates 
make the substitution (12.24) in (12.4). There results 


dZi 4 Pty Zidak + dZ° — Py, Zidak 
Zi 
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r(z,dx) is an arbitrary function of degree zero in dz, and dz® represents an 
arbitrary differential form, that is to say, an independent parametric differ- 
ential. The above equations become 


(12. 27) dZ* + da’ = 0 


with 

(a) = TE — 8°; TD ox 
(b) Pe =— IP 

(c) Pt, = 

(d) 8g 7 = 


(12. 28) 


Conversely (12.4) may be derived by the use of (12. 27), (12.28). (12. 28) 
show that II%g., are arbitrary to the extent of a transformation 


(12. 29) = + 
Clearly the parametric differential dxz°® may be subjected to any transformation 
dz” = + 


without affecting the displacement and it is therefore possible to make the con- 
venient formal convention that under (12. 25) the differentials dx°, dx*,--- , dx” 
transform by 

(12. 25(c) ) di —= 


In discussing the transformation theory of II%g, the utility of this convention 
becomes evident. For under (12.25) the law of transformation of I may 
be written 


Thus it behaves like an affine connection, (11.4(a)), in (n-++-1) dimensions 
under the restricted transformations * 


(a) a= 


(12.31) (b) + 


*The importance of these transformations for generalized projective geometry was 
first shown by O. Veblen, “Generalized projective geometry,” Journal of the London 
Mathematical Society, vol. 4 (1929), p. 144. J. H. C. Whitehead (loc. cit.) has intro- 
duced the convenient term “ change of representation ” to apply to such a transformation. 


These equations may be written in more convenient form by the following 
device. Let the common value of each member be written r(z, dr) dx° where 
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and indeterminate to within transformations which preserve parallelism.* 
The displacement (12.27) therefore can be interpreted as an affine direction 
displacement in a space of (n+ 1) dimensions subject to the infinite group 
(12.31) of coérdinate transformations. When (12. 31(b)) is not integrable 
the (n + 1)-dimensional space is of the extended type studied by Schouten, 
Vranceanw and others and called by them non-holonomic. Our use of this 
term has of course quite a different significance. 

The geometric object having as components the parameters II will be called 
an indeterminate projective connection. 

Especially from the invariant-theoretic viewpoint the indeterminancy in 
II%g, is very undesirable. Bortolotti has shown { that the indeterminate para- 
meters of an affine direction displacement may be normalized to give a unique 
set transforming as an affine connection and has applied the result to the 
projective case.§ The normalization is effected by selecting that particular 
set of equivalent II’s for which 


(12. 32) II* (ga; = 0. 
Calling this set P%g,, its expression in terms of any set of the II’s from which 
it arises is 
(12. 33) = + (2/1) II? (01. 
From (12. 33) 
Pg, (1/n) 
and hence for this set of parameters 
(12. 34) dx) = (1/n) P%;. 


It is of interest to note that if II%g, is semi-symmetric in the sense of Schouten, 


is itself symmetric. 
The parameters P%g, will be said to form the normalized projective con- 
nection. Under (12.31) its law of transformation is of course 


(12. 35) = gry + 


* See, for example, Eisenhart, op. cit., p. 30. 

+See, for example, Schouten and van Kampen, “Zur Einbettungs- und Krum 
mungstheorie nichtholonomer Gebilde,” Mathematische Annalen, vol. 103 (1930), PP. 
752-783 and the list of references there given. 

t “Sulla geometria delle varieta a connessione affine,’ Ann. Mat. pura appl., vol, 8 
(1930), p. 78. 

§ “Sulla connessione proiettive,” Rendiconti del Circolo Matematico di Palermo, 
vol. 56 (1932), p. 21 (6.9). The normalized parameters M5, (6.5) which Bortollotti 
seems to prefer are not available unless II*,, = 
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The existence of the unique parameters P and of the (n + 1)-dimensional 
affine representation makes possible a direct application of the familiar affine 
tensor analysis to the projective case.* However the functional form of the 
tensors used must be given consideration because of the special nature from 
the projective standpoint of the parameter x°. Indeed it is immediately evi- 
dent that an (n+ 1) affine tensor, say T%g,, has n-dimensional projective 
significance only if it takes the general form 


(12. 36) T py =p Upy a"). 


where p need not be a point function but only an expression on which the 
operation of differentiation with respect to z* is defined. For example an 
(n+ 1)-dimensional affine contravariant vector Z*(2°,- - -,2") represents 
the homogeneous codrdinates of a point field in the projective tangent spaces 
only if x° enters in the guise of a homogeneity factor as above. 

Now the covariant derivative of 7g, with respect to P%gy 


(12.37) = 01 "gy /0° — ps — T%goP 


is of course also a tensor. Patently such a derived tensor must also be required 
to have the general form (12.36) if the process of covariant differentiation 
is to be of projective value. The necessary and sufficient condition for this 
to be the case as follows directly from (12. 37) is 


= exp(pox” + farde'). 


Thus we are led to the following 


Definition. An n-dimensional projective tensor is an (n + 1)-dimensional 
affine tensor of the functional form 


= exp (por? + Spida' gf) 


under the special class of transformations (12.31). po is called the index 
of the projective tensor. 

Veblen was first to introduce this definition of a projective tensor but in 
limiting p, to being constant. We have attempted to arrive at it logically 
from the initial idea of a projective displacement. 

The parameter x° has been put to the welcome service of lending func- 

*In this fact lies the principal justification for the introduction of #. But one 
must avoid the error of assuming that certain well-known affine tensors retain their 
tensor character when §%9/dxt is not a gradient. A very simple case in point is the 
curl of a covariant vector. Compare also the remark under (12. 39(a) ). 
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tional homogeneity to projective tensors. However it must be remembered 
that any tensor obtained from a given tensor by multiplication with a function 
p(z',: - *,2") is geometrically equivalent to the original. This fact introduces 
complications into the analytical treatment of the subject which can be avoided 
only by special normalizing devices.* 

Expressed in the tensor notation the fundamental displacement (12. 27) 
takes the form 
(12. 38) Z* pda = Wp arb, 


and the comma in Z%g indicates covariant differentiation with respect to P%,, 
The integrability conditions of these equations are identical with those of an 
affine direction displacement in the (n + 1)-dimensional representation, con- 
ditions first explicitly given by Bortolotti, 


(12. 39) (a) = 0 
where 
= OP%gy/dx° — 0P%g5/0x7 +- — 
P,,5 transforms as a tensor only when 07°/dz‘ is a gradient and may be 
termed for convenience the curvature quasi-tensor of P%g,. The left-hand side 


of (12.39(a)) is a tensor without restriction. 
Since in general P and y involve dz, we must add the condition 


a 
(12. 39) (b) [ Pe — Proy | =0. 


When (12.39) are identically satisfied the geometry is holonomic. 

Of course, the conditions (12.39) could have been written in the more 
immediate form 
(12. 40) = 0 —0 
where II%gys is the curvature quasi-tensor formed from II%g, = P%gy— 8% 
but (12.39) have the advantage of avoiding the indeterminate y,. 

We are now in a position to construct the fundamental differential equa- 
tions for the introduction of homogeneous projective codrdinates in the under- 
lying space. Formally the n-dimensional projective group as expressed in 
homogeneous codrdinates is identical with the (nm + 1)-dimensional centered 
affine group.t The Mayer-Lie equations (6.12) become in this case 


* For example, a contravariant vector Za may be normalized by the restriction 
| Za | = 1 provided the determinant does not vanish, and a covariant tensor 
be subjected to the invariant condition oe =1. The literature of classical projective 
differential geometry (Wilczynski, Fubini, etc.) is replete with like normalizations. 
+ But of the (n + 1)? parameters only n? + 2n are of geometrical significance. 
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(b) 78 — 0, 


The auxiliary relations (12.41(b)) express the homogeneity of the finite 
equations of the group and reduce the parameters to (nm + 1)?. 

In applying the theory of § 6 it is convenient to write the displacement 
equations in terms of the indeterminate connection II*g, and to choose the 
coordinates of the contact point of each tangent space as (1,0,0,---,0).* 
Equations (6.5), (6.6) become respectively 

aie 
= 
= 
Using (12. 41(a)) there results 


) 


(12. 42) (a) BY 


with 
while (12. 41(b)) furnishes 

Z* — 0Z%/0q8 = 0, 


that is 
(12. 42) (b) 02%/09q° = 
From (12. 43) 
0 0 


It is essential to consider the effect upon the fundamental equations 
(12.42) of the indeterminacy (12.29) in II. Under (12. 29) 


This relation and (12. 29) applied to (12. 43) shows that the effect is to replace 
0 
by 


* More generally the contact point is (e\*%p(a#),0,0,---,0) but the use of this 
¢xpression instead of the above may be shown to be equivalent to replacing II,,¢ by 


Mp2 + 8,0[9 log edx°p(x)/dav], a change of no significance because of the indeter- 
minacy in the II’s, 
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0 0 8%, Oy B 0 5 
(12. 45) — + + +> | — — | 


The quantities It subject to the indeterminacy (12.45) will be called the 
0 


derived indeterminate projective connection. As a set of normalized II there 
are immediately at hand 


0 
(12.47) + PhopP%yy), op = 8%p. 
0 
From the form of equations (12.42(a)) the law of transformation of P is 
0 


identical with that of P. P will be called the normalized derived projective 
connection. Here again as in the affine case the derived connection does not 
determine the displacement. For from (12. 47) 


0 


0 
and for given P the choice of P%g remains arbitrary. 
In discussing the integrability of the fundamental equations (12. 40) 
0 


it is necessary to keep in mind the indeterminacy (12.45) in II%g,. The most 
immediate conditions of integrability are 


(12.49) (a) (b) —0 


0 
where II%gy5 is the curvature quasi-tensor formed from a suitably chosen 
0 


determination II%g, of the indeterminate derived connection. The identity 
(11. 12) has as its counterpart in the projective theory + 


0 
(12. 50) = TT? og II%a-5. 
From (12.40), (12.48), (12.49), and (12.50) there follows 


THEOREM 12.1. The integrability of (12.27) implies the integrability 
of (12.42). Conversely the integrability of (12.42) implies the integrability 
of (12.27) provided 011% = 0. 


* Note that (12.49(a)) implies Tl* gy) = 0. 
0 


+ When quantities TI%g» T%gy occur together in any discussion it is understood 
that they are related by (12. 43). 


st 
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By means of (12.50) the concise integrability conditions (12. 37(a) ) 
0 0 


may be written in terms of the curvature tensor P%g,5 of P%g, to give by virtue 
of the above theorem a correspondingly concise set of conditions to replace 
(12. 49(a)) namely 

0 
(12. 51(a) ) Peppa — Phys — 0. 
A corresponding substitute for (12.49(b)) is from (12. 39(b)), (12.47), 
(12.48) and Theorem (12.1) simply 


(12. 51(b)) —0. 


Our conditions are now completely independent of y. 

Any function Z satisfying (12.42) forms a projective scalar as function 
of g. From (12.42(b)) it must be of index +. It may be readily verified 
(cf. p. 174) that as functions of x the particular set of (n + 1) solutions Z¢ 
which satisfy the initial conditions (Z*)g-2 (02Z%/0q*) = 
form a contravariant projective vector of index —v+7 and satisfy the displace- 
ment equations (12. 27). 

The remarks already made in $11 regarding the utility of the funda- 
mental affine equations (11.8) in the non-holonomic case apply equally to the 
fundamental projective equations (12.42). The generalized straight lines 
are the curves of A» along which the projective codrdinates satisfy 

d?Z4/dt? = 0 
in terms of a suitable parameter ¢. The differential equations of these curves 
obtained by direct application of (12.42) are 
de dav 
dt? dt 
Since integrability is no longer in question the normalized parameters may 
conveniently be used. 

These curves should be identical with those defined by (12.18). That 
this is indeed the case follows from (12. 28(a)) and (12. 44). 

At the end of the discussion in non-homogeneous codrdinates (p. 181) 
a convenient normalization of the tangential codrdinate systems was intro- 
duced. In the homogeneous formulation this is accomplished by associating 
with a given underlying codrdinate system the tangential system * in which 
In general 


Oxi 
Bags — Pros 7, + Prop + 


(12. 52) 


| 


*These are the systems which Weyl (loc. cit.) calls semi-osculating. 
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First leaving the underlying codrdinates z‘ fixed and allowing only 2° to vary 
it is seen that the choice 02°/0%' = — P%oi/(n +1)7 and no other annuls 
P*,;, whence we are led to a unique system. Secondly if the vanishing of P%; 
is to remain invariant the allowable transformations (12.31) must be re- 
stricted to 

(a) 


(12. 53) (b) | |. 


This is essentially the only way of picking out a unique tangential codrdi- 
nate system to be associated with a given codrdinate system in An. For it has 
been proved * that the Jacobian of (12. 53) gives the only (m + 1)-dimensional 
representations of (12. 53(a)), a particular representation being obtained for 
each fixed function r. 

(12. 53) with s = 1 are fundamental in T. Y. Thomas’ projective theory.t 
Starting with a system of paths defined by equations of the form (11.18) he 
constructs in an invariantive way a homogeneous projective connection having 
these paths as generalized straight lines. Our point of view has been to take 
the projective displacement as fundamental rather than the paths. There are 
of course many projective displacements having the same set of paths. 

We close this discussion of generalized projective geometry with a remark 
regarding the possibility of restricting (12.31(b)) to being integrable. In 
such a case it is customarily written { 

(12. 31(c) ) == +- log - a"). 

In general the question of the isomorphism of two projective spaces cannot be 
completely answered when this restriction is made unless the families of ad- 
missible tangential reference schemes related by means of (12. 31 (a), (¢)) 
are chosen in some unique way from the complete family of admissible schemes. 
The discussion of the normalization P’c; = 0 shows that such an invariantive 
family does indeed exist, namely the set in which P%o; is a gradient. 


13. Non-holonomic geometries subordinate to generalized projective 
geometry. In this final section it will be indicated how in our formulation 
the generalized non-euclidean, affine and euclidean geometries § issue as spe- 


*H. P. Robertson and H. Weyl, “On a problem in the theory of groups ete.” 
Bulletin of the American Mathematical Society :1929), pp. 686-690. 

+ “A projective theory of affinely connected manifolds,” Mathematische Zeitschrift, 
vol. 25 (1926), pp. 723-733. 

¢ This is the change of gauge of Veblen’s projective theory. 

§ The generalized euclidean metric geometry is just the familiar Riemannian 
geometry. Its position as a specialization of generalized affine geometry is so well 
known that a discussion here is hardly warranted. 
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cializations of generalized projective geometry. In each case the subordination 
is accomplished in two steps, (1) introducing the geometry in its classical 
form into each tangent space by suitably restricting the projective group, 
(2) determining a projective displacement which is an isomorphism as acting 
between these newly specialized tangent spaces. 


Non-euclidean geometry. In this case the tangent spaces are rendered 
non-euclidean by introducing in each a non-degenerate quadric 


| to serve as absolute. The quantities Gag(z) form a symmetric projective 


tensor the index of which is conveniently chosen 27. Secondly there must be 
defined a non-euclidean displacement, that is to say a projective displacement 
mapping the quadrics upon each other, the condition for which is 


There are of course many distinct displacements satisfying (13.2). 
Veblen, who first developed the idea of generalized non-euclidean geome- 


try* for use in his projective theory of relativity, employs a non-euclidean 
displacement which has claims to being the simplest available. The para- 
meters are 


(13. 3) "py = py + 


where | m \ are the Christoffel symbols formed from Gag and ¢y is the 


. covariant vector Go1/Goo.t However it is important to note that (13.3) pre- 
) serves its form only under transformations in which 02°/0z* is a gradient. To 
obtain from (13.3) a formula for the parameters of a non-euclidean displace- 
ment which is valid without restriction we first observe that by applying the 


transformation 
it ot 
re (13. 4) 
, the components G,; are made to vanish and ¢q becomes (1,0,---,0). In 


this reference scheme we define the connection by (13.3). Then to find its 


*“A generalization of the quadratic differential form,’ Quarterly Journal of 
ft, Mathematics, vol. 1 (1930), pp. 60-76. 

+ Projektive Relativititstheorie, Kap VI, in particular formula (49). Schouten and 
van Dantzig in their recent unified field theory have also employed a non-euclidean 
an connection. See, for example, “On projective connections and their application to the 
general field theory,” Annals of Mathematics, vol. 34 (1933). 
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expression in general it is only necessary to apply the inverse of (13.4) to 
(13.3) using the law of transformation (12.35). There results 


G + Goyhpo — GG ooppopy + 
with gag = 4(0¢a/0v° — O6g/02%). (13.5) is a normalized connection when 
log Goo /0a* = 

We have mentioned previously the desirability of normalizing tensors 
whenever possible. In the case under consideration an especially convenient 
normalization is obtained by choosing that tensor Gag from the family of 
geometrically equivalent ones for which 

Goo = exp (27Z°) 


in the system Z above. With this choice (13.5) reduces to the normalized 


Affine geometry. Here affine character is given to the projective tangent 
spaces by selecting in each a hyperplane 
A,Z* = 0 
to serve as improper locus. Ag is a projective covariant vector which it is 
convenient to choose of index 0 and to normalize by Aj = 1. If the geometry 
is to be affine in its entirety the projective displacement must be such as to 
map these hyperplanes upon each other, that is to say such that 


(13. 6) = Aapg- 
Making a= 0, pg = AcP%og and (13.6) becomes 
(13. 7) = AgAoP og. 


When (13.7) are satisfied for a vector Ag the non-homogeneous coérdinate 
system XY‘ = 7Z‘/A,Z% serves as unique tangential affine codrdinate system. 
The projective displacement should be affine as acting between these systems. 
To prove this directly it is only necessary to show that P°;; = 0* in the 
system 

Fi — 

Z° = 
and this is easily verified. 

These results may be expressed as a 


*Compare (12.4) and (12.28(b)). 


at 
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THEOREM 13.1. A necessary and sufficient condition that a generalized 
projective geometry be interpretable as a generalized affine geometry ts that a 
vector Ag exist satisfying (13.7).* 


Euclidean geometry. The absolute in each tangent space is now an 
(n — 2)-dimensional quadric defined analytically as intersection of, say 


(a) —0 


(13. 13) (b) 


the quantities Gog, Aq having the same general characteristics as heretofore. 

To obtain a normalized euclidean displacement first choose codrdinates 
in which Ag = 5; then P°;; must vanish since (13. 13(b)) is to be invariant 
under the displacement. In these special codrdinates the invariance of the 
intersection (13.13) leads to the equations 


(13. 14) OG; — Git in — Gy Phin = Gi; 


which for symmetric P*j, have as unique solution 


(13. 15) Pty = { + + 84.0; — 


P%y, vanishes because of (12. 34) and the symmetry of Pj, while P‘,; remains 
arbitrary. In the tangential affine codrdinate system obtained from our special 
coordinates by (12.24), the euclidean displacement presents itself as a 
specialized affine displacement, the affine connection being given by (13.15), 
and the tensor I‘; remaining arbitrary. 

It must be remembered that the tensor G may be replaced by any tensor 


(13. 16) Gap = exp( Gag 


without affecting the geometry in the tangent spaces. The effect of this 
arbitrary multiplicative factor upon the parameters (13.15) is accounted for 
by leaving o; arbitrary. In order to have at hand a definite generalized 
euclidean geometry a particular choice from among these possible symmetric 
displacements or the associated asymmetric ones must be made since they are 
all geometrically distinct. 

The similarity of this geometry with the Weyl geometry is very evident. 


THE INSTITUTE FOR ADVANCED STUDY. 


*The above results on affine geometry have been obtained by Bortolotti (loc. cit.) 
In slightly less general form. 
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DIE BETTI’SCHEN ZAHLEN DER ZYKLISCHEN UBER. 
LAGERUNGSRAUME DER KNOTENAUSSENRAUME. 


Von LEBRECHT GOERITZ. 


Einleitung. Uberlagert man den Knotenaussenraum eines Knotens im 
Euklideschen Raum h-blattrig zyklisch, so dass nur der Knoten als Ver- 
zweigungslinie auftritt und man beim einmaligen positiven Umlauf um die 
orientierte Knotenlinie vom i-ten Blatt zum i+ 1-ten (1 = 1, 2,- -,h—1) 
und vom h-ten zum 1-ten gelangt, so erhilt man durch Hinzunahme der Punkte 
des Knotens zum Raum eine geschlossene dreidimensionale Mannigfaltigkeit 
M,. Durch Untersuchung dieser Mannigfaltigkeiten bei den Schlauchknoten t 
erhalt Herr O. Zariski in seiner Arbeit “ On the topology of algebroid singu- 
larities ” { (neben der erneuten Kennzeichnung der Singularitaten algebraischer 
Kurven § durch Klassifikation der Schlauchknoten) das folgende Resultat: 


Fiir einen Schlauchknoten ist die erste Betti’sche Zahl by von Mth gleich 
der Anzahl der Wurzeln des Knotenpolynoms (L-Polynoms +) f(x), die 
gleichzeitig Wurzeln der Gleichung x*—1—=0 sind. 


Die von Herrn Zariski aufgeworfene Frage, ob dieser Satz fiir alle Knoten 
gilt, wird im folgenden beantwortet, und zwar zeigt sich, dass nur der 
schwiichere Satz 2 allgemein richtig ist. Die mit Hilfe dieses Satzes aus f(z) 
und h allein berechenbaren Schranken fiir 0, (Satz 3) werden in nicht 
trivialen Fallen (obere Schranke verschieden von der unteren) angenommen. 


1. Hinige bekannte Bemerkungen. Ist S ein die Knotenlinie einmal 
umschlingender Weg, K ein Element der Kommutatorgruppe der Knoten- 
gruppe, so fiihre man durch die Festsetzung SKS-' = K* den Operator a in 
die Kommutatorgruppe ein. Dann sei M(x) eine Polynommatrix, deren 
Zeilen den definierenden Relationen der kommutativen Kommutatorgruppe 


+ K. Reidemeister, Knotentheorie, Springer, Berlin 1933. Diese Note schliesst sich 
in der Bezeichnung an dieses Buch an. Es wird im folgenden mit “ Knotentheorie” 
zitiert, 

t American Journal of Mathematics, vol. 54 (1932), p. 453. 

§ Vergl. auch Burau: Kennzeichnung der Schlauchknoten, Hamburger Abhand- 
lungen 9 (1932), S. 125. 

J. W. Alexander, “ Topological invariants of knots and links,” Transactions of 
the American Mathematical Society, vol. 30 (1928), p. 275. 
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Gruppe zugeordnet sind. Das Polynom miz(x) in der i-ten Zeile und k-ten 
Spalte von M (a) sei der Exponent der k-ten Erzeugenden in der 1-ten Relation. 
Aus der Menge der Exponentenmatrizen sei M(x) als quadratische Matrix so 
gewahlt, dass die Determinante das Knotenpolynom f(z) liefert.t 

Kine Exponentenmatrix der definierenden Relationen der kommutativen 
Fundamentalgruppe der in der Einleitung erklirten Mannigfaltigkeit Dt, sei 
M;. Man erhialt eine solche Matrix aus unserer Polynommatrix M(x) (vergl. 
Knotentheorie, 111, § 7), indem man jedes Polynom = ave” durch 


die folgende Matrix von h zeilen und Spalten ersetzt: H, sei die h-reihige 
Kinheitsmatrix, #, entstehe aus FH, durch zyklische Umordnung der Spalten, 
und zwar gehe die /-te Spalte in die + 1-te iiber (J —1, 2, 3,- - -,h—1) 
und die h-te in die 1-te, Hy (v=0, eine natiirliche Zahl) entstehe durch 
v-malige Anwendung dieses Schrittes. Ferner bedeute das Produkt einer Zah! 
mit einer Matrix, etwa a-M die Multiplikation jedes der Elemente von M 
mit der Zahl a und die Summe zweier Matrizen gleicher Zeilenzahl und 
Spaltenzahl die Matrix, in der ein Element der urspriinglichen Matrizen durch 
die Summe der entsprechenden Elemente beider Matrizen ersetzt ist. Dann 
werde ayx” durch ersetzt. 


Die erste Betti’sche Zahl 6, von Mt, erhalt man demnach, indem man die 
Zeilenzahl h-r der so erhaltenen Matrix M, um ihren Rang p vermindert. 
Diese Zahl 


bi = h 
soll aus der Matrix M(x) bestimmt werden. 


2. Heduktion des Problems. Den Koeffizientenbereich der Elemente von 
M(z) erweitern wir auf den Korper der rationalen Zahlen R und erlauben 
die folgenden Abinderungen von M(z) : 


a) Multiplikation einer Zeile oder Spalte von M(a#) mit A, wenn A aus R 
und A = 0 ist. 

b) Vertauschung zweier Zeilen oder zweier Spalten von M(z). 

c) Addition des x’-fachen (v sei eine ganze rationale Zahl) der zweiten 
Zeile von M(x) zur ersten oder der zweiten Spalte zur ersten. 

d) Kine beliebige Folge der Operationen a, b, c. 
Mittels dieser Operationen kann man bekanntlich M(x) auf die Diagonalform 


* Uber die Méglichkeit dieser Wahl vergleiche die in der Einleitung zitierte Arbeit 
von J. W. Alexander oder Knotentheorie, 8. 49 u. 50. 


mit Operator &(x) entsprechen und deren Spalten den Erzeugenden dieser 
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M*(z) = 


Ww 
bringen, bei der fi(z) = Daya’ (1 Polynome von z mit 


rationalen Koeffizienten sind. Dabei ist keines der Polynome f;(x) identisch 
Null, da die Determinante von M(x) von Null verschieden ist. 

Man erklirt nun analog zum Obigen diejenigen Matrizen zu My aquiva- 
lent, die aus M; durch die folgenden Operationen hervorgehen : 


a’) Multiplikation einer Zeile oder Spalte von M; mit A, wenn d aus Rf 
und A ~ 0 ist. 

b’) Vertauschung zweier Zeilen oder zweier Spalten von Mz. 

ce’) Addition der zweiten Zeile von M;, zur ersten oder der zweiten Spalte 
zur ersten. 

d’) Hine beliebige Folge der Operationen a’, b’, c’. - 
Dann erkennt man, dass man eine zu M; aquivalente Matrix M*, erhalt, wenn 
man in M*(z) die z-Potenzen in der in 1. angegebenen Weise ersetzt. Die 
Operationen a, b, c, d fiir M(x) iibertragen sich némlich auf die entsprechen- 
den Operationen a’, b’, c’, d’ fiir Mn, jeweils angewandt auf die h aus einer 
Zeile oder Spalte von M(x) und deren aquivalenten Matrizen entspringenden 
Zeilen oder Spalten von M, und deren dquivalenten Matrizen. Dabei ist m 
beachten, dass die Multiplikation einer Zeile oder Spalte der Polynommatrix 
mit x’ nur eine zyklische Umordnung der h daraus entspringenden Zeilen oder 
Spalten der Zahlmatrix bewirkt. 

Da bei Anwendung der Operationen a’, b’, c’, d’ der Rang von M, sich 
nicht andert, geniigt es zur Bestimmung von 6b, den Rang der Matrix M*; zu 
bestimmen. Das gelingt nun sehr einfach. 


3. Rangbestimmung. Den Rang von M*, berechnet man, indem man 
den Rang jedes der fi(z) von M*(z) in M*, entsprechenden zyklischen 
h-reihigen Bestandteils M*,; von M*; bestimmt. Und zwar gilt: 


Satz 1. Die Matrix M*,; hat den Rang h— «a, wo a; die Anzahl der 


verschiedenen Wurzeln von f(x) =0 ist, die gleichzeitig auch Wurzeln von 
— 1—0, also h-te Einheitswurzeln sind. 


Den einfachen Beweis dieser Tatsache geben wir an: Sei 


fi(z) = so wird 
v=0 v=0 


0 fe(z) 0 0 

| 

| 


nit 


Va- 
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eine zyklische Matrix der Form 


GW ** * 
wobei 
(1) 
ist; falls dabei h—1 > 1, so sei gesetzt. 
Ferner seien 1, &,, die h-ten Hinheitswurzeln, dann hat die Matrix 
( 1 1 1 
1& £2 


eine von Null verschiedene Determinante (als Vandermondesche Determi- 
nante). Die Produktmatrix M*,;- W hat also den gleichen Rang wie M*hj. 
Nun ist 

wobei die Summe immer von k = 0 bis k = h — 1 zu erstrecken ist. Die neue 
Matrix hat soviel Spalten aus lauter Nullen als es Wurzeln &; gibt, die gleich- 


h-1 
zeitig Wurzeln von 3S a,¢*—0 und wegen der Erklarung von a in (1) 


k=0 


Wurzeln der Gleichung a‘z”=0 sind. Die restlichen J Spalten sind 


y=0 
die mit von Null verschiedenen Faktoren multiplizierten Spalten einer Vander- 
mondeschen Matrix. Es gibt also darin nach dem Laplaceschen Entwicklungs- 
satz fiir Determinaten eine Unterdeterminante vom Grade /, die von Null 
verschieden ist. Damit ist Satz 1 aber bewiesen. 


Daraus folgt unmittelbar, dass der Rang von M*), gerade rh—Dai 


und also b, = >) a; ist. Demnach gilt das folgende Endresultat: 


i=1 


Satz 2. Ist a; die Anzahl der verschiedene h-ten Einheitswurzeln, dic 
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gleichzeitig Wurzeln des in 2. erkliten 1-ten Elementarteilers von M(x) sind, 
so ist die erste Betti’sche Zahl von Mh 


4. Hinige Folgerungen und Beispiele. Aus dem letzten Satz des vorigen 
Abschnittes erschliesst man 


Satz 3. Die erste Betti’sche Zahl by von Mt, ist kleiner oder gleich der 
Anzahl der Wurzeln, die das Knotenpolynom f(x) mit z*— 1 —0 gemeinsam 
hat, mit ihrer zu f(x) gehorigen Vielfachhett gewihlt, und grosser oder gleich 
jener Anzahl bei Zahlung der verschiedenen Wurzeln. 


Dass das Gleichheitszeichen in beiden Fillen angenommen werden kann, 
sieht man fiir den ersten Fall an den Schlauchknoten, da das Polynom f(z) 
dieser Knoten nur einfache Wurzeln hat, besser an den Knoten deren / Be- 
standteile gleiche Schlauchknoten sind. In diesem Falle hat M(x) die Gestalt 


Mi(z) 0 O 
0 © 
und es ist die Determinante dieser Matrix f(x) =| M,(z)|', wo m,(z) die 


Matrix eines Bestandteiles ist. Ist a, die Zahl der | Mi(x)| =fi(x) =0 und 
gleichzeitig angehérenden Wurzeln, so ist b, =1- also gleich 
der Anzahl der mit ihrer Vielfachheit gezihlten Wurzeln von f(x) =0, die 
gleichzeitig Wurzeln von 2 — 1 = 0 sind. 


2. Fiir den zweiten Fall an speziellen Knoten, von denen wir ein Beispiel 
herausgreifen: Der Knoten 8, 10a der Knotentabelle bei Alexander und 
Briggs t hat als Polynom 


= (1—2 


und f(z) als einzigen Elementarteiler. Demnach wird die Betti’sche Zahl 
bs 2. 


Rostock, D. 4. x1. 1933. 


+J. W. Alexander und G. B. Briggs, “On types of knoted curves,” Annals of 
Mathematics, vol. 28 (1926-27), p. 562. 
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INVOLUTIONS OF ORDER TWO ASSOCIATED WITH THE 
SURFACES OF GENERA p. = p, =0, P; =1, P; =0. 


By Rosperta F. JOHNSON. 


1. Introduction. The involutions studied in this paper are all of order 
two; each has a finite number of fixed points; and, finally, they are all 
associated with a surface of genus zero and bigenus one with a bicanonical 
curve of order zero. This association occurs in one of two ways or both. 
Kither the involution exists on the surface, or the image of the involution 
is such a surface, or both the surface on which the involution exists and the 
image surface are of genus zero and bigenus one with a bicanonical curve of 
order zero. When we say that an involution exists on a surface, or belongs to 
a surface, or that the surface contains an involution we mean that the points 
of the surface are associated in pairs. These pairs of points form the groups 
of the involution. The involutions considered here are determined by space 
Cremona transformations which leaye the surface invariant, not point for 
point, but in such a way that the points of the surface are associated in 
pairs. A surface is called the image of an involution if to each point of the 
surface there corresponds a pair of points of the involution. 

The purpose of this paper is to organize the work which has been done 
on the above mentioned involutions and to present certain new results. The 
method of procedure will be, first, to derive an algebraic formulation for a 
general surface of genus zero and bigenus one with a bicanonical curve of 
order zero; secondly, to show how the involutions are associated with certain 
specializations of this surface. However, we shall first summarize briefly the 
important properties of a general surface with genera pa = py—0, 
and a bicanonical curve of order zero. 


The General Surface with Genera pa=py=—0, P2=1, P3;=0. 
It has been shown that all the multiple genera of a surface F with pa = py = 0, 
P,=1 and a bicanonical curve of order zero are definitely determined and 
have the values P, ---—0, Also, the sur- 
face considered is completely characterized by pa = py = P; =0, P2 =1, in 
other words, any surface with these genera has a bicanonical curve of order 
wro.* The surfaces Fn, pa = py =P; ==0, have the linear genus 
one, == 1, 


*F. Enriques, “Sopra le superficie algebriche di bigenere uno,” Memorie di Mate- 
matica e di Fisica della Societa Italiana delle Scienze, series 3, vol. 14 (1907), p. 332. 
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If | C'| is any linear system of curves cut on F, then the adjoint system 
| Ca| possesses the same characteristics as | C'|, that is, the two systems 
have the same genus and the same grade. The double of a system and the 
double of its adjoint are equivalent | 2C | —|2C,|. Since the surface F, 
is neither rational nor ruled it cannot possess an algebraic series of rational 
curves.* Thus, the only rational curves existing on F,, are isolated curves, 
Every complete irreducible linear system of genus = 1 traced on F,, has 
the dimension —1 and the grade 2r—2.+t This system cannot contain 
multiple basis points. In general, it does not have even simple basis points, 
When the system does possess simple basis points, the curves of the system 
are hyperelliptic and the number of basis points is two; these points are 
double points for each of the g’, existing on every curve of the system.{ The 
surface Ff’, possesses an infinite discontinuous group of birational transforma- 
tions into itself.§ 

The general surface F', of genera pa = py = P; = 0, P; =1 can always 
be transformed by a birational transformation into any one of four types 
of surfaces. One of these is the sextic surface which passes doubly through 
the edges of a tetrahedron. This surface was first mentioned by Enriques 
in 1896.4 <A second projective model is a double plane which has a curve of 
branch points composed of a sextic curve K, and two lines p, q.|| The sextic 
K, has two tacnodes and the two lines p, q are the tacnodal tangents. The 
intersection of the two lines is a double point of the sextic. The third pro- 
jective model is a double quartic in a space of four dimensions with a curve 
of branch points of order eight and four isolated branch points. The latter 
are conical double points of the surface.** Finally, the fourth type of surface 
which is birationally equivalent to a general surface with genera pu =fy 


* Picard and Simart, Théorie des fonctions algébriques, vol. 2, p. 512. 

+ F. Enriques, “Sopra le superficie algebriche di bigenere uno,” Memorie di Mate- 
matica e di Fisica della Societa Italiana delle Scienze, series 3, vol. 14 (1907), pp. 
334-335. 

I[bid., p. 335. 

§ Ibid., pp. 350-352. 

{ F. Enriques, “ Introduzione alla geometria sopra le superficie algebriche,” Memorie 
di Matematica e di Fisica della Societa Italiana delle Scienze, series 3, vol. 10 (1896), 
p. 66. See also F. Enriques, “Sopra le superficie algebriche di bigenere uno,” Memorie 
di Matematica e di Fisica della Societa Italiana delle Scienze, series 3, vol. 14 (1907), 
pp. 346-350. 

|| F. Enriques, “ Sopra le superficie algebriche di bigenere uno,” Memorie di Mate- 
matica e di Fisica della Societa Italiana delle Scienze, series 3, vol. 14 (1907), PP 
339-346. 

** L. Godeaux, “ Recherches sur les surfaces algébriques de genre zero et de bigenre 
un, Troisiéme communication,” Academie Royale de Belgique, Classe de Sciences, Bulletins, 
series 5, vol. 13 (1927), pp. 114-133. 
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= P,=—0, P, 1 is a surface Fj, of order ten in a space of five dimensions 
which is the image of a congruence of order seven and class three of lines 
belonging to c+ quadrics of a net.* 


3. Two Analytical Representations of the General Surface Fr with 
Pa = Po = Ps = 0, P2 =1. Consider the two general quadrics 


f (41, 2, = = 0, = Aji, 
Le, L4) = > bi 0, bij = 
The sextic F’, 


contains the edges of the tetrahedron of reference as double lines. Also, this is 
the most general sextic surface which passes doubly through these six edges. 
Hence, any surface Fn, pa = py = P; = 0, P. —1 is birationally equivalent 
to a sextic surface whose equation is given by (1). These surfaces are 007° 
in number. 

An analytical formulation of the double plane which has been proved 
to be a projective model of the surface F, of genera pa = py =P; 0, 
P,=1 can be derived by use of equation (1). First, transform F,, into the 
typical sextic Ff’, which has (1) for its equation. Let wu, and wu, represent 
the two lines z, and a, From an arbitrary point of 
space one line can be drawn to meet these two lines. This line will meet F, 
in two residual points. Thus, by means of the bisecants of wu, and uz there 
is established a (2, 1) correspondence between the points of F’, and the points 
of an arbitrary plane, such as the plane z,—z,. The coordinates of any 
point P ==(2,, Y2, 3, Z,) on a line uw meeting the two skew lines are given by 
the equations 7, = 24, AZ, Ly p2s, — prs. If this point is on Fe 
these values of x; must satisfy equation (1) and we obtain a quadratic 
expression in A/yw. If the line wu meets #’, in two coincident points the roots 
of this quadratic equation are equal. When this is the case the bisecants of 
the skew lines w, and uw, are tangent to M4. The points in which these tangents 
meet the double plane 2, = 2, are branch points of the double plane. Hence, 
the curve of branch points has the equation 


(2) (dis + 22? + (G14 + bos) Z2%3 
+ (doz + +- (do4 + biz) 212 |? 
= 34 (Ze, Z3) + Z312(%1, Z2) | [ Zsf'12(Z2, Z1) + (4s, Z2) | = 0, 


*G. Fano, “ Nuove ricerche sulle congruenze di rette del 3° ordine,” Memorie della 
Reale Accademia di Torino, series 2, vol. 51 (1901). 
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where 
fiz (Ze, 4122” + 20122122 + 
faa (22, Zs) = 4+ + 
$12(41, Zo) = + 20124122 + 
34 (23, Za) = b 33237 + + D442”. 


This consists of the two lines z;—0 and z;—0O and the sextic K, 


2123| (Aig + Dox) 22” + (Aig + Doz) 2223 + (deg + 2122 + + bis) 212% |” 
[ (Ze, Zz) + Zs12 (21, Zo) | [ 2sf12(Z2, + (Za, Z2) | = 0. 


This sextic has two tacnodes at M==(0,0,1) and N= (1,0,0) with the 
lines z, z; = 0 as the respective tacnodal tangents and a double point 


at (0, 1, 0). 


4, The Involutions of Order Two with Genera pa = py =P; =0, 
P,=1. (A). Classification of the Involutions. By the genera of the invo- 
lution I, of order two which belongs to a surface F, is meant the genera of 
the image surface ®,. When a pair of the points of the involution J, of Fi 
are coincident, then the corresponding point on the image surface ®, is called 
a branch point of the involution. The coincident points of J. are also called 
the fixed points of the involution. If an involution of any order exists on an 
algebraic surface and has only a finite number of fixed points the involution 
is generated by a group of birational transformations of the surface F’, into 
itself.* 

It is possible to classify completely the involutions of genera pa = py 
= P,=—0, P,=—1 according to the surfaces which contain them. If © is 
the image of an involution of order two and genera pa = py = P; = 0, P2 =1 
belonging to a surface F’, then F must be either a surface also of genera 
Pa = Pg = P; = 0, = 1, or a surface of genus one, (fa = Py = 1). 

Not every surface ©, pa—=py—P;—0, P,=1 represents (or is the 
image of) an involution of order two belonging to a surface F of the same 
genera. However, if ® is birationally equivalent to a double plane with 4 
curve of branch points of one of two types then ® represents an involution 
belonging to a surface F of genera pa = py =P; P2=1. These two 


types are 
(a) a curve of order eight composed of a quartic and a conic which are 


* L. Godeaux, “ Sur les involutions douées d’un nombre fini de points unis apparte- 
nant A une surface algébrique.” Rendiconti della Reale Accademia dei Lincei, series 5, 


vol. 23 (1914), pp. 408-413. 


i 
| 
{ 
4 
| 
s 
( 


e 
it 


INVOLUTIONS OF ORDER TWO. 203 


tangent in two points and the two common tangents. The four branch points 
are the variable intersections of the conic and the quartic. 

(b) a curve of order eight composed of two cubics which are tangent in 
two points and the two common tangents. The cubics also intersect in the 
point common to the two lines. The four variable intersections of the two 
cubics are the branch points of the involution.* Every surface a= py 
=P,—0, P,—1 is the image of an involution of order two belonging to 
a surface of genus one. This involution does not have any fixed points.t+ 


4. (B). Case of the Quartic and the Conic. Consider now equation 
(2) which is the equation of the curve of branch points of the double plane 
which is a general surface with genera pa=py—P;=—0, P2,=—1. Place 
bsg = = Aig = — bss, + = 0, dig + bog = 0, + dis 
=k(da,3; + beg) in equation (1). Then the curve of branch points has the 
form 


(2’) (Zo? + {2123 (Ais + bos)? (22? + 
— (14123 4421) [Z:fs4(22, Zs) + Zsr2 (21; Z2) ] } = 0. 


The surfaces with this curve of branch points are images of involutions of 
order two which belong to surfaces F of genera pa = py = P; = 0, P2 = 1. 

The surface ® is birationally equivalent to the sextic surface @, which 
passes doubly through the edges of the tetrahedron of reference 


(3) Bo == (Lor, + ha + 2 (is + Dog) + | 
+ (La, V3) (21, | = 0. 


The conics 2.2 + kz,z; = 0 have for images on the surface @, curves cut out by 
the quadric surfaces x.2, + ka,2,—=0. The quartics 


+ Dog)? (22? k2123)—( 112 + Das21) [ 22,23) + (21,22) |= 0 


have for images on the surface , curves cut out by surfaces which belong to 
the linear system of ruled sextics. 


These surfaces contain the edges 

*L. Godeaux, “ Mémoire sur les surfaces algébriques doubles ayant un nombre fini 
de points de diramation,” Toulouse Faculté des Sciences, Annales, series 5, vol. 3 (1913), 
pp. 289-312. 

+ F. Enriques, “ Un’osservazione relativa alle superficie di bigenere 1,” Rendiconti 
della Reale Accademia di Bologna (1908). 
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U, and = = 0 as triple lines, 
U; =2, 7, = 0 and u=2, = —0 as double lines, 
U; = % =0 and = 3; = 0 as simple lines. 


Hence, the intersection of ®. and F’, consists of these edges counted a proper 
number of times and a residual curve Ci2 of order twelve. Each of the 
generators of F’, is a bisecant of C;2. There is a (2,1) correspondence between 
the points of (’,. and the points of any plane section of F's. The genus of a 
plane section of Fs is p—2%. Hence, if p’ is the genus of C2, Zeuthen’s 
formula for the (2,1) correspondence gives 2p’ — nm’ = 10, where n’ is the 
number of generators of F, which are tangent to ®.. There are 12 such 
generators. Thus, p’—11. The curves Ci2 cannot form a complete linear 
system on ®,; for every complete system of genus eleven has the dimension 
ten. However, consider the complete linear system cut on ®, by the surfaces 


(5) + + + 17? + A 304" 


+ 4" + A100 122224? + = 0. 


Within this linear system of dimension ten there exist besides the curves (12 
two other partial systems, one cut on ®, by the quartic surfaces 


and the other cut out by the planes 
Consider the transformation 


7 3 2 
> 7 8 3 


X = Xe = pL" Xo = 
It makes the hyperplanes 
N + +N +N Xs + 5X3 = 0 
correspond to the quartic surfaces 


+ N + + + 22030, = 0, 


and the hyperplanes 


+ p2X 10 + psX7 + = 0 
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correspond to the planes 


+ + ++ = 0. 
From equations (6) we have the equalities 


= X3X7, = X5Xq = X3X10, 


Consider the two equations 


where 


= + + AggX1 + + 2 + Diz) Xs 
fo = XxX; + kXo, Ws = + 13 + 2 (dis + bes) X10. 


The eight equations given in (7) and (8) determine a surface in the space 
8,, of ten dimensions. If we project this surface /' upon the original space 
8, of g we obtain the equation of ®g. Moreover, the transformation T in S19 
given by the equations 


leaves the surface F invariant. Hence, 7 defines an involution on F. Thus, 
there exists a (1,2) correspondence between the points of ®, and the points 
of F. It is easy to show that the surface F is the intersection of two cones 
whose vertices are the hyperplanes 


Xo = = Xy — 0 and X,=X,=— Xe — Xi, — 0. 


The plane sections of ®, are images of the hyperplane sections cut on F 
by the hyperplanes 


These curves are compounded by means of the involution which the trans- 
formation 7’ defines on F. 
Also, the curves of the eighth order traced on ®, by the quartics 


are images of the curves cut.on F by the hyperplanes 
+ AN + AZM + ALN s + = 0, 


and are compounded by means of the given involution. 
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The fixed points of F occur in either of the two spaces 


The four fixed points are given by 


= X,— Yo = u = 0, 
= 0, Yo = 0, yi = 0, X2X;s. 


The second fixed space does not intersect F. Hence, the above four points 
are the only fixed points of F. These points correspond to the four variable 
intersections of the conic and the quartic of the curve of branch points of the 
double plane. 

It remains to determine the genus of the surface /. We know that the 
surface F is of genera pa = py = P; = 0, P2 = 1 or of genera pu = P, = 1.* 
Thus, it will be sufficient to determine the arithmetic genus of F. This can 
be obtained from the formula + 


12p4 = + (p—1) (p—5)a— (p?—1)B + 12(p—1), 


where pa and za are the arithmetic genus of F and ©, p is the order of the 
involution, « is the number of perfect fixed points of the involution, and 8 
is the number of non-perfect fixed points. Since an involution of order two 
on an algebraic surface has only perfect fixed points «—4, —0. Thus, 
we have pa=0. This proves that the surface F has the genera 


Pa = Py = P; = 0,7 P, =1. 


4.(C) Case of the Two Cubics. We return to the general equation (2). 
This time we make the specialization 


Ais + b24=0, b23=0, Ges + bis + = 0. 
Then the curve of branch points reduces to the form 


(9) (22, 23) + (21, | [ Zsf12(22, Z1) + 21:34 (2s; Z2) | = 0. 


* See L. Godeaux, “ Mémoire sur les surfaces algébriques doubles ayant un nombre 
fini de points de diramation,” Toulouse Faculté des Sciences, Annales, series 5, vol. 3 
(1913), p. 310. 

+ L. Godeaux, “ Recherches sur les involutions douées d’un nombre fini de points 
de coincidence appartenant 4 une surface algébrique,” Bulletin de la Societé Mathe- 
matique de France, vol. 47 (1919), p. 14. 

t L. Godeaux, “La théorie des involutions douées d’un nombre fini de points de 
coincidence appartenant A une surface algébrique,” Revista Matematica Hespano- 
Americana, Madrid, 1924. 
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The surfaces © with this curve of branch points are images of invo- 
lutions of order two which belong to a surface F of genera pa = py = P; = 0, 
P,=1. The surface ® is birationally equivalent to the sextic surface %, 
which has the equation 


(10) 12 (Le, 54 L3) 
sa L4) | == (), 


By means of the transformation 


we find that the surface ®, or its projective equivalent ®,, is the image of an 
involution of order two belonging to the surface F’ of the space S, of eight 
dimensions. The equations of F are 


X 4X, X;Xo, X1X2, <lg Yo X3X4, 


where 


Wr = X 6 + + + + 2 (Are + bss) Xo, 
— = + 6 + + + 2 (Die + X 9. 


This case of the two cubics has been investigated in detail by Lucien 
Godeaux.* 


4, (D). Case where the Surface F has the Genera pa = py =P, =—1. 
Since there are only thirteen arbitrary parameters in the equation of the 
sextic surface passing doubly through the edges of a tetrahedron, the equation 
(1) can be written in the form 


x [a,0,? + + + + 


This surface ©, is projectively equivalent to the double quartic &, of S,. The 
base of this double quartic is the surface X¥,Y,—=—X;°, ¥,X,=X;?._ The 
branch points consist of the curve 


*L. Godeaux, “Recherches sur les surfaces algébriques de genre zero et de bi- 
genere un, Premiére Communication,”’ Académie Royale de Belgique, Classe de Sciences, 
Bulletins, series 5, vol. 12 (1926), pp. 730-741. 
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X5*, 
X2, Xs, Ais? XN + + 2X, 
(14) + Ang? XX 4 + 2 + 4423) X 5” 

+ 2 + AzX 4 + a4Xz + 2412X 5) 
x 3 + 4 + a,X + A2X + 5) = 0 


and the four isolated branch points 


A, = (1,0, 0, 0,0), A, = (0, 1,0, 0,0), 
A;= (0, 0, 1,0,0), A,= (0, 0, 0, 1,0). 


By means of the transformation 
(15) == X 2/22" = X3/X3" = = X 


we find that the surface ®, or its projective equivalent ©, is the image of an 
involution of order two which belongs to a double quadric F' with genera 


Pa = Pg = P,=1. The equations of F are 
(16) — = 0. = W (41, Lo, 3, Ts) 
. where 


x ( + + + + 


The involution (I) existing on the surface F of which ® is the image is 
defined by the transformation 


(I) == 2, == Lo. = — Zs, — %, = — 25. 


Thus, every surface of genera pa = py = P; = 0, P2 =1 is the image of an 
involution of order two existing on a surface of genus one. This surface F 
of genus one possesses two other involutions. One of these is the rational 
involution 


(1’) = 71, = 72, = x's = z's = — 5. 


The image of this involution is the quadric #\7.—a3,%,—0. The other 
involution on F is 


which is the product of (1) and (I’). The involution (I) has no fixed points, 
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whereas, the involution (I”) has eight fixed points. Hence, the image surface 
of (I”) is a surface of genus one. 

This case has also been studied by Godeaux.* 

The locus of the conjugate points of the quadrics of a web without basis 
points is an example of the surface of genera one described above. Consider 
the web of quadrics 
(17) + Ashe + Ashs + Ashs = O, 


where 


The locus of the conjugate points of the web (17) is the Jacobian surface F', 


$s, $4) 


This surface F', contains ten lines, i.e., the web of quadrics (17) contains 
ten pairs of planes. The surface F’, is of genus one. The congruence of lines 
determined by the pairs of conjugate points of the web (17) is a congruence 
of order seven and class three. Fano proved that the image of this congruence 
is a surface of order ten in a space 8; which has the genera pa = py = Ps = 0, 


(18) 


P,=1.+ Later Fano stated that the congruence G of order seven and class - 


three is a projective model of a general surface of genera pa = py = Ps = 0, 
P,=1; giving as reference the article written in 1901. However, in 1901 
what he proved was that every congruence (7,3) is birationally equivalent 
to a surface of genera pa=py—P;=—0, P21 and not the converse. 
The problem of determining whether or not a general surface of genera 
Po = Py = P; =0, P2=1 can always be preferred to a congruence (7, 3) 
has not been solved.t 


5. The Surfaces F of Genera pa = py = P3 = 0, P2 =1 which Contain 
Involutions of Order Two. (A). Classification of Involutions Existing on F. 
Given the surface F of genera pa= py—=P;—=0, Suppose there 
exists on this surface an involution In. Designate by ® the surface which is 
the image of this involution and by 7a, my, Ii, the genera of &. Then the 


*L. Godeaux, “ Recherches sur les surfaces algébriques de genre zero et de bigenre 
un, Troisitme communication,” Academie Royale de Belgique, Classe de Sciences, Bulletins, 
series 5, vol. 13 (1927), pp. 114-133. 

+ G. Fano, “ Nuove recherche sulle congruence di rette del 3° ordine,” Memorie della 
Reale Accademia della Scienza di Torino, series 2, vol. 51 (1901), pp. 72-78. 

{G. Fano, “Superficie algébriche di genere zero e bigenere uno e lori casi par- 
ticolari,” Rendiconti del Circolo Matematico di Palermo, vol. 29 (1910). 
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surfaces ® are either rational or also of genera = 7, 0, Il, =1, 
This theorem was stated without proof by Godeaux in 1913.* However, it is 
easy to show that the theorem is true. In the first place, suppose m < —1, 
Then there exists on the surface ® a pencil of rational curves.f If p is the 
genus of the curves of F which correspond to the curves of the pencil, then 


Zeuthen’s formula gives p= — 1, which is absurd. Hence, m7 =—1. More- 
over, m1, ~—1. For if o is the number of branch points of the involution 
we have the relation pa = 2m -+1—0o/4} which gives o——4. Thus, 


™ =. Since there exists a (1,”) correspondence between ® and F, and F 
is a regular surface, ® must also be regular and m—-7y.§ Also mS p,§ 
but py =0. Hence,7y=0. Therefore, mz = 0, but 7720. Hence, 

The rational involutions were discussed in section 2 of this paper. If the 
surface ® of genera 7 = 7 = II; = 0, Il, =1 is the image of an involution 
of order two existing on F it has four branch points. Moreover, as has already 
been stated, the surface ® is birationally equivalent to a double plane with a 
curve of branch points which is either 

1° a curve of order eight composed of a conic and a quartic tangent at 
two points and the two common tangents, or 

2° a curve of order eight composed of two cubics tangent at two points 
and the two common tangents. 

5. (B). Case of the Comic and the Quartic. Consider the curve of 
branch points of the double plane which is a general surface with genera 
Pa = Pg = = 0, P2 =1. Its equation is given by (2). Place 

41 = doo = 011, = Das, = Asa + 012 = + Das. 


Then the curve of branch points takes the particular form 

(19) 

(dis + bos) 22” + + bog) (dog + 2122 + (do4 + Dis) 
2, 23) + (41, Z2) |? = 0. 


* L. Godeaux, “ Sur les involutions appartenant 4 une surface de genre zero et de 
bigenre un,” Comptes Rendus Hebdomadaires des Séances de VAcademie des Sciences, 
Paris, vol. 156 (1913), 1 sem., p. 1306. 

+ Castelnuovo, “Sulle superficie aventi il genere aritmetico negativo,” Rendiconti 
del Circolo Matematico di Palermo, vol. 20 (1905), p. 59. 

t See L. Godeaux, “ Mémoire sur les surfaces algébriques doubles ayant un nombre 
fini de points de diramation,” Toulouse Faculté des Sciences, Annales, series 5, vol. 3 
(1913), p. 290. 

§ Castelnuovo, “ Alcuni resultati sui sistemi lineari di ¢urve appartenenti ad una 
superficie algebrica,” Memorie di Matematica e di Fisica della Societa Italiana delle 
Scienze, series 3, vol. 10 (1896), p. 101. 

{ F. Enriques, “ Richerche di geometria sulle superficie algebriche,” Memorie della 
Reale Accademia delle Scienze di Torino, series 2, vol. 44, p. 230. 
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Consider now the net of cubics | C | 


(20) Aid + + Asta = 0, 


where 
Y= (dis + Dos) 22” + + bos) Z2%s + (des + Dis) 2122 (do4 + bis) 2123 


and 


If the cubics of the net (20) are referred to the lines p1X1 + poX2 + ps3 = 0 
of a plane ’, a (2, 1) correspondence is established between the original z-plane 
w and the X-plane w’. The image of the curve (19) is a quartic consisting 
of the two lines XY, — 0, X, = 0 and the conic Y,X,— X,? =0. The pencil 
of lines with vertex A’, = (0,1, 0) is transformed into the pencil of lines with 
vertex X, X, —0. Also 


— Xofz4 (22, 23) — X (415 Z2) = 0. 
Thus, there exists an inversion between the net of conics 


+ (Zo, + Ashi2 (41, 22) = 0 


and the plane »’. From these facts we see that the coincident points of the 
involution defined on by the net of cubics | C | occur when one of the conics 
of the above net is tangent to a line through A’,=(0,1,0). The locus of 
such coincident points is the quartic curve 


F,(X;) = [ + keX3)X1 — 2 (asa + biz) |? 
4 + — — 4h = 0, 


where 


+ bos, ko = + bos, ks = des + Dis, keg = + bis. 


The tangents to this quartic at the points A’2= (0,1,0) and A’; = (0, 0,1) 
respectively are the lines and XY, = 0. 

Let (yi) and (z;) constitute a pair of points of the involution I, on o, 
which is defined by the net of cubics | C |. This involution is generated by 
the quartic transformation 


where 


fi (yi) W(yi) + As3Y1) —k, [ (415 Yo) + (Ye, Ys) | 
fe(yi) = (keys + ksyr) (Yrs Y2) + Ys) 
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Consider now the double plane F with pu = py = P; =0, P2 =1 which 
has the plane for base and the curve (19) for branch points. The equation 
of F is 

(21) U? = 21723? + + + 

= Z3) + Z3$12( Ze) |?. 


The surface F contains three involutions, namely, 


The first two of these involutions (I’2) and (I”2) are rational. The third 
involution (I’”,) is the product of the first two. The image of (I’”’2) is the 
double plane ® which has for base the plane w’. The branch points of the 
double plane are the images of points lying of the curve of branch points of 
the double plane F or images of the coincident points of the involution (1;) 
of the plane w. The latter points are given by the quartic curve F,(X;j). 
Hence, the double plane ® has for its equation 


The conic X,X;— X,? and the quartic F,(X;) have four variable 
points of intersection. These are the branch points of the involution (I”2). 
The conic and the quartic are tangent at the points A’,= (0,1,0) and 
A’, = (0,0,1). The common tangents at these points are the lines X,=0 
and X,—0. Thus, the double plane is a surface of genera 


% = 7, = = 0, II, — 1. 


5. (C). Case of the Two Cubics. Theoretically at least, it ought to be 
possible to state explicitly what restrictions it is necessary to impose upon the 
surface F of genera pa = py = P; =0, P2=1 in order that it may contain 
an involution of order two which has as its image a double plane of genera 
= —0, with a curve of branch points composed of two 
lines and two cubics. However, the algebra involved in such an analytic 
investigation is extremely complex. The existence of such surfaces F was 
proved in section 4. (C). There the surface F was obtained as a surface of 
a space S,;. It was the surface of order sixteen having the equations 


X4Xo9, X 4X7 — X3Xo9, X X3X4 
where 

A11X6 + Ar2X 5 + bs3X7 + + 2 + bss) 
biiXs + + + + 2 (die + dss) Xs. 


fi 
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By successive projections from points on the surface the surface Fiz of Ss can 
be projected upon a space of three dimensions 8;. The birational equivalent 
of in Ss is a surface Xs, Xe, Xo). 


(23) Fe = 2(di2 + bss) (bssy — Asap)? + (CX 9? — 3”)? 
— $ — (CXo? — = 0 
where 
C = — 
= 9” + 2 (die + bss) XeX9 — 
y= 5? + + 2 (die + 9. 


This surface F’, has a double point at P= (0,1,0,0). It contains the line 
X;= X,5—=0 as a double line and has two double conics C; and C.. The 
equations of C, and C2 are 


c#X, bss bss — = 0. 


Since the genera of an algebraic surface remain invariant when the surface is 
subjected to a birational transformation the surface J’, is, as the surface F'46, 
a surface of genera pa = Py = P; = 0, P2 =1. However, it appears difficult 
to discover the birational transformation which will transform F's to a sextic 
surface which contains the six edges of a tetrahedron as double lines. 


CoRNELL UNIVERSITY, 
JUNE, 1933. 
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SUR QUELQUES TRANSFORMATIONS BIRATIONNELLES IN. 
VOLUTIVES ASSOCIEES A UNE CUBIQUE GAUCHE. 


Par LuctEN GODEAUX. 


Dans une note récente,* M. Purcell, reprenant une idée de Montesano, 
a étudié quelques transformations birationnelles de l’espace, que 1’on peut 
définir de la maniére suivante: 

Soient S, S’ deux espaces projectifs 4 trois dimensions, G une congruence 
linéaire de droites de S,G’ une congruence linéaire de droites de 9’, 6 une 
correspondance birationnelle entre les droites de G, G’, enfin © une réciprocité 
entre les espaces 8S, 8’. Par un point P de S passe une droite g de G, a laquelle 
6 fait correspondre une droite g’ de G’. Au point P, on fait correspondre le 
point P” intersection de g’ et du plan w que © fait correspondre a P. Les 
points P, P’ sont homologues dans une transformation birationnelle 7’. 

L’étude préparatoire de la correspondance birationnelle 6 entre les con- 
gruences G, G se fait en remarquant que les droites homologues découpent, 
sur des plans donnés, des points homologues dans une transformation cré- 
monienne. Nous avons eu l’occasion, voici quelques années, d’étudier sys- 
tématiquement cette question comme introduction 4 des recherches sur les 
transformations de Jonquiéres de l’espace.{ Dans le cas ot les congruences 
G, G sont toutes deux constituées par les cordes de cubiques gauches, le pas- 
sage par des plans sécants pour l’étude de la transformation 6 n’est d’ailleurs 


pas nécessaire. 

Revenons 4 la transformation 7’. Lorsque les congruences (, G@ coinci- 
dent, les espaces S, 8’ étant superposés, que 6 est une involution et 0 une 
polarité, la transformation T' est involutive. 

Nous voudrions, dans cette note, attirer l’attention sur deux transforma- 
tions birationnelles involutives de l’espace, obtenues par ce procédé, qui ne 
possédent qu’un nombre fini de points unis. Nous supposerons que la con- 
gruence G@ est formée par les bisécantes d’une cubique gauche. 


*“<Tnvolutorial space Cremona transformations determined by non-linear null reci- 
procities,” American Journal of Mathematics, vol. 55 (1933), pp. 381-389. 

+ “Sulle reciprocité birazionali nulle dello spazio,” Rendiconti della Reale Ac- 
cademia dei Lincei, 1° sem. (1888), pp. 583-590. 

t “Sur les transformations birationnelles de Jonquiéres de l’espace,” Mémoires wir 
8° de VAcademie royale de Belgique (1922), pp. 1-75. 
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TRANSFORMATIONS BIRATIONNELLES INVOLUTIVES. 


1. Soit K une cubique gauche représentée par les équations 


J. De 
Ca 


Une bisécante de K a pour équations 


n0,! et ces bis¢cantes correspondent biunivoquement sans exception aux points du 
veut champs ternaire (A;,A2,A3). Une transformation birationnelle de ce champ: 
donne naissance 4 une correspondance birationnelle 6 entre les cordes de K et 
nce réciproquement. 
une Si nous considérons la transformation birationnelle d’ordre n 
cité 
elle Nyt Not = Avs As) Az, As), 
ct il lui correspond, entre les cordes de K, une transformation birationnelle 6 
telle qu’A une quadrique circonscrite 4 K corresponde une surface d’ordre 2n 
bin passant n fois par K. De plus, a chaque point du champs (A) fondamental 
ent, Vordre s pour 6, correspond une corde de K multiple d’ordre s pour ces sur- 
faces V’ordre 2n. 
sf 2. Considérons une transformation birationnelle @ entre les cordes de K 
" et une polarité © de l’espace, dont nous désignerons la quadrique fondamentale 
“ par F, A un point P de Vespace, faisons correspondre le point P’ conjugué 
wi de P par rapport 4 et situé sur la corde de K que @ fait correspondre A celle 
sa qui passe par P. Les points P, P” se correspondent dans une transformation 
birationnelle 7’. 
wu Désignons par 1;,72,° * *,7v les cordes de K fondamentales pour la trans- 
formation @ et soient s;,82,° les multiplicités de ces droites pour les 
sa surfaces ¢ dordre 2n, passant n fois par K, que 6 fait correspondre aux qua- 
af driques circonscrites 4 K. On a d’ailleurs, d’aprés la théorie des transforma- 
re tions birationnelles du plan, les relations 
8? +52 +--+ +4 5,2 n?—1, 8. +8 
reci- Il est aisé de voir qu’aux plans de l’espace, 7’ fait correspondre des sur- 
faces VPordre 4n + 1, passant 2n fois par K et respectivement 25,, +, 2sy 
La courbe K et les droites ry, 12,° sont des éléments fondamentaux 
de la transformation 7. Supposons qu’un point P, n’appartenant pas 4 ces 
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courbes, soit fondamental pour 7. Son homologue P’ doit étre indéterminé, 
Si » est le plan que @ fait correspondre a P, g la corde de K passant par 
P, 7 |a corde que @ lui fait correspondre, le point de rencontre de g’ et de w 
doit étre indéterminé; cela exige que le plan w contienne la droite g’. Nous 
désignerons par A la courbe fondamentale de 7’ lieu du point P; cette courbe 
est simple pour les surfaces . Observons que © fait correspondre aux points 
de g’ des plans formant un faisceau dont l’axe passe par P et est en général 
distinct de g. L’un de ces plans passe par g et par suite il existe un point 
P’ de g’ dont le point homologue est indéterminé, ce point appartient 4 la 
courbe A. 

La courbe A est la seule courbe fondamentale de 7’ en dehors de K et des 
droites r; comme 7’ est involutive, elle fait correspondre 4 une droite de 
l’espace une courbe d’ordre 4n + 1. L/ordre de A est donc 


(4n + 1)? — 12n? — 4(s,? + 5,2 +--+ -+ 8?) — (4n +1) 
= (4n + 1)? —12n? — 4(n? —1) — (4n+1) =4(n +1). 


I] n’est pas difficile de rechercher les surfaces fondamentales de la trans- 
formation 7’, nous ne nous y arréterons pas. Considérons plutodt une bisécante 
g de K qui soit unie pour la transformation 6. Cette droite g sera transformée 
en elle-méme par J. Aux points de g, © fait correspondre les plans passant 
par une droite g,, qui est en général distincte de g. Supposons que la droite 
gi he rencontre pas g, ce qui est le cas général. Les couples de points deg 
homologues dans 7’ forment une involution qui posséde deux points unis, 
points de rencontre de g et de la quadrique fondamentale F de Q. 

Si la droite g, s’appuie sur g, ce qui ne se présentera en général que si é 
posséede une infinité de droites unies, il existe un point de g auquel corte- 
spondent tous les points de cette droite; ce point appartient 4 la courbe 4 
et est uni pour 7. 

On voit que 7’ posséde une courbe unie ou un nombre fini de points unis 
selon que @ posséde une infinité ou un nombre fini de droites unies. 


3. Envisageons un cas particulier, celui ot la transformation # et 


donnée par 


La transformation 6 fait correspondre aux quadriques circonscrites 4 K 
des surfaces du quatriéme ordre passant doublement par K et simplement pa 
les droites 


q 
t 

= a’, = 0, b, = b’, = 0, Co = = 0, 
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que nous désignerons par 7;, 72,73. La transformation T est actuellement du 
neuvieme ordre et les surfaces ® qu’elle fait correspondre aux plans de |’espace 
passent quatre fois par K, deux fois par chacune des droites r,,1r2,73 et une 
fois par la courbe A, qui est du douziéme ordre. Aux droites de l’espace, 
T fait correspondre des courbes du neuviéme ordre s’appuyant en 14 points 
sur K, en deux points sur chacune des droites r,, 72,73 et en 12 points sur la 


courbe A. 
La transformation 6 posséde quatre droites unies 1,, l2, 1s, 14, d’équations 
a, + be + Ce = 0, (1,) 
+be+e2=0, (lz) 
+e, =0, (1s) 
az + bg — Ce = 0, a’, + — = 0. (14) 


Sur chacune de ces droites se trouvent deux points unis pour 7’; ce sont 
les points ol ces droites coupent la quadrique fondamentale F de 2. L/in- 
volution d’ordre deux engendrée par 7’ posséde donc huit points unis distincts. 


4, Un autre cas particulier intéressant, qui est d’ailleurs un cas limite du 
précédent, s’obtient en prenant pour #@ la transformation 


Aux quadriques circonscrites 4 K, 6 fait correspondre des surfaces du 
quatriéme ordre passant deux fois par K et une fois par chacune des droites 
72 respectivement d’équations 


by = b’, = 0, Co = = 


De plus, les surfaces @ touchent, le long de la droite r., la quadrique Q, 
d’équation 


La transformation 7 est encore du neuviéme ordre et fait correspondre 
aux plans de l’espace des surfaces © passant quatre fois par K, deux fois par 
chacune des droites r,, 72 et une fois par la courbe A d’ordre 12. De plus, 
la droite r, est tacnodale pour les surfaces ®; en d’autre termes, la génératrice 
de la quadrique Q, infiniment voisine de 12, est double pour ces surfaces. Aux 
droites de l’espace, 7’ fait correspondre des courbes du neuviéme ordre s’ap- 
puyant en 14 points sur K, en deux points sur chacune des droites r,, r2 et 
én 12 points sur la courbe A. De plus, ces courbes touchent la quadrique Q 
aux deux points d’appui sur ro. 
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La transformation 6 posséde trois droites unies: la droite r2 et les droites 
l,, 1, d’équations respectives 


+ 2be Cz, 0, 2a’, 2b’» C's 0, 
2z — + = 0, 2a’, — + = 0. 


D’une maniére plus précise, si nous désignons par Q,, Qs les quadriques circon- 
scrites 4 K et passant la premiére par les droites r2,1,, la seconde par les 
droites 12,12, les génératrices de ces quadriques, bisécantes de K, infiniment 
voisines de r,, sont unies pour 6. 

La transformation 7 posséde six points unis distincts, deux sur chacune 
des droites /,, 12, r2. Mais les deux points unis situés sur cette derniére droite 
sont d’une nature particuliére. En général, les points unis d’une involution 
du second ordre de l’espace, supposés en nombre fini, sont des points unis 
parfaits, c’est a4-dire qu’é une courbe passant par un de ces points, correspond 
une courbe touchant la premiére au point considéré. Au contraire, si A est 
un des points unis situés sur la droite r., les points infiniment voisins de 4 
situés sur la quadrique fondamentale F de 0 et respectivement sur les qua- 
driques Q,, Qe sont unis pour 7’, mais aux autres points du domaine de A, 
T fait correspondre des points distincts du méme domaine. Cette particularité 
provient du fait que le point A est a la fois uni et fondamental (comme ap- 
partenant 4 la droite r.) pour T. 

On peut encore dire que l’involution engendrée par 7’ posséde huit points 
unis, mais ces points ne sont plus distincts.* 


(UNIVERSITE), 
24 OcToBRE, 1933. 


* Pour les propriétés de la transformation considérée ici, voir notre note “ Sur une 
transformation quadratique involutive,” Mathesis (1926), pp. 353-360. 


a 
ol 
ig 
j 
| 


ON A CERTAIN RATIONAL V,2"** IN Sons 
By B. C. Wone. 


The n-dimensional variety of the lowest order in a (2n-+ 1)-space Sens1 
which is not the locus of planes or of spaces of higher dimensions is a V»,?"** 
of order 2n-+ 1. One known characteristic property of this variety is that 
it has one and only one apparent double point,* that is, of its 0” secant lines 
one and only one passes through a general given point of Seni. Mr. Babbage + 
has recently made a study of this V,,?"*? and has shown that it is rational and 
is representable upon an S,, by means of the o?"*! V%,_,’s through the complete 
intersection V*,_. of two given It contains lines of which 
pass through each of its points. On it lie o* quadric varieties of n—1 
dimensions whose containing n-spaces form a V"t. Another interesting prop- 
erty is that it contains oo (m+!) (n-m) each being contained in an Semi 
and of the same nature as V,,?"*" itself for n =m. 

Now V,,?"* (or any n-dimensional variety) has very numerous character- 
istics. Projecting V,,2"*1 from a general point of Son,; upon an Son, we obtain 
for projection a >V,,?"** with one improper double point. If we project Vn?"*" 
from a general line of Sony, upon an Sen_,, the projection is a ,V»?"*" with a 
double curve upon which lie a finite number of pinch points. In general, the 
projection of from a general S; upon an contains a number 
of multiple varieties. If a multiple variety is of multiplicity s, its dimension 
is t= (s —1)k— (s—2)n. On each of these s-fold varieties are loci of 
higher multiplicities and lower dimensions and also pinch loci of lower di- 
mensions. These pinch loci may have themselves multiple loci and they have 
also intersections with the other multiple loci of the s-fold variety. The number 
of these varieties of different multiplicities is indeed enormous. As none of 
these, except the fact that V,2"*? has one apparent double point, has been men- 
tioned by Mr. Babbage in his work above referred to, we here propose to de- 
termine the orders of all the multiple varieties on the projection ,Vn2"" in Sonn. 


“There are other Vs in S,,,, with one apparent double point. The order m of 
such a V,, is such that 2n+1<m< 2"+1 if the variety is not the locus of 
(n—h)-spaces where 1 < h<n—2. The lowest possible order of a ¥, ie 
with one apparent double point is n+ 2, but in this case V,"? is the rational locus 
of %* (m—1)-spaces. There are also V,,’s which have no apparent double points, as 
for example, all the complete intersections of » + 1 2n-dimensional varieties. 

+“ A series of rational loci with one apparent double point,” Proceedings of the 
Cambridge Philosophical Society, vol. 27 (1931), pp. 399-403. 
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220 B. C. WONG. 


We shall also determine the orders of the pinch varieties on the double varieties 
only as the pinch varieties on the loci of higher multiplicities offer problems 
which require further investigation. 

Let where t = (s —1)k — (s— 2)n denote the order of the s-fold 
variety V;"* on the projection ,Vn?"** in Sonx. For s=1, b¢ = 
is the order of in or of Vy?" for n=—t. If s = 2, we have the 
double varieties V;"*“”’s for all the values of ¢ from 0 to n—1. Now let ji, 
denote the order of the pinch locus V4 lying on the double variety V;"". 
Thus, if 1, then j, means the number of pinch points on the double curve 
C»® on the projection ,Vn?" in Son,.; and if t= 2, is the order of the 
pinch curve C4 on the double surface fF” contained in the projection .V,,’" 
in Sen-2; ete. Now we proceed to the determination of b;“* and j¢-1. 

The method we employ here is a modification of the so-called method of 
symbolic representation.* We have often used this method with success for 
problems of similar nature. It consists in completely degenerating a given 
variety V,,” into vy n-spaces and symbolizing these n-spaces and their relations 
with a set of vy symbols chosen in a certain manner or representing them dia- 
grammatically with a set of v dots having certain relative positions. Every 
general type of varieties has its own symbolic representation. Without going 
into any further details of explanation, we give below the diagrammatic repre- 
sentation of the V,?"** we are studying: 


Each dot in this diagram represents an S,, of the degenerate V,2"*?. Two 
consecutive dots or dots joined by a segment as do,@, OF 4, a’; or @1,0% 
represent two S,’s in an Sy,:. Two dots separated by a third or dots through 
which pass two segments intersecting in a third dot, as do, dz or d;, @2, meal 
two S,’s in an Sn42. In general, any group of qg dots in the diagram represents 


*B. C. Wong, “On the number of apparent multiple points of varieties in hyper 
space,” Bulletin of the American Mathematical Society, vol. 36, pp. 102-106; “0% 
surfaces in spaces of four and five dimensions,” Bulletin of the American Mathematical 
Society, vol. 36, pp. 861-866; and “On certain characteristics of k-dimensional varieties 
in r-space,” Bulletin of the American Mathematical Society, vol. 38, pp. 725-730. 
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a group of g WS,’s in the degenerate V»?"** and the dimensions of the space 
containing these S,’s depends upon the manner in which the dots are chosen. 

Now consider the case n=1. The diagram consists of three symbols 
dy, a, a’; and it represents a cubic curve C* in an 8; which has degenerated 
into three lines. The line a) has a point in common with the line a, which in 
turn has a point in common with the third line a’, but a) and a’; are skew. 
We say, therefore, that C* has = 1 apparent double point. 

Now for n = 2, we have the Del Pezzo quintic surface F* in S; which has 
degenerated into five planes symbolized by do, @;, @’1, G2, @’2. The four planes 
0, @’;, do, @’2 are contained in an S4; the plane a, lies in an 93 with a, and in 
an S, with each of the two planes a’,, a. and is skew to a’>. Since from a 
general given point of S; we can construct only one line incident with two 
skew planes, we say that F* has b,‘? <1 apparent double point. Projecting 
F* from a line of S; upon an S83, we obtain for projection a quintic surface 
,F® with a double curve C»® upon which lie 6,“ triple points and j, pinch 
points. To find b,‘*’ we count the number of pairs of dots such that the dots 
of each pair are separated by a third dot. There are five such pairs. Hence, 
the order of the double curve on ,F” is b,°? = 5. To determine b,“ we notice 
that there is only one triple of symbols dp, a’;, a2 representing three non- 
concurrent planes of the degenerate F”. Hence, bo“ —1; that is, the pro- 
jection ,/” in S, has only one triple point. To find jo, we see that every pair 
of dots separated by just one other dot counts as two pinch points. For 
example, consider the two dots dp, a’, and the dot a, separating them. The 
three dots represent the three planes of a degenerate cubic surface in S,. Since 
the projection in S;, of a non-degenerate cubic surface in S, has two pinch 
points. every pair of dots separated by a third in the diagrammatic representa- 
tion of any surface accounts for two pinch points on the projection in S;. In 
the case in question, the number of such pairs is 4 and hence ,F* has j, = 
pinch points. 

Consider one more case and let n= 3. We have now a V,’ in S;. De- 
generate V,’ into 7 S,’s and represent them by the 7 dots or symbols do, a4, @’1, 
2, W's, As, a’, in the diagram. It is easy to see that V;” has only one apparent 
double point given symbolically by the pair of dots do, a’,. Thus, = 1. 
It is also easy to see that the order of the double curve C%® on the projection 
iV," in S, is b,° — 5, for there are just five pairs of dots, the dots of each 
pair being separated by at least two other dots. The number of pinch points 
on this double curve is j) = 8, for the diagram contains only four pairs of dots 
such that the dots of each pair are separated by just two other dots. 

If we project V,’ from a general plane of S; upon an S,, the projection 
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V7 has now a double surface F of order b2‘?), a triple curve C® of order 
b, and a finite number, by‘*’, of quadruple points. Upon the double surface 
lies a pinch curve C: of order j;. There are also a finite number of pinch 
points on the triple curve, but we have already excluded these and other pinch 
loci on multiple varieties of multiplicities higher than 2 from the present work, 
It is not difficult to see that 6.“ is given by the number of pairs of dots each 
separated by at least one dot and is equal to 13; that j, is given by twice the 
number of pairs each separated by just one single dot and is equal to 16. There 
are in the diagram 7 triples of non-consecutive dots, and, hence, we conclude 
that the triple curve is of order = 7%. Finally, .V;’ in S, has bo“ =1 
quadruple point given by the only quadruple of four non-consecutive dots 
Qo, Ao, O's. 

Reasoning in exactly the same manner for the determination of b;“*’ and 
jt-+, we find, remembering that b;“ = 271+ 1 and letting 0,“ —1, the fol- 
lowing results: 


t-1 


t-1-4 i=0 


ing 0 4+j=0 “1-4-§ 
— 4(2t +1) (22 +2848); 


8-h t-j 


j=0 


where 


+02+°°* + 65-11 = 8, tte tea = 


We also find that 
= 2b — 2b?) — Bi. 


The above recursion formula for b;‘* may take on various forms for 
various values of h and of o1,02,° * *,os-n41- For the purpose of calculation 
we may write 


obtained by putting h —1 and consequently o, + OF 


t 


t-1~4 
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obtained by putting h = s—1 and o, ~o, =s—o. If we now leto—1 
in this last formula, we have 


t t-1 t-1 


Finally, we may write 


We now notice a few properties of these 6’s and j’s and the corresponding 
properties of the V,?"*! in Sony. First, b¢‘* is independent of n. Thus, the 
projection 9V,,2"*! in Sn has one improper double point, that is, bo“ = 1, for 
all values of n. The double curve on the projection ,Vin?"*! in Son is always 
b,° 5 for n > 1 and the double surface on the projection 2Vin?"*! in Sen-2 
is always b.°?? = 13 for n >2. We also conclude that the curve in which 
V,2"*! is met by any general of Sens is of deficiency n — 1. 

jt-1 is also independent of n. This means that the pinch variety of dimen- 
sion t — 1 = (s —1)k — (s —2)n—1 on the t-dimensional double variety 
Vi on the projection ~Vn?"** in Sons is always j+-1 == 8t for all values of 
n> 1. 

Another interesting property is that 


—=b,; 


that is, the number of groups of s dots in the diagrammatic representation ot 
V,7"*" such that any two dots of each group are separated by at least t —1 
other dots is equal to the number of groups of ¢ dots such that any two dots 
of each group are separated by at least s—1 other dots. The corresponding 
property on V,,?"*? is that the order of the s-fold variety of dimension 
t= (s —1)k— (s—2)n on the projection ,V,?"*' is equal to that of the 
t-fold variety of dimension s on the projection of V,?"*! in a space of an 
appropriate number of dimensions. Thus, the double variety V;%° on the 
projection ,V,'* in Sy and the triple surface V.”"° on the projection ,V,1° in 
S; are of the same order b,‘?) = b,) = 25; the double variety V,;"” and the 
5-fold surface V.%° on the projection ;V,'* in S; have the same order 
b; = 5, — 61. This projection ;V,'* has a triple variety V,%° of order 
b, —129 and a quadruple variety V;° of order b;“ which is also equal 
to 129. The projection in Sn, has always (n+ 1)-fold 
point. 


Other properties may be inferred. It suffices to add that the relation 


jt-1 = 20, -— 2b 


i 

i 

i 
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hold for all varieties in general. In our case, if we let jn_, denote the rank 
of the curve in which V,,?"*' is met by a general Sn42 or the order of the locus 
of tangent lines to the projection n+Vn?"** in Sn, from a general point of S,,,, 
then jn-1 is given by twice the number of pairs of consecutive points in the 
symbolic representation of V,?"*?, that is, 


2(3n — 1). 
Thus, the rank of the twisted cubic curve in S; is 4 and the order of the tan- 


gent cone to the projection in 8; of the Del Pezzo quintic surface in S; is 10; 
etc. We have the following relations: 


2b, + Jos 
2b, + = 209 + jo + ju, 


2b — 2bo + jot jit: Ine, 
2n(2n + 1) = 2b, + jo +4; + + Jn-2 + 


which are known * to be true for all n-dimensional varieties of any order m 
in a space of any dimension r. For our V,?"** in Sony, m =r = 2n + 1, 


THE UNIVERSITY OF CALIFORNIA. 


*B. C. Wong, “On certain characteristics of k-dimensional varieties in r-space,” 
Bulletin of the American Mathematical Society, vol. 38, pp. 725-730. 
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A CHAIN OF DETERMINANT THEOREMS ARISING FROM THE 
CHARACTERIZATION OF PSEUDO r-SPHERIC (S,,) SETS.* 


By Leonarp M. BLUMENTHAL.+ 


1. Introduction. A set 8 of undefined elements is called a semi-metric 
set provided that to each two elements p, q of S there corresponds a non- 
negative real number pq such that pq = qp, while pg = 0 if and only if the 
elements p, q are identical. If two semi-metric sets S, 8’ may be mapped 
isometrically upon each other, the sets are called congruent. 

The set C of points forming the circumference of a circle of positive 
radius r evidently forms a semi-metric set if to each pair of distinct points 
is made correspond the length of the shorter arc of the circle joining them, 
while the number zero is attached to each pair of identical points. A semi- 
metric set is called d-cyclic provided the set is congruent to a subset of C, 
where dr; and a semi-metric set is pseudo d-cyclic provided the set is 
not congruent to a subset of C, though each three of its elements is congruent 
to three points of C. 

In recent papers both d-cyclic and pseudo d-cyclic sets have been char- 
acterized by the writer.[ It has been shown that pseudo d-cyclic quadruples 
are of three types, according as the quadruple contains no linear triples, 
exactly three, or four linear triples. Such quadruples are referred to as being 
of the first, second, or third kinds, respectively. 

The principal theorem characterizing pseudo d-cyclic sets containing 
more than four elements we state as follows: 


THEOREM Ig. A pseudo d-cyclic set containing more than four elements 
is equilateral, with pipj =2d/3 (i,7=1,2,---,n), ij, provided no 
four of the elements form a pseudo d-cyclic quadruple of the second kind. 


This theorem, first proved without algebraic formalism was shown in a 
tecent paper § to be equivalent to the following determinant theorem: 


THEorEM I4. If the determinant 


*Presented at the Christmas meeting of the American Mathematical Society, 
December, 1933. 

+ National Research Fellow. 

¢L. M. Blumenthal, American Journal of Mathematics, vol. 54 (1932), pp. 387-396; 
pp. 729-738. 

§ L. M. Blumenthal and G. A. Garrett, “Characterization of spherical and pseudo- 
spherical sets of points,” American Journal of Mathematics, vol. 55 (1933), pp. 619-640. 
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1 COS G10 COS G3 * * COS 


COS COS * * COS Gon 
An om 
COS COS Sno COS °° 1 


0< (1,7 1A j,n > 4, ts such that 
(i) each third-order principal minor vamishes, 

(ii) at least one fourth-order principal minor does not vamsh, 

(ili) if A(i,7,k,1) is any non-vanishing fourth-order principal minor, 
it 1s possible so to arrange the labeling of the elements of the minor that 
COS COS Oi 0. 

Then each angle contained in the determinant has the value 21/3 and 
the determinant has the value —1/2(3/2)""(n—8). 


A determinant of order n, having all the elements of its principal diagonal 
unity and the remaining elements equal to —1/2, we denote by A,(— 1/2). 
Then Theorem I, states that any determinant satisfying the hypotheses of the 
theorem is a determinant of the form A,(— 1/2). 

The hypothesis (iii), expressing the condition that no pseudo d-cyclic 
quadruple contained in the set of n points pi, po,* °°, pn for which the 
determined A, is formed* be of the second kind, though simple and natural 
when viewed geometrically, is seen to be both complicated and artificial when 
stated algebraically. This suggests that interesting conclusions might follow 
when this hypothesis is suppressed.t This indeed turns out to be the case, 
and the purpose of this paper is to present the theorem so obtained. It is a 
remarkable fact that though the suppression of this hypothesis produces a 
slight weakening of the conclusion of Theorem Ig, the exclusion of the 
hypothesis has, as we shall see, only a trivial effect upon Theorem Iy. 


2. We consider first the determinant with real elements of order five: 


1 T12 T15 
1 
where rij =Tji, Tit =1 (1,7 =1,2,---,5), and we prove the following 


theorem: 


*In the determinant A,, = radians. 
{ It is to be noted that in Theorem I, we have 0 < a, j < 1, while in what follows 
we assume 0 < <7. 
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THEOREM II's. If the symmetric determinant As, is such that (i) 
| <1 (4,7 =1,2,° 1A (ii) every third-order principal minor 
vamshes, (iil) at least one fourth-order principal minor does not vanish, then 
(a) no fourth-order principal minor vanishes, (b) the absolute value of each 
element of As outside of the principal diagonal is 1/2. 


Proof of (a). By hypothesis (i), we may write rij = cos a%jj;,0 < aij <a, 
(,7=1,2,-°-°,5),7~47. Consider now the set consisting of five ele- 
ments *°,p; and to each pair pi,pj let (1) pipj = raj, r > 0, 
147, while —0. The set py, ps evi- 
dently a semi-metric set. By hypothesis (ii) and (1) each triple of points 
contained in this set is congruent to three points of a circle of radius r, while 
by hypothesis (iii) the five points are not d-cyclic since they contain at least 
one quadruple that is not d-cyclic.* We may assume .the labeling so that the 
non-vanishing fourth-order principal minor assured by (iii) is formed for the 
points 1, P2, Ps, Ps. These four points are, then, pseudo d-cyclic. We dis- 
tinguish two cases: Case A. The quadruple is of the first or third kinds; 
Case B. The quadruple is of the second kind. 

We prove first that A; contains at least one other non-vanishing fourth- 
order principal minor. Suppose that the four remaining principal fourth-order 
minors all vanish, and let us consider Case A.+ It has been shown that in 


this case COS A102 = COS a, cos O13 = COS b, cos = COs Oia = C, 
Expanding each of the four minors we obtain, using the above relations, 


(ac— b) cos a5 + (ab —c) COS 5 + (1— <a’) cos a; == () 
(ab —c) cos a5 + (ac —b) Cos + (1—a?*) cos = 0 
(ab —c) cos + (bce —a) COs + (1— cos = 0 


(ac — b) cos + (be —a) cos a5 + (1 — c?) = 0 


The angles #15, @25, %gs5, %5 are not all +/2; in fact we get a contra- 
diction if we suppose that any two of them are equal to 7/2. Suppose that 
= G3, = 2/2, and consider ps, ps) =90, by (ii). Then must 
have the value 0 or + which is impossible. 

The equations (1) cannot then be satisfied unless the determinant of the 
coefficients vanishes. Since A(p,, p2, 0 we have either 


*That hypotheses (ii) and (iii) have this geometrical interpretation is shown in 
the paper by Blumenthal and Garrett referred to above. 

+ The treatment of this case is given in the Blumenthal and Garrett paper and is 
teproduced here for the sake of completeness. We shall refer to this paper as B-G. 
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or the angle is the sum of the other two. In either case, the vanishing of the 
determinant of the coefficients leads to 


0 SIN SIN O13 SIN 
I SiN G10 0 SiN Go3 SiN O13 
(II) SiN G13 SIN 0 SIN G12 
SIN SiN O13 SIN 0 


and evaluation of the determinant yields 


(sin + sin + sin a3) (SiN %2 + SiN — SiN 


X (sin sin + sin %3) (— sin @2 + sin + sin a3) =0, 


But it is readily shown that no one of the factors in this expression can vanish 
(since A(p;, pz, ps) =) and the desired contradiction is obtained for Case A, 

Consider now Case B. In this case we have a = COs = — COS 
b = COS %13 = — COS M24, C = COS G3 —= — COS 44. Using these relations in the 
expansion of the four fourth-order principal minors assumed to vanish, we 
find that the first equation of the new set (I’) is identical with the first 
equation of the set (1), while the last three equations of (I’) differ from the 
last three equations of (1) only in the sign of the coefficient of cos a5. Such 
a change leaves the condition (II) unaltered and the contradiction is obtained 
as in Case A. 

Thus, we have shown that the determinant A; contains at least one other 
non-vanishing fourth-order principal minor. We may assume the labeling so 
that A(p:, p2, ps, Ps), A( ps5 P25 Ps, Ps) are these minors. We show now that 
none of the three remaining principal fourth-order minors can vanish. There 
are three cases to be considered. 


CasE 1. Both quadruples p,, po, ps, ps and pi, pe, ps, ps are of the first 
or third kinds. 


This case is handled in B-G, page 626. 


CasE 2. One quadruple, say pi; po, ps ps, is of the second kind, while 
P15 D2, Ps, Ps 18 of the second or third kinds. We have then 


cos O12 = — COS = COs cos Ais == — COS = COs Gos, 
cos O14 == — COS Gos = — COS O15. 


Suppose, now, that any other fourth-order principal minor, S4J 
A( pi, P2, Ps, Ps), vanishes. We obtain 
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1 COS COS 
COS G12 1 COS Gog | = 0. 
COS G15 COS COS O45 


Applying the above relations, we have 


1 COS 12 COS O14 
COS G12 1 COS Gog | = 0. 
COS G14 COS Go4 — COS G45 


Consider the function ¢(z) defined as follows: 


1 COS G12 COS O44 
h(x) = | COS Ae 1 COS Go4 
COS G14 COS Go4 


Since A( Po, ps) one root of =0 is x—1. Since the coefficient 
of in the equation does not vanish, x — 1 is the only root of the equation. 
Hence, we must have for the vanishing of A(i1, po, p41, ps), COS %5 = —1, 
which is impossible by hypothesis (i). This method is applied to show that 
none of the remaining fourth-order principal minors can vanish. 


CasE 3. Both quadruples are of the second kind. This case is treated 
in the same manner as Case 1, and the proof of (a) is complete. 


Proof of (b). Since, from (a), none of the fourth-order principal 
minors of A; vanish, each quadruple contained in the five points pi, po,° °°, Ds 
is pseudo d-cyclic. If none of these pseudo d-cyclic quadruples is of the 
second kind, then the five points form an equilateral set with pip; = 2d/3, 
(,7=1,2,---,5),i1 7, by the theorem stated in the Introduction of this 
paper. Then cos «i; = cos pipj/r = —1/2 and (b) is proved. 

Let us determine how many pseudo d-cyclic quadruples of the second 
kind a pseudo d-cyclic quintuple can contain. It has been shown * that if 
Pi, Pi, Pky pi form a pseudo d-cyclic quadruple of the second kind then 
COS %j; — COS COS —= — COS %j1, COS cosa Using these 
relations, it is easily seen that a pseudo d-cyclic quintuple cannot contain five, 
exactly three, or exactly one pseudo d-cyclic quadruple of the second kind. 
It may, however, contain exactly four or exactly two of these quadruples. 
In the first case, however, it is not difficult to show that the labeling may 
always be so selected that 


* See B-G, p. 623. 
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(A) COS == COS O13 == COS = COS 1/2; and 
COS G23 == COS G24 == COS == COS = COS O35 COS — 1/2; 


while in the second case we can always select the labeling so that 


(B) COS O12 == COS G14 == COS G24 = COS 435 —= — 1/2, 
cos O13 == COS a5 >= cos Gos = COs Gos = cos O34 = COS Aas 1/2. 


In either case the absolute value of each element outside of the principal 
diagonal is 1/2 and the theorem is proved. 


3. The elementary operation of multiplying & rows and the corresponding 
k columns of a determinant by minus one we denote by Ky. Evidently a 
determinant A; that satisfies the hypotheses of Theorem II’, will continue 
to do so when subjected to the operation Ex, k = 5. 


THEOREM IIy. If the symmetric determinant A; is such that (i) 
[ris | <1, (4,7 =1,2,- (ii) every third order principal minor 
vamshes, (iii) at least one fourth-order principal minor doés not vanish, then 
A; may be transformed into As;(—1/2) by the operation Ex, kS 2, and 
A; = — (3/2)+. 

Proof. If the five points contain no pseudo d-cyclic quadruple of the 
second kind, then the theorem is true, by B-G, page 627, Theorem 9. From 
the proof of part (b) of Theorem II’4, we have seen that the quintuple can 
contain exactly four or exactly two pseudo d-cyclic quadruples of the second 
kind, and that in either case the labeling can be so chosen that the relations 
(A), (B), respectively, are valid. Forming A; for these two cases, we note 
that in Case A we transform A, into A;(—1/2) by applying F;, to the first 
row and first column, while in Case B we apply F2 to the third and fifth rows 
and columns. We easily compute A; to complete the proof of the theorem. 

The Theorem II’, is equivalent to the following theorem characterizing 
pseudo d-cyclic quintuples. 


THEOREM IIg. If pi, Po, Ps, Ps, Ps form a pseudo d-cyclic quintuple such 
that no two points have a distance equal to d, then pip; =2d/3 or 4/3, 
(1,7 =1,2,- - -,5),1j, and at least four of the numbers pip; equal 2d/3.* 


“Theorem II, is the geometric analogue of Theorem II’, rather than of Theorem 
II, which, indeed, has no interpretation in the geometry under consideration. The 
above makes clear, at least for the case of five points, the effect of suppressing the 
hypothesis that no four points form a pseudo d-cyclic guadruple of the second kind. 


stronger than the conclusion of Theorem II,,, the difference between Theorem I, for 


It is seen that while the conclusion of Theorem I,, (stated for five points) is somewhat alg 


A, and Theorem II, is trivial. FO 


230 
( 
t 
( 
i 
t 
p 
h 
0 
5 
se 
th 


1 


‘he 
the 


for 


A CHAIN OF DETERMINANT THEOREMS. 231 


4. We prove now by the induction * the theorem characterizing pseudo 
d-cyclic sets containing n points, n > 4, with no two points diametral (that is, 
pipi 4). 

III¢. A pseudo d-cyclic set pi, po, *, pn containing more 
than four points and having no two points diametral is such that pip; = 2d/3 
or d/3 (1,7 =1,2,---,n), 

We have proved the theorem for the case n = 5. We assume the theorem 
is true for nk, k > 4, and show that this implies the validity of the 
theorem for n =k + 1. 

Let pi, * Pk» be a pseudo d-cyclic set of +-1 points, without 
diametral points. At least one of the sets of & points contained in these 
k+1 points is pseudo d-cyclic, for otherwise since k > 4 and the circle has 
the congruence order 4, the k+ 1 points would be d-cyclic, contrary to 
hypothesis. We assume the labeling so that pe is pseudo d-cyclic. 
Since no pair of these & points is diametral, by hypothesis the k points are 
such that pip; = 2d/3 or d/3 (1,7 17. 

Evidently, the & +- 1 points must contain at least one other pseudo d-cyclic 
set of k points. For, in the contrary case it is easily seen that every quadruple 
contained in the set pi, p2,° **, px is d-cyclic since it is contained in a d-cyclic 
set of k points, and hence p,, po,* - *, px would be d-cyclic. We may suppose, 
then, that the set po, Ps,° °°, Pxs1 is pseudo d-cyclic and hence pip; = 2d/3 
or d/3 (1,7 Hence of the (1/2)k(k +1) dis- 
tances determined by the k +1 points pi, po,* Pky each is seen to 
equal 2d/3 or d/3 except the distance p:, pxs1 which does not enter into these 
two sets. 'To determine this distance, consider any triple of points, say 
fi Pos Pasig Containing this distance. Since this triple is d-cyclic, we must 
have either 


+ Po — Press ) (Pipe P2Pk+1 + (P1P2— P2Pk+1 — P1 ) 
or PiP2 + Popes. + Piper = 2d. 
Since pp. and pope., must have one of the values 24/3 or d/3, it is readily 
ven that in either of the above cases, piper —=2d/3 or d/3. Hence the 
theorem is proved. 
We are now in a position to prove the principal theorem of this paper. 


THEOREM III,. Jf the determinant of real elements 


*We prefer to make this inductive proof geometrical. It may, of course, be given 
algebraically. 

+ Of course, all of the distances p,p; cannot equal d/3. A certain minimum number 
4 of these distances must equal 2d/3; thus, when n = 5, w= 4. 
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Tne °° 1 


n> 4, rig (1,7 =1,2,° 0), is such that 
(i) | ris | <1 (1,7 = 1,2,- 1 
(ii) each third-order principal minor vanishes, 
(ili) at least one fourth-order principal minor does not vanish. 
Then An may be transformed into An(—1/2) by Ex, and hence 


An = — 1/2(3/2)"(n — 8). 


Proof. By Theorem IIIg¢ each element of A, outside of the principal 
diagonal has the absolute value 1/2, while from Theorem II4 we know that 
there exists an elementary operation J, (k’ = 2) transforming the principal 
fifth-order minor A; in the upper left-hand corner of A, into A;(—1/2). 
Suppose this done. It is then evident that the principal sixth-order minor 
4, occupying the upper left-hand corner of A, has all the elements of its last 
column (with the possible exception of 1) of the same sign. This is clear upon 
examining the third-order principal minors of A, that contain two elements 
(exclusive of 1) from the last column. The vanishing of these minors together 
with the facts that A; has been transformed into 4;(— 1/2) and the square 
of each element of A, outside of the principal diagonal equals 1/4, yields the 
desired result. Hence A, may be transformed into Ag(—1/2) by Hrs 
Repeating the above argument, we see that A,» can be transformed into 
An(— 1/2) by Ex. 

The determinant A,(— 1/2) is readily evaluated to yield 

— 1/2(3/2)"*(n—83). 


5. There is reason to believe that Theorem III, is the first link in a 
chain of theorems concerning determinants of type A, the k-th link of which 
is the following theorem: 


THEOREM. If the determinant of real elements An is of ordern >k +2 
and (i) every principal minor of order less than k + 2 is positive, (ii) every 
principal minor of order k +2 vanishes, (iii) at least one principal minor of 
order k +3 does not vanish, then A, may be transformed by the elementary 
operation Ey into a determinant with the elements of its principal diagonal 
unity and all other elements equal to —(1+k)*. Then the value of the 


n-1 
determinant is —(1 + (n—k—2). 
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CONCERNING THE GEOMETRY OF ACYCLIC SETS. 


By C. H. Harry. 


Introduction. In general, when sets of order relations are proposed for 
point collections the purpose is to construct linearly ordered arrays. One 
method of doing this is to take as undefined the concept of betweenness, where 
the condition “'The point Y lies between the points Y and Z ” is symbolized 
by the triadic expression XYZ. The problem of the present paper is to 
formulate a set of axioms for this triadic expression which will lead to sets 
which are homeomorphic with subsets of general acyclic Peano spaces.* The 
work has been divided into two parts, the first contains an analysis of the 
space in terms of the betweenness relation alone, while the second deals with a 
discussion of the connection between the limit points and this betweenness 
relation. 

Part I. 


For the purpose of analysis the following five axioms will be employed: 


Axiom 0. ABC implies that A, B and C are distinct. 

Axiom 1. ABC implies CBA. 

Axiom 2. If A, Band C are distinct, then ABC or BCA or CAB is true. 
Axiom 3. ABC together with BCA implies CAB. 


Definition. UVW means that UVW is true while VWU is false. 


Axiom 4. AXB together with either XCB or XBC implies AXC.+ 


*A Peano space is one which is the continuous image of the unit interval. A 
necessary and sufficient condition for a set to be a Peano space is that it be metric, 
self compact, connected and locally connected. Cf. Hahn, Wiener Berichte, vol. 123 
(1914), p. 2483 and Mazurkiewicz, Fundamenta Mathematica, vol. 1 (1920), p. 166. 
An acyclic Peano space is one which contains no simple closed curve. 

+ This collection differs from the assumptions used for linearly ordered arrays in 
Axiom 3. For linear sets this axiom would have to be replaced by a condition like: 

Axiom 3’. ABO implies the falsity of both BCA and CAB. 

E. V. Huntington and J. R. Kline, Transactions of the American Mathematical Society, 
Vol. 18 (1917), pp. 301-325, have listed twelve axioms which form the complete set of 
possible triadic relations among three and four points. These twelve axioms are either 
contained in or deducible from Axioms 0-2, 3’, 4. Also, in this same paper, examples 
are given which, with very slight modifications, show Axioms 0-4 to be independent. 
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properties of the cut points * of a connected space P. If a point Y separates 
two points X and Z in the space P they could be said to stand in the relations 
XYZ and ZYX and only these two. On the other hand, if no one of the three 
points X, Y and Z separates the other two they could be given all six possible 
betweenness relations. This definition satisfies Axioms 0-3 provided it is 
agreed to compare three points when and only when they are distinct. Since 
at most one of three points can separate the other two, then the relation XYZ 
will occur when and only when Y separates X and Z. To demonstrate Axiom 4 
suppose X separates A and B. Then P— YX may be expressed as the sum of 
two sets M, and M, which have no point or limit point in common and which 
contain A and B respectively. If XCB or XBC is true, then C must lie in M,, 
else CYB must hold. Hence, the point X separates A and C, i.e., AXC is true, 
Thus, all the properties deduced in Part I will be properties of the cut points 
of a connected set. In particular, cyclic chains and cyclic elements analogous 
to those of G. T. Whyburn + will be defined in terms of the betweenness rela- 
tion; and, at the end of Part I, it will be shown that the above definition 
of betweenness for connected and locally connected sets makes the cyclic chains 
and elements defined by means of betweenness identical with those of the 
Structure paper. Thus, many of the properties of these chains and elements 
which are deduced by G. T. Whyburn may be shown without the use of 
connectivity. 

Definition. By the segment AB is meant A+ B+ all points X for 
which AYB is true. Also, in speaking of a segment AB it is always assumed 
that A ~ B. 

Definition. By the cyclic chain C(AB) is meant A + B -+ all points X 
for which: 

1° AXB is true, and 2° there is no point Y giving both AYX and XYB, 
where again it is always assumed that A B. 


1. In this section properties of segments and cyclic chains will be 
deduced. The cyclic elements will be defined later. 


*The point X is said to separate or cut a connected set P between two points 4 
and B provided P— X may be expressed as the sum of two sets M, and M, neither 
of which contains a point or limit point of the other and which contain A and B 
respectively. From the fact that M, +X is a connected subset of P—B it follows 
that B does not separate P between A and X. Similarly, A does not separate P 
between B and X. 

+ “Concerning the structure of a continuous curve,” American Journal of Mathe- 
matics, vol. 50 (1928), pp. 167-194. Hereafter this paper will be referred to as the 
Structure paper. 


The choice of this particular set of axioms was influenced by the following 
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CONCERNING THE GEOMETRY OF ACYCLIC SETS. 
1.0 ABC implies CBA. 


Proof. ABC implies CBA, Axiom 1. If BAC were true, then CBA 
together with BAC would give ACB, Axiom 3. But ACB, by Axiom 1, implies 
BCA, contrary to the definition of ABC. Hence, CBA holds. 


1.01 ABC implies the falsity of CAB. 
1.02 Given AXB, then either AXB is true or both XBA and BAX 


are true. 
1.1 AB lies in C(AB). 


Proof. Suppose X e AB—A—B.* Now BXA and XYA imply BXY, 
by Axiom 4. Therefore, there is no point for which YYA and XYB could be 
true simultaneously. Hence, both conditions that X belong to C(AB) are 
fulfilled. 


1.2 If DeC(AB), then C(AB) =C(AD) + C(DB). 


Proof. The demonstration is accomplished by showing that C(AB) con- 
tains C(AD) + C(DB) and that C(AD) + C(DB) contains C(AB). Pro- 
ceeding with the proof of the former, suppose ¥ eC (AD) —A—D. It will 
first be shown that AXB is true by proving the falsity of ABX and XAB. 
Now BAX and AXD, by Axiom 4, would imply BAD, contrary to the con- 
dition that D lie in C(AB). On the other hand, YBA and BDA, by the same 
axiom, imply XBD, which, together with ABX, contradicts the fact that 
XeC(AD). Since AXB must be true the only thing which would prevent 
X from lying in C(AB) would be the existence of a point Y giving AYX 
and YYB. The existence of such a point will now be shown to be impossible. 
If Y did exist it would be distinct from D, for ADX contradicts the condition 
that X lie in C(AD). As Y, D and X are distinct, YYD or YDX or DYX 
is true. An application of Axiom 4 shows that AYX and BYX, together 
with either YX D or Y DX, imply both AYD and DYB, contrary to the fact 
that De C(AB). Thus, as both YYD and YDX are false, DYX is true. 
However, AY Y and XYD prevent X from being in C(AD). Thus, the point 
Y can not exist and X eC0(AB). By symmetry C(AB) also contains C(DB),. 

It remains to show that C(AB) lies in C(AD) + C(DB). ‘In case ABD 
is true Be AD. Thus, by 1.1, Be C(AD), so that by the above paragraph 
C(AB) lies in C(AD). A similar argument in the case of BAD will show 


*X,Y,...é€N means that X,Y,... are points of the set N. 
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either ADB is true or all six relations hold. 


Case 1. ADB. 

Suppose XeC(AB) —A—B—D. If ‘XBD were true, then YBD, 
together with BDA, would give XBA, contrary to the fact that X e C(AB). 
Since YBD is false, then either BXYD or XBD must be true. Likewise, either 
XDA or AXD is true. If both AXD and DXB were false the relations would 
be ADX and XDB, contrary to the fact that Ye C(AB). Thus, it may be 
assumed without loss that AXD is true. Hence, from the definition, if X were 
not in C(AD) there would be a point Y giving the relations AYX and YYD. 
As Xe C(AB), ABX is false, so that BAY. Now AYX and YYB imply 
that X is not in C(AB), so that XYB must be false, i.e., either YBY or BXY 
must be true. However, DY X, together with either YBX or BXY, implies, 
by Axiom 4, DYB. But ADB and DYB give ADY, and this, together with 
DYX, gives ADX, contrary to AXD. Thus, Y can not exist and XY must lie 
in C(AD). 


Case 2. ADB, DBA and BAD are all three true. 

Again assume that X is a point of C(AB) —A—B—D. In a manner 
similar to that of Case 1, it can be shown that either AXD or DXB is true. 
Assume AXD. If X is not in C(AD) there must be a point Y giving AYY 
and XYD, where again Y~B. Now XYD and either YBD or YDB imply 
XYB, which, together with AYX, contradicts the fact that X e ('(AB). 
Hence, as both YBD and YDB are false, BYD must hold, i.e., Ye DB. As 
Y lies in BD, then by 1.1 it lies in C(DB). Hence, C(YB) lies in C(DB). 
It will next be shown that X lies in C(YB). It is first necessary to show 
AYB. Now AYX and XYB would imply that X is not in C(AB). But if 
XYB is false either YXB or YBX must be true, and either one of these 
relations, together with AYX gives, by Axiom 4, AYB. Thus, as Y ¢ AB, 
Ye C(AB) and, by Case 1 above, C(AB) lies in C(AY) +C(YB). Since 
AYX prevents X from lying in C(AY), then XeC(YB). That is, 
Xe C(DB), for C(YB) lies in C(DB). The above proof of AYB gives the 
following corollaries: 

1.21 If DeC(AB) and Ye AD—D, then Ye AB. 

1.22 If Xe AB—A—B, then C(AX) -C(XB) =X. 

1.3 If A, Band C are distinct points then C(AB) lies in C(AC) 
+ C(CB). 


Proof. If ABC, BCA or CAB is true the theorem is a direct consequence 


that C(AB) =C(BA) lies in C(DB). If these two possibilities are excluded 
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of 1.1 and 1.2. If these three possibilities are excluded then all six order 
relations are true for A, B and C. It will first be shown that AXC is true for 
any point XY of C(AB) which is different from A, B and C. If ACX were 
true, then, by 1. 21, C would be a point of AB, contrary to the fact that ACB 
is excluded. On the other hand, YAO and ACB, by Axiom 4, give XAB, 
contrary to the fact that Xe C(AB). Thus, as ACY and XAC are both false, 
AXC must hold. If X is not an element of C(AC), then there exists a 
point Y such that AYX and XYC are both true. By 1.21 Ye AB, and, by 
1.2, C(AB) lies in C(AY) + C(YB). Since AYX prevents X from lying 
inC(AY), then Xe C(YB). Butif Xe C(VYB), YXB is true. By Axiom 4, 
OYX and YXB give CYB, i.e., Ye C(CB). Thus, by 1.1 and 1.2, C(YB) 
lies in C(CB). Hence, X, a point of C(YB), lies in C(CB). 


14 If X, YeC(AB), where X~AY, then either XeC(AY) or 
YeC(AX). 


Proof. By Axiom 4, YAY and AYB give XAB, contrary to the fact 
that XeC(AB). Thus, as XAY is false, either AXY or AYX is true. 
Suppose AXY. If X were not in C(AY) there would be a point P giving 
APY and XPY. By 1.3 the chain C(AB) lies in C(AP) +C(PB). As 
APY prevents Y from lying in C(AP) it lies in C(PB), i.e., PYB is true. 
But YPY and PYB give XPB, which, together with APX, contradicts the 
fact that Xe C(AB). The assumption AYX makes Y lies in C(AX). Also, 
if X, Y, A and B are not distinct the theorem is trivial. 


1.41 If X and Y are distinct points of C(AB), then XY —X—Y 
lies in AB. 


15 If X and ¥ are distinct elements of AB—A, then either AXY 
or AYX is true. 


Proof. As the theorem is trivial if A, B, XY and Y are not distinct, 
assume them to be different points. If YA.Y were true, then BYA and YAX 
would imply BY XY, while BYA and XAY would imply BXY, a contradiction. 
Since YAY is impossible, then either AXY or AYX must hold. 


1.51 If X, Y and Z are distinct points of AB—A—B, then XYZ 
or YZX or ZXY is true. 


Proof. By 1.5 either AXY or AYY is true. Assume AXYY. Likewise, 
either AZX or AXZ holds. Now YXA and XZA, by Axiom 4, give the 
desired result. Suppose, then, that the relation is AXZ. By Axiom 4, BYA 
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and YXA give BYX, while BZA and ZXA give BZX. Applying the results 
of 1.5 to the segment YB, it follows that either XYZ or XZY is true. 


2. The notion of cyclic element will now be introduced. 


Definition. Two points X and ¥Y are said to be conjugate provided there 
is no point P giving the relation XPY. 


Definition. By a cut point X of the space is meant a point X for which 
there exists two points U and V giving the relation UXV. 


Definition. By a cyclic element C(X) is meant any maximal set ('(X) 
which contains X and is such that every pair of its points are conjugate. 


21 «If XeC(AB) —AB and D(X) is the set of all points of C(AB) 
which are conjugate to X, then either X is a cut powmt of the space or 
D(X) + X is a cyclic element. 


Proof. The proof will be divided into three parts. 
1° Every two points U and V of D(X) are conjugate. 


The assumption that U and V are not conjugate entails the existence of a 
point W giving UWV. By definition U, V and X are distinct. Also, as 
We AB by 1.41, X AW. Since U is conjugate to X, UWX is false, 
either WUX or WXU is true. But, by Axiom 4, VWu, together with either 
WUX or WXU, implies VWwX, contrary to the fact that W is conjugate to U. 
Hence, U and V must be conjugate, i.e., all points of D(X) lie in the same 
cyclic element C(X). 


2° If a point Q lies in D(X) —X, then D(X) + X is a cyclic element. 


Suppose P is a point conjugate to every point of D(X) +X. The 
supposition that P-C(AB) =0 leads to the following contradiction. Either 
APB must be false or there must exist a point Y giving AYP and PYB. 
Under the assumption that APB is false it follows that either BAP or ABP 
must hold. The relation AXB follows from the fact that X e C(AB) — AB. 
But PAB and AXB give PAX, while PBA and BXA imply PBX, both of 
which contradict the fact that P and X are conjugate. Since APB is true 
and it is supposed that P does not lie in C(AB), then there is some point Y 
giving AYP and PYB. As X AQ, either X or Q, say Q, is distinct from Y. 
Also, as P is not in C(AB) and Q is, then PQ. Thus, one of the three 
PYQ, PQY or QPY must hold. Since PYQ is impossible, as P is conjugate 
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to Q, then either YQP or YPQ is true. But AYP and BYP, together with 
either YQOP or YPQ, imply AYQ and QYB, contrary to the fact that 
QeC(AB). Hence, Y does not exist and Pe C(AB). But as P is conjugate 
to X, then Pe D(X), i.e., D(X) + X is maximal. 


3° If D(X) =0 and there is a cyclic element C(X) AX, then for any 
point P of C(X) —X the relations AXP and PXB are valid. 


Just as in the proof of 2° above the relation APB must hold. Thus, as 
P-C(AB) = 0, there exists a point Y giving AYP and PYB. If the point X 
were different from the point Y, then reasoning identical with the latter part 
of 2° above would lead to the contradiction that X¥-C(AB) =0, where X 
replaces the letter Q used above. Thus, if D(X) —0 and X is not a cyclic 
element C(X) it is a cut point. 


2.2 A cyclic element has at most two points in common with any 
segment. 


Proof. ‘The theorem is a direct consequence of 1.51 and the definition 
of cyclic element. 


2.3 If a cyclic element C(X) has two distinct points U and V in 
common with a cyclic chain C(AB), then C(X) lies in C(AB). 


Proof. Assume P is a point of C(X) not in C(AB). First, APB is 
true, for either PAB or PBA, together with the fact that U and V are distinct 
points of C(AB), would contradict the condition that P be conjugate to both 
Uand V. Thus, there is a point Y giving AYP and PYB. As U and V 
are distinct points of C(AB), one of them, say U, is different from P and Y. 
Since P is conjugate to U, then UY P is false, i. e., either YUP or YPU must 
hold. But AYP and BYP, together with either YUP or YPU imply AYU 
and BYU, contrary to the fact that Ue C(AB). Hence, Pe C(AB). 


2.31 If a cyclic element has two points in common with AB it lies 


in ((AB). 


2.4 If C(X) and C(Y) are distinct cyclic elements they have at most 
one point P in common. Further, if U and V are any points of C(X) —P 
and C(Y) —P respectively, then UPV is true. 


Proof. As C(X) ~C(Y), one contains a point not in the other. Sup- 
pose Qe C(Y) —C(X). Thus, for some point R of C(X) there is a point § 
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giving QSR. As every point A of C(X) —S—R is conjugate to R, then 
ASR is false, i. e., either SAR or SRA is true. But QSR, together with either 
SAR or SRA, implies QSA. Thus, for any point U of C(X ) —S the relation 
QSU is valid. If B is any point of C(Y) —S—Q, then a similar argument 
gives either SQB or SBQ. But USQ, together with either of these, implies 
USB. Thus, for any point U of C(X) —S and any point V of C(Y) —8 
the relation USV is true. Hence, ((X) and C(Y) have either one point in 
common or no point in common according to whether or not § lies in both 
C(X) and C(Y). 


2.41 If X is not a cut point of the space it lies im one and only one 
cyclic element. 


2.42 If X and ¥ are distinct points of C(AB) — AB and X is con- 
jugate to Y, then D(X) + X=—D(Y)+Y. 


2.43 If X and Y are distinct points of C(AB) — AB and D(X) +X 
is not identical with D(Y) + Y, then there is a pownt P of AB giving XPY. 


2.44 If X and Y are points of C(AB)—AB and D(X)+% 
~ D(Y) + Y, then these sets have at most one point P in common. Further 
P must belong to AB and gwe the relation XPY. 


Definition. A segment UV is said to be the minimum segment con- 
taining a set N provided WN lies in UV but in no segment XY which is a proper 
subset of UV. 


Definition. The space M is said to have Property C provided that given 
any three distinct points A, ¥ and Y for which AX - AY —A 0 there is a 
point P lying in AX - AY —A such that AP is the minimum segment con- 
taining AX - AY. 

Although nothing has been said about the limit points of the space and 
the relation between the ordering and the limit points, it can be shown (Cf. 
Part Il) that Property C’ is not only a consequence of the assumption that 
every segment is closed and compact, but it is a definitely weaker condition. 
The next five theorems will be deduced under the assumption that the set I 
has Property C in addition to satisfying Axioms 0-4. 


2.5 If the space M has Property C, then any cyclic chain C(AB) ‘8 
identical with the set consisting of AB together with all cyclic elements having 
exactly two points in common with AB. 
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Proof. It will be shown that for any point XY of C(AB) — AB the set 
D(X) has exactly two points in common with AB. The remainder of the 
theorem will then follow from 2.1, 2.2 and 2.21. Let N(A) be the set 
AX-AB. Suppose first that N(A) =A. If X were not conjugate to A there 
would be a point P giving APX. But, by 1.51, P must then be a point of 
AB—A—B. This is impossible as V(A) =A. Hence, A is conjugate to 
X,i.e., A ¢ D(X). On the other hand, if N(A) — A= 0, then by Property C 
there is a point A’ of N(A) —A such that AA’ is the minimum segment 
containing N(A). As A’e AB and Xe C(AB) — AB, the points A’ and X 
are distinct. Any point Y giving A’YX will, by 1. 51, lie in both AX and AB, 
ie, YeN(A). But AA’X and A’YX imply AA’Y, contrary to the fact that 
Y, being a point of V(A), must lie in AA’. Hence, as such a point Y can not 
exist, the points A’ and X are conjugate, i.e, A’e D(X). Since AA’X is 
true and XeC(AB), A’AB. By symmetry either Be D(X) or there is a 
point B’ distinct from A and B which lies in both D(X) and AB. If either 
A’ or B’ fails to exist then it follows at once that the set D(X) has two and 
only two points in common with AB. If A’ and B’ both exist, then A’ ~ B’, 
for AA’X and XB’B are both true and X e C(AB). 


2.6 If M has Property C and A, B and P are any three points for which 
APB is true but P- C(AB) = 0, then there is a point Y of C(AB) such that 
C((AP) lies in C(AB) + C(YP) while for any point X of C(AB) —Y the 
relation XYP is true. 


Proof. As APB is true but P does not belong to C(AB), there is a 
point Z giving AZP and PZB. Hence, as PA: PB — PAO, Property C may 
be applied. Let Y be that point of PA - PB — P such that PY is the minimum 
segment containing PA-PB. Hither ABY or BAY, together with BYP and 
AYP, contradicts the condition APB. Hence, as both ABY and BAY are 
false, AYB must hold. If Y did not belong to C'(AB), then there would have 
to be a point W giving AWY and YWB, for AYB is true. But, by 1.41, 
W lies in both AP and PB, i.e, We AP: PB —P. However, PYA and YWA 
imply PYW. , contrary to the fact that PY must contain W. Hence, Y is a 
pint of C(AB). By 1.2, C(AP) =C(PB) lies in C(AY) +C(YP) 
and C(AY) lies in C(AB). Also, by the same theorem, ((AB) lies in 
C(AY) + C(YB). Thus, for any point XY of C(AB) —Y, the relation 


PYX follows from PY A and PYB. 


2.61 Under the same hypothesis as 2.6, the chain C(YP) has exactly 
the point Y in common with C(AB). 
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2.62 If M has Property C and A, B and P are any three distinct points 
such that P does not lie in C(AB), then there is a point Y of C(AB) for 
which C(AP) lies in C(AB) + C(YP). Further, if X eC(AB) —Y, then 
PYX is true. Finally, C(YP) has exactly the point Y in common with C(AB). 


2.7% If (Mi) is any countably infinite collection of points M; and M is 
a space having Property C, then there 1s a collection (C(XiPi)) of chains 
C(XiPi) having the following properties: 


00 oO 
1° SC(XiP;) contains M;; 
1 1 


k-1 
2° Fork > 1, C a= Xx; and 
1 
3° If r>s, X any powmt of C(X,Pr) —Xr and Y any point of 
—Xr, then XX,Y 1s true. 


Proof. Let X,—M, and P,;—M,.. Let P, be the first M; not in 
C(X,P,). Let Ps be the first M; not in C(X,P,) + C(XiP2). Continue 
in this manner. In general, having chosen P,, - -, P+, let Pn be the first M; 
which is not a point of the set C(X,P,) +---+C(XiPn1). Clearly 
2 O(A; P;) contains > Mi. Since 2.6 makes it possible to assume the 


existence of a point x, such that C(X,P,) and C(X.P.) have properties 2° 
and 3°, suppose that for n—1> 1 the points Xe,---,Xn_, have been so 
chosen that C(X,P,),- +,C(Xn+sPn+) satisfy conditions 2° and 3°. Pick 
a point X? in C(X,P,) such that P,X?X is true for every point X of 
C(X,P,) —X*. Let k, be the first i= n—1 such that P,X*Y;x, is false for 
some point Y,%, of C(Xx,P:,.) —X*. Now X? = X;, as follows. Suppose, 
on the other hand, that X? and A;, are distinct. Since X? lies in a C(XiP%) :P;) 
for which i < then by the construction of C'(Xxz,Px,) the relation P, Py 

holds. But X;%, lies in some C(Xj;P;) where 7 < ks, so from the definition 
of k, the relation P,X?X;, must be valid. Applying Axiom 4, P,,X%,X? and 
give while and X?X;x,Px, imply PnX?P;,. Thus, 
Y;, is distinct from P;, and X;,. That is, Pz,.Y¥,Xx, must be true. However, 
and imply while P»X?X;, and give 
P,,X?°Y;,,, contrary to hypothesis. Since X? and X;, are the same point, then 
2.6 may be applied to find a point X* of C(X:,P%.) — Xz, such that PAX 
is true for each point XY of C(X:,P:,) —X*. From the choice of Xz, the 

1 


“av <= 
relation 1*X;,Y holds for each point Y of 3 O(X;P;) — X;,. Thus, for each 
1 


ko 
point U of } C(X;P;) — X*, P,X*U follows from P,X*X;, and Axiom 4. 
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If ks is the first k < such that some point Yx, of C (Xx,Px,) — X* does not 
stand in the relation P»X*Y;%,, then kz > ke. Just as before, X¥* = X;,. Con- 


tinuing in this manner there will eventually be a point Y” such that P»Y"X 


n-1 n-1 
is true for every X of SC(XiPi) where DS C(XiPi). Let 


X,=X™. It follows from 1.1-1.2 that © C(XiPi) = > C(X;P;). 
1 1 
2.8 Axioms 0-2, 3’, 4 imply Property C.* 


Proof. Axiom 3’ implies UVW whenever UVW is true, so that Property 
( is trivial. 


2.9 Axioms 0-4 imply that every segment AB possesses a linear order. 


Proof. Let the symbol X « Y mean that “X precedes Y.” For distinct 
points Y and Y of AB let X « Y when: 

1° X=AorB=Y; and 2° When AXY is true. 
Thus, by 1.6, if X and Y are distinct points of AB, then X « Y or Y « X but 
not both. If X « Y and Y oZ, then X « Z as follows. If X =A orZ—B 
the theorem is true immediately, so assume X and Z to be points of 
AB—A—B. As X«Y and Yo Z, then Y also lies in AZ —A—Z., 
Now ZY A and YXA imply ZYX, while AXY and YYZ give ANZ, i.e., X Z. 


3. The notion of end point will now be introduced. 


Definition. A point P is said to be an end point of the set M provided 

there exists a collection G of points of M — P having the following properties: 
1° Z2Z’P or Z’ZP is true for any two distinct points Z and Z’ of G; and 
2° If Q is any point of M—P, then some point Z of G gives QZP. 


Definition. A cyclic element is said to be non-degenerate provided it 


consists of more than one point. 


3.1 If M has Property C, then M consists of the non-degenerate cyclic 
elements, the cut points and the end points. 


Proof. Suppose X is neither a cut point nor contained in any cyclic 
element consisting of more than one point. Let Z be any point of M— X. 
It will be shown that the set G— ZX —X has properties 1° and 2° listed 
above. Condition 1° is a consequence of 1.6. Let Q be any point of M—YX. 


Case 1. QeC(ZX). 


*Cf. footnote to p. 233. 
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As Q is not conjugate to X, for the cyclic element C(X) =X, there is 
a point P giving QPX. By 1.1 and 1. 21, the point P lies in 7X —X and 
is therefore a point Z’ of G. 


Case 2. QeM—C(ZX). 


Since ZXYQ is impossible as X is not a cut point of the space, then either 
ZQX or QZX is true. As QZX gives the desired result at once, assume QZX 
to be false. As Qe M—C(ZX), then by 1.1, QZX, QXZ and XQZ are all 
three true. Thus, from 2.6, there is a point Y lying in C(ZX) —Z—X 
which gives the relation QYZ’ for every point Z’ of ZX — Y. From Case 1 it 
follows that some point Z’ of ZX —X stands in the relation YZ’X. But 
XZ’Y and Z’YQ imply XZ’Q, so that G = ZX —X is a set satisfying con- 
ditions 1° and 2° above. Therefore, XY is an end point of the space. 


3.2 If M 1s a connected and locally connected space in which between- 
ness has been defined in terms of separating point as was done on page 234, 
then Axioms 0-4 and Property C are a consequence of the definition. 


Proof. It was seen earlier that UVW occurs when and only when V 
separates the points U and W in the set M. Thus, any segment AB consists 
of A + B-+ all points Y which separate A and Bin M. G. T. Whyburn has 
shown * that AB is closed and compact in any connected and locally connected 
set. Suppose, then, that A, B and P are any three distinct points for which 
APB, ABP and BAP are all true. Assume further that AP: AB—A¥<0. 
Let N = AP: AB and order AB in the manner of 2.9. As AB and AP are 
closed and compact sets, then WN has a last point K which lies in NV. From the 
hypothesis K is distinct from A, B and P. If X is any point giving AXP 
and AYB then ¥ lies in N. Since K is the last point of N in AB, either 
X =K or AXK is true. Thus, AK is the minimum segment containing N. 


3.3 If M is any connected and locally connected space in which between- 
ness has been defined in terms of separating point as above, then the cyclic 
chains, non-degenerate cyclic elements, cut points and end points defined by 
means of the betweenness relations are identical with those defined in the 
Structure paper. 


Proof. In the Structure paper a non-degenerate cyclic element was char- 
acterized as being a maximal set C(X) such that no two points U and V of 
C(X) are separated in M by any point. Since UXV means X separates U 


*“On the structure of connected and connected im kleinen point sets,” Trans- 
actions of the American Mathematical Society, vol. 32 (1929), no. 4, p. 927. 
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and V, then the non-degenerate cyclic elements are the same. The cyclic 
chains of the Structure paper are shown to be identical with the set AB 
together with all cyclic elements which have exactly two points in common 
with AB. Hence, by 2. 5, the cyclic chains defined by means of the between- 
ness relations are identical with those of G. T. Whyburn. The definition of 
end point in the Structure paper is the following: “The point P of a con- 
tinuum J is an end point of M provided that if N is any subcontinuum of M 
containing P, then P is not a limit point of any connected subset of M—N.” 
An equivalent definition for locally connected continua is the following: * 
P is an end point when and only when there exists a countable collection of 
open sets O; such that P is the only point common to every O;, the boundary 
of each O; is exactly one point Z;, and O; contains Oi,, + Zis for every 1. 
Since Zj,, separates Z; and P for every 1, then the definition of end point in 
terms of betweenness gives the same points as those defined by Kuratowski 
and Whyburn. 
Part II. 


In this part it will be assumed that the set M is a separable metric space. 
The number p(X, Y), which has the usual metric properties, will be used to 
denote the distance from X to Y. By the diameter 8(K) of a set K is meant 
the least upper bound of the numbers p(X, Y) for all pairs of points ¥ and Y 
of K. A set of betweenness axioms will now be formulated which will make M 
homeomorphic with a subset of an acyclic Peano space. In addition to Axioms 
0-4 it will be supposed that M has been so ordered that the following four 
axioms are also true: 


Axiom 5. If A isa limit point of a set N there is no point P such that 


APX 1s true for every point X of N different from A. 
Axiom 6. M has Property C.+ 


Axiom 7%. If (C(XiYi)) 1s a collection of cyclic chains C(XiY;) and 
Pa point such that: 
k-1 
1° For each k > 1 the set -SC(XiY¥i) is or zero, and 
1 


2° For every number e > 0 all but a finite number of the sels C(XiYi) 
have a point as close to P as e, then the numbers 8(C(XiYi)) converge to 
zero with 1/1. 


* Cf. C. Kuratowski and G. T. Whyburn, “Sur les elements cyclique et leurs ap- 
plications,” Fundamenta Mathematicae, vol. 16 (1930), p-. 307. 
+ Cf. p. 240. 
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Axiom 8. If U and V are any two points of a cyclic element C(X), 
then it is possible to send C(X) into a subset of the unit interval by a homeo- 
morphism T for which T(U) and T(V) are the ends of the interval. 


The connection between the betweenness relations and the limit points is 
given by Axiom 5. However, it is to be noted that Axiom 5 is only a necessary 
condition for a point to be a limit point of a set. 

Axiom 7 is used to prevent oscillation. For example, if the space M 
consists of the graph of y=sin1/z for 1 =z > 0 together with the origin, 
then M is connected. If betweenness is defined in M in terms of cut point 
as was done earlier, then Axioms 0-6 and 8 are true. However, such a set 
is not homeomorphic with the unit interval. It is evident that this example 
is not locally connected. Also, in the previously mentioned paper by C. Kura- 
towski and G. T. Whyburn,* it is shown for compact, connected and locally 
connected metric spaces that any collection of cyclic chains satisfying con- 
dition 1° of Axiom 7 is such that the diameters converge to zero. Thus, 
Axiom 7 stands as a substitute for the stronger property of local connectivity. 

Up to the present time no assumption has been made concerning the 
cyclic elements. Many spaces, for example, any Peano space, may be so 
ordered that Axioms 0-7 are valid while Axiom 8 might or might not be true. 
In general, the definition of betweenness in terms of cut point for connected 
sets will not lead to Axiom 8 unless the cyclic elements are all degenerate. 
However, to restrict M to a space which is homeomorphic with a subset of an 
acyclic Peano space it is necessary to restrict the cyclic elements. Axiom 8, 
which at first sight seems to assume part of the desired result, is really the 
weakest condition that can be imposed. 


4.0 Axioms 0-5 imply that the cyclic chains and cyclic elements are 
closed sets. 


Proof. The cyclic elements will be treated first. Let P be a point 
which does not lie in the cyclic element C(X). Thus, there is a point £ 
of C(X) and some point S of M such that PSR is true. If Y is any other 
point of C(X) either SYR or SRY must be true, for RSY contradicts the 
condition that R and Y be conjugate. However, PSR, together with either 
SRY or SYR, implies PSY. Thus, for any point Y of C(X) —S, the 
relation PSY holds. Hence, by Axiom 5, P is not a limit point of ((%). 
Therefore, each cyclic element is a closed set. 

Suppose next that P is not a point of the cyclic chain C(AB). Thus, 
by definition, either PAB or PBA is true or there exists a point Q giving 


* Loc. cit. 
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AQP and PQB. Since C(AB) would lie in C(AQ) + C(QB) if Q existed, 
then in any of the possibilities there would always, by Axiom 4, be a point Z 
giving PZX for every X of C(AB) —Z. Thus, by Axiom 5, C(AB) is closed. 

That each segment AB is closed does not follow from Axioms 0-5. How- 


ever, it is a consequence of Axioms 0-6, as follows. If P is a limit point of 
AB, then by Axioms 0-5 both ABP and BAP are false. Hence, APB must 
be true. By 1.1 and 1.3 the set AB lies in AP + PB, where it is assumed 
that P is distinct from A and B. As P must then be a limit point of either 
AP or PB, assume it to be a limit point of AP. Thus, AP — P ig not zero. 
Now AP —P lies in AB as follows. If X e AP —A—P the relation AXP 
is true by definition. But, by Axiom 5, for some point Y of AB the relation 
YXP is false, where Y can be chosen distinct from A, B, Pand X. But AXP 
and either XPY or XYP give AXYY, so that by 1.1 and 1.5 Xe AB. Since 
AP — P lies in AB and is different from zero, then Axiom 6 may be applied 
to find a point Z of AB: AP such that AZ contains AP—P. If Z and P 
were not the same point then XZP would be true for every point X of AP — X, 


contrary to Axiom 5. Thus, Z =P lies in AB. The following theorem can 
now be stated. 


4.1 If M satisfies Axioms 0-6, then each segment is a closed set. 

4.11 If M satisfies Axioms 0-5, then any point P of a segment AB which 
is a limit point of the segment UV, where U, V ¢ AB lies in UV. 

4.2 If M satisfies Axioms 0-5, 7, then for each AB there is a homeo- 
morphism T which sends AB into a subset of the unit interval. Further, A 
and B are transformed into the ends of the interval and T preserves the be- 


tweenness relations. 


Proof. For convenience in notation the segment will be ordered in the 
manner given in 2.9. The proof will then be stated in terms of the symbol 
“a”, The demonstration follows along lines for similar proofs, the only 
difference occurring in the following situation. A point P may not be a limit 
point of both the set of points before P and the set of points after it. In this 
case the transformation must be so defined that open spaces are left in the 
unit interval to the right and left of the transform of P. For a separable 
metric space which has been linearly ordered in such a manner that the order 
preserves the limit points there are at most a countable number of points which 
are not limit-points of both the points preceding and following them.* Hence, 
in AB there is a set G = >} P; which is everywhere dense in AB and which 

i 


* Zarankiewicz, Fundamenta Mathematicae, vol. 12 (1928), p. 119. 


ig 
) 
t 
D 
v 
T 
T 
’ 


248 Cc. H. HARRY. 


contains every point P of AB which is not a limit point of both AP and PB. 
Suppose further that P; = A and P,—8. If P, is not a limit point of P,P, 
drop from the interval (0,1) the open interval (0,1/8). If P2 is not a limit 
point of P,P, drop the open interval (1—1/8,1). Call the resulting set K, 
and define 7'(P,) as and T(P2) as Between and 
there is one and only one interval belonging to K,. Let P3, if it exists, 
correspond to the midpoint p’, of this interval. If P, is not a limit point 
of P,P; drop from K, the open interval (p’;1—1/3%, p’;'). If Ps; is not a 
limit point of P;P, drop from K, the open interval (p’x', px + 1/3°). Let 
the resulting set be K, and relable the points p,’, po", p’11 from left to right 
as p,", p2*, ps3”. Continue in this manner. In general, having chosen 
Pv,” and the set K,, consider the pairs pj" and where 
4=1,2,---+,vn—1. Suppose, for each k, that P,” is the point of G which 
corresponds to px”. Let Pm,, provided it exists, be the first Pm of G which 
is such that Pj” « Pm, and Pm, Between and p"i,, there is one 
and only one interval of Kn. If p’;” designates the midpoint of this interval, 
then let T7(Pm,) = pi". If Pm, is not a limit point of P,Pm, drop from K, 
the open interval (p’;5"7—1/(1+ n)*, pi”); and if Pm, is not a limit point 
of Pm,P. drop from K,, the open interval (p’4", p's” + 1/(1-+7)*). Do this 
for each i and let the remaining set of points of Kn be Kn,:. Label the points 
~ pi” together with the set > pi" from left to right as = a, 

The proof that 7 is a homeomorphism which preserves the order and the 
proof that 7 can be extended to the whole set AB are rather tedious. Since 
they follow the lines of similar demonstrations it has been decided for brevity 


to omit them. 


4.3 Azxioms 0-6 imply that there are at most a countable number of 
cyclic elements in any cyclic chain. 


Proof. Let the cyclic chain be C(AB). Since any two cyclic elements 
C(X) and C(X’) of C(AB) have at most one point in common if they are 
distinct, then the supposition that there are an uncountable number of cyclic 
elements in C(AB) implies the existence of an uncountable set G which lies 
in C(AB) — AB and is such that distinct points X and X’ of G lie in cyclic 
elements C'(X) and C(X’) which are distinct. By 2.5 each of these cyclic 
elements has exactly two points U and V in common with AB. Suppose U 
and V are so named that U « V. It is well known that any infinite subset 
of a linearly ordered array contains an infinite set which is monotonic with 
respect to this order. Since no three cyclic elements can have a point in 


cot 
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common, then for any infinite subset H of G there is an infinite subset Hy of 
H having the following property: 

If X and X”’ are any distinct points of H, and U and U’ the corresponding 
points then either U always precedes U’ or U’ always precedes U. 


In particular, since M is separable, some point X* of G must be a limit point 
of a subset H of G. Without loss it may be assumed that it is possible to 


co co 
choose the set H, such that Hp) = > X; and the corresponding set > U; has 


the property that U; « Ui,,. As U; “Vj, then UiVi Vista Vistar is at most 
Vistr if As C(Xx) lies in C(UxzVi), then it follows from the 
definition of the symbol “ « ” that the collection of chains C(U;V;) not only 
contains the set H, but satisfies the conditions of Axiom 7%. Hence, their 
diameters converge to zero. Thus, X* is a limit point of AB. By 4.0, X* 
must then be a point of AB, contrary to the fact that X* lies in C(AB) — AB. 
Hence, the collection of cyclic elements belonging to C(AB) is countable. 
This same theorem may be proved by means of Axioms 0-5, 7 and the as- 
sumption that the segments AB are closed. However, the demonstration is 
much longer than the above. Using this theorem together with Axiom 8 
it is possible to state the following: 


4.4 Axioms 0-8 imply that any C(AB) may be sent into a subset of the 
unit interval by a homeomorphism 8 which sends A and B into the end points, 
preserves the order of AB and is’such that the relation 8(X)S(Y)S(Z) on | 
the interval implies XYZ. 


Proof. Let X be any point of C(AB) — AB and let the elements C'(X) 
have the points U and V in common with AB. As UV =U + VJ, then the 
transformation 7’ of 4.2 was such that no point W of AB was transformed 
by 7' into a point T7(W) lying between T(U) and T(V). By 4.3 the cyclic 
elements C of C(AB) may be labeled C;, C2,- - -. Let U; and V; denote the 
points which C; has in common with AB. By Axiom 8 there is a homeo- 
morphism 7; sending C; into a subset of (7'(Ui), T(Vi)) in such a manner 
that T(U;) = and T(Vi) =Ti(Vi). Thus, the transformation 
defined as follows: 


S(P) =T(P) if Pe AB and S(P) =T,(P) if Pei, 


gives a 1 — 1 correspondence between C'(AB) and a subset of the unit interval. 
That § is a homeomorphism with the desired properties follows from 4.0 and 
Axiom 7. Again, this theorem may be demonstrated by means of Axioms 
0-5, 7 provided it is assumed that AB is closed. 
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The following theorem on the approximation of the space by means of 
cyclic chains is a direct consequence of 2.7% and the condition that M be 


separable. 


4.5 Axioms 0-% imply the existence of a collection of cyclic chains 
=C(XiP;) for which 
1° X,eX,P;; 2° Every point of M is a point or limit point of the set 


k-1 
DR; and 3° Ry: Ry = Xx. 
4 1 


This theorem is analogous to the one announced in the previously men- 
tioned paper by C. Kuratowski and G. T. Whyburn.* Such an approximation 
of the space will be used in constructing a homeomorphism between M and a 
subset of an acyclic Peano space, the method being to send the sets Rf; into 
subsets of appropriate arcs in the acyclic Peano space. 


5. A universal acyclic Peano space is such that every acyclic Peano space 
is homeomorphic with a subset of it. If (¢;) is an infinite collection of arcs 
t; of an acyclic space, where ¢;- ¢; is a fixed point 2, 1, then z is called an 
infinite branch point of the space. T. Wazewski has shown ¢ that an acyclic 
Peano space will be a universal acyclic space P provided that on each are 
of P there is an everywhere dense subset of points which are infinite branch 
points of P. In fact, such an acyclic space has been shown to exist in the 
plane. Such a universal space will be employed in the demonstration of the 


following theorem. 


5.1 If M is a separable metric space the points of which have been so 
ordered that Axioms 0-8 are valid, then M is homeomorphic with a subset 


of an acyclic Peano space. 


Proof. Choose in M a collection of cyclic chains R; having the properties 
announced in 4.5. Let P, be any universal acyclic Peano space and 2, and p; 
any two infinite branch points of P>. Let 7; be the arc from p, to 2 and 
F, the set of infinite branch points which lie on 7;. Let 7; be the following 
homeomorphism : 

1° 7, sends the set R, —C(X,P,) into r, in such a manner that 
T,(X,) =z, and T;(P;) = pi; and 

2° T, transforms R,- Ri, where i ~ 1, into a point of F;. Theorem 4.4 


* Loc. cit. 
+ Annales Société Polonaise Mathematicae Cracovie, vol. 2 (1923), p. 49; also, 


see Menger, Fundamenta Mathematicae, vol. 10, p. 108 and Gehman, Transactions of 
the American Mathematical Society, vol. 29 (1927), no. 3, p. 553. 
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gives a transformation 7, satisfying condition 1°, while a theorem due to 
Fréchet and Urysohn * states that 7’), may be deformed into a transformation 
T, satisfying both 1° and 2°. Suppose that 7,(X.) =a. Since az. is an 
infinite branch point it is possible to find an arc 2p’, having just a2 in common 
with r;. Choose on this arc a point p. different from x, which is an infinite 
branch point and let r. be the are from 2, to ps. If the set of infinite branch 
points lying on r, is then let be a homeomorphism sending R, = C(X. 2P 2) 
into a subset of in such a manner that =a, T'2(P2) = and 
T,(k.-R;) is a point of F, for each i542. Continue in this manner. In 
general, having chosen and the arcs in such a 


k-1 
manner that > ri let Rn be the cyclic chain O(XnPn). Now Xn 


may lie in more than one of the sets Ri, where n >7%. However, if it is 
assumed that the collection (R;,) was constructed as was done in the proof 
of 2.7% (Part I), it follows that if X, lies in R; and Rj, n > 71> j, the points 
Xn, X; and X; are identical. Hence, for every i for which 7;(Xn) has a 


n-1 
meaning the point 7';(Xn) =n is the same. Thus, as X» lies in > R, there 
1 


is some point z, to which X,, corresponds, and only one such point. Let p’» 
-1 
be a point for which the arc 2np’n has just the point z, in common with Sy Yj. 
1 
On this arc choose an infinite branch point p, different from x, and let rn be 
the arc from 2» to pn. If Fn is the set of infinite branch points lying on rp, 
then let ZT, be a homeomorphism which sends R, into a subset of 7, in such 
a manner that T,(Xn) Tn(Pn) = pn, and Tn(Rn+ Ri) is a point of Fn, 
where i n. 
For a point X of > R; define T(X) as Tn(X) if Xe Rn. It follows at 


once that 7 is a 1—1 correspondence. In order to extend T to the limit 


points of >) 2; which do not lie in } Ry use has been made of the following 
i 
statement : 


For each point Z of M— > FR; there is one and only one collection (R:z,) 
i 
of sets R; such that: 1° 4, =1; 2° 4 2i; 3° R:, and R;, have no point in 
common if |i—j|>1; 4° Rr, and R:,,, have exactly the point X;,,, in 
common; and 5° Z is a sequential limit point of } X:,. Thus, from the 
construction of 7 the corresponding arcs r+, would have properties 1°-4°. 
As the space P, is compact and locally connected, then there is one and only 
one point z which is a limit point of Sr, Since the space is acyclic the 
i 


*M. Fréchet, Mathematische Annalen, vol. 68 (1910), p. 159 and P. Urysohn, 
Fundamenta Mathematicae, vol. 7 (1925), p. 83. 
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point z does not lie in }r:,. If 7'(Z) is defined as z, then the extended trans- 


formation will also be a 1—1 correspondence. However, the proof of the 
above statement about (R;,) and the proof that the extended transformation 
is a homeomorphism are both long and detailed. Since they follow along 
lines for similar proofs it has been decided to omit them in order to conserve 
space. A demonstration analogous to the one needed can be found in a paper 
by G. T. Whyburn entitled “ On the set of all cut points of a continuous curve.” * 


6. The converse question on the types of subset of an acyclic Peano space 
which can be so ordered that Axioms 0-8 are valid will be treated next. 


Definition. A subset M of an acyclic Peano space is said to have Property 
C’ provided that for any three distinct points a, b and x of M for which the 
arcs ab and az contain a point of M different from a, there is a point p of M 
which lies on ab-az and is such that ap is the smallest arc containing the 
set ab-ax- M. 

In particular, it can be shown that any closed subset M has Property C’. 
Also, if the points of the acyclic space are ordered in terms of cut point and 
the points of the subset M given the same order relations as they have in the 
whole space, then it can be shown that Property C’ implies Property (0 
announced earlier. 

Suppose then that M is a subset of an acyclic Peano space P in which 
betweenness has been defined in terms of cut point. If X and Y are any two 
points of M which are not separated in P by any point of M, then from the 
definition of betweenness they lie in the same cyclic element. Let XY be the 
arc from X to Y and Z any point which is conjugate to both X and Y. Thus, 
there is a point W such that the arc WZ has just the point W in common with 
XY — X—Y. If, for each point Z of the cyclic element C(X) containing X 
and Y such an arc WZ is chosen, then the set H(XY) =XY together with 
the arcs WZ will be an acyclic Peano space in which the end points are the 
points of C(X). The theorem that the end points of such a space are totally 
disconnected may then be applied. Thus, by the Fréchet-Urysohn theorem 
mentioned earlier, each C'(X) satisfies Axiom 8. 

A set G(AB) consisting of the arc AB together with arcs WX having 
just the point W in common with AB— A—B and just the point X in 
common with the cyclic chain C(AB) may be formed for each C(AB). Fur- 
ther, it may be shown that G(AB)-G(UV) lies in C(AB)-C(UV) if 
C(AB)-C(UV) consists of at most one point. Thus, any collection of cyclic 


* Fundamenta Mathematicae, vol. 14 (1930), p. 185. 
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chains satisfying the conditions of Axiom 7 must satisfy the conclusion, for 
P is compact and locally connected. 

It was seen earlier that the definition of betweenness in terms of cut point 
satisfies Axioms 0-5 if the space P is locally connected. It is now possible to 
state the following theorem: 


6.1. If P is an acyclic Peano space and M any subset of P which has 
Property C’, then the points of M may be so ordered that Axioms 0-8 are valid. 


Up to the present time it has not been shown that Axioms 0-8 make the 
transform of M have Property C’. However, it would appear that this is so. 


Conclusion. It can be shown that the set of all cut points of a Peano 
space may be so ordered that Axioms 0-8 are true. It is only necessary to 
order the points of the Peano space in terms of cut point as was done earlier. 
Thus, the following theorem, due to G. T. Whyburn,* is a consequence of 
Part II: 


The set of cut points of any Peano space is homeomorphic with a subset 
of an acyclic Peano space. 


Also, if Axiom 6 is replaced by the stronger 
Aziom 6’. If A, B and C are distinct then AB: BC: 


it will follow that Axiom 8 is trivial. For if ABC is true and ABC false, then 
by Axiom 6’ there is a point Z giving AZB, BZC and CZA. Thus, any cyclic 
element consists of at most two points. Also, each cyclic chain C(AB) con- 
sists of just the segment AB. Hence, Axioms 0-5, 6’, 7 imply that M is 
homeomorphic with a subset of a Peano space which is acyclic. In a paper 
which follows the present one an arbitrary collection N is considered the 
points of which are so ordered that Axioms 0-4, 6’ are true. In addition to 
these restrictions is imposed the condition that any collection of segments 
such that any two of them have at most an end point in common is countable. 
With these conditions it is shown that a metric may be so defined for N that 
it is separable. Further, Axioms & and 7 are a consequence of the definition. 
Hence, such a set N may be transformed into a subset of an acyclic Peano 
space. 


THE JOHNS HOPKINS UNIVERSITY. 


* Fundamenta Mathematicae, vol. 14 (1930), p. 185. 


0 
"9 
} 
y 
g 
n 

if 
Cc 


NOTE ON THE COOLING OF A RADIOACTIVE SPHERE. 


By Arnotp N. Lowan. 


In a previous paper * the cooling of a radioactive sphere has been investi- 
gated in the special case where the initial temperature distribution is a function 
of r only. The object of the present paper is to apply the method of the 
previous paper to the case of any arbitrary initial temperature distribution. 

The temperature 7'(r, 6, ; ¢) must satisfy the following differential equa- 
tion, initial and boundary conditions: 


(1) (0/0t) T(r, 6,651) —kAT (1, 6,631) = t>0, 


(2) Lim 6,6; ¢) =f(7, 6, ¢), 
t-0 
(3) (0/dr)T (r, 6,6; =0, r=0, 
(4) (0/dr) T(r, 6, ; t) + oT (r, 6, t) = oF (t), r= 4a, 


where k = ratio between the thermal conductivity K and the product of the 
density § and the specific heat y; o« = coefficient of heat transfer by radiation 
at the surface of the sphere into the medium at temperature F(t) and 
(1, 8,6; ¢) = (1/78) X heat generated per unit time per unit volume. It will 
be convenient to make the substitution 


(5) 6,65 t) — (1+ — %ar? + 19) F(t) + u(r, 6, $51). 
The function u(r, 0,¢;¢) must then satisfy the system 


(6) du/at —kAu—$(r, 6,631) — (1+ — Soar? + 19) (0/08) F(t) 
6k (2r — a) F(t) =y(r, 9, p;t), (say) 
(7) Lim u(r, 6, $; t) 


=f(r, 6, (1 Yas — Sar? + r)F(0) g(r, 6, (say) 
(8) (0/dr) u(r, 6, t) = 0, r=0, 


(9) (d/ar)u(r, 0,45 t) + r—a. 


* “On the cooling of a radioactive sphere,” Physics Review, November 1, 1933. This 
paper will be referred to as A. N. L. 
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The system (6) to (9) is formally analogous to the system (1) to (4), 
and defines the temperature history in a radioactive sphere (the function y 
playing. the réle of the function ¢), radiating into a medium at 0°. Let 


(10) 6 u(r, 8,4, t)dt— 6,654), 


(11) 8,851) }— fe 8 = Q(1, 8, 45a), 


where we assume the convergence of the integrals. If we operate on (6), (8) 
and (9) by the operator Z and make use of the identity (see A. N. L.) 


(12) L{(d/dt)u(r, 0, t)} =AL{u(r, 6, t) —u(r, 0, 6; 0)} 
Ay (7; 6, 6, 


the function y(r, 6,¢;A) must satisfy the system 


(13) kAy — dy = — 8,6) —Q(1, 8,634), 
(14) dy/dr = 0, r= 0, 
(15) dy/dr +- cy = 0, r= ad. 


The general solution of (13) to (15) may be written in the form 
(16) 


where dr = 1”? sin #'di’d@’d¢’ and the integration is carried out over the volume 
0 of the sphere. Further, G is the Green function of the problem defined in 
the usual manner as the solution of the differential equation 


(17) kAG — AG = — 9, 


satisfying the given boundary conditions, the function ¢.(r,0,¢) satisfying 
the condition 


(18) Lim ff fo 0’, 1, 


where w is a little sphere of radius p with the center at the point (7’, @, ¢’). 
From (16) we obtain in a purely formal manner 


(19) u(r, t) f fa, L*{G(r, 6, 6317, }dr 
2 


+f Q(1", 6, A) }dr, 
2 
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where L- is the inverse Laplace operator. Let us put 

(20) ING (1, 6, 631°, 8, 6,657, 0, t). 
Further, from (11) it follows 

(11’) (1, 8, A)} = (1, 6, t). 

It is then known (see A. N. L.) 


In view of (20) and (21), our solution (19) may formally be written 


(22) — f g (17, 8, $") T(r, 8, 6317, t)dr 
Q 


+ fff de 850) 6,457, 0, 65 t— 
2 


If we assume the validity of the bilinear expansion formula, we have 


Ym, ni (1, 6, Ym,ni (Ts ¢’) 
(23) G 2A kr? n, i + A 
where the A»,;’s are the characteristic values corresponding to the homogeneous 
differential equation 


(24) Ay + A*y =0 


in conjunction with the given boundary conditions, and the y’s are the corre- 
sponding normalized characteristic functions. As is well known, we have * 


(25) Ymn = N (m,n) B(r)P(u) me, 


where 
R(r) P(w) = (1 Pa(v) 


and, in addition, » = cos 0, n is a positive integer, m —0,1,2,3-- -n, and 
P,, is a zonal harmonic. 
The function (25) is finite for r= 0, satisfies (8), and will satisfy the 


*H. Carslaw, The Conduction of Heat (1921), p. 143. 
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boundary condition (9), provided the An,4’s are the roots of the transcendental 
equation 


(26) (o +- (ar) 0, 
where = { (0/02) 
Furthermore, V(m,n) is the normalizing factor defined by * 
1 4, 
N(m, n) (2n +1) (n— m) ! } 
(28) N(0, n) = on 1 {J n+1/2(@A) } 


With this significance of the symbols N(m,n), R(r) and P(u), (23) becomes 


cos mg: R(1’) P(u’) cos mg’ 


© & {N(m,n)}? R(r)P(u) sin sin mp’ 
= 2, 2, $A 


Since we evidently have 


it -\t dt 1 
(29) f tt. @ 


it follows at once that 


T(r, 6,631", 0, 6’; t) 


(30) -> > n) }? R(r) cos R(1’) P(p’) cos me’ 


In view of (30) our solution (22) finally becomes 


u(r, 0, 4,t) => {N(m, R(r) cos md 


4=0 m=0 n=0 


f (f 8, 6’) R(1’) P(p’) cos m¢’dr 
0 
+3 n)} R(r) sin mg 


i=0 m=0 n=0 


SS sin m¢’dr 


*H. Carslaw, The Conduction of Heat (1921), p. 143. 


(23’) 
e- > > (v(m, n) }? R(r) sin R(1’)P(p’) sin mg’, 
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CO 


(31) 43 n)}? B(r)P(u) cos me 


4=0 m=0 n=0 


2 


+ > > n)}? R(r)P(p) sin me 


2 


The solution of our problem is thus given by (5), where u(r, 0, $, ¢) is given 
by (31). 

If, as is obvious from physical considerations, we may assume the bounded- 
ness of the functions f(r, 0,¢), F(t) and $(r, 0, $, t), it may be easily shown 
that the triple sums in (31) are convergent, and that the derivatives appearing 
in our differential equations may be obtained by termwise differentiation of the 
triple sums. 

It can then further be shown that the function T(r, 0,¢, 71), defined by 
(5) and (31), satisfies the conditions (1) to (4), and thus actually repre- 
sents the complete solution of our problem. 
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OPTICAL PATHS IN THE IONOSPHERE. 


By F. H. Murray. 


The analysis of optical paths in isotropic media has been developed by 
several writers to a first approximation,* for constant permeability but variable 
dielectric constant, and Gans has considered also the second approximation in 
certain cases. An extension of this analysis is required in the calculation of 
the approximate path of a short wave beam in the ionized region above the 
earth, under the influence of the earth’s magnetic field which makes the 
medium doubly refracting, and the development of this analysis is the chief 
object of the present paper. MHartree’s form + of the matrix defining the 
electric displacement vector D in terms of the electric field # is assumed, for 
a field possessing a time-factor e°t; the further assumption # = Fe-‘*S gives 
a partial differential equation of the first order and fourth degree for S, which 
can be considered the equation of Jacobi for a system of differential equations 
in the Hamiltonian form. If S is known, an assumed asymptotic expansion 
P= leads to a differential equation for each 
Gm Whose solution can be written down. The construction of / is similar to 
the method of Birkhoff { for the asymptotic expansion of a solution of 
Schrodinger’s equation; but the necessity of constructing a vector function 
requires an analysis similar to that of Hadamard for the discussion of the 
characteristic surfaces of a system of partial differential equations.§ A first 
result is that the trajectories of the Hamiltonian equations are tangent to the 
Poynting vector of energy flow in the first approximation, if the absorption 
is negligible. 

The trajectories of interest are those for which the Hamiltonian function 
H vanishes; in the present problem H can be written H = H,H2H;H,, and 
each factor may be considered a new Hamiltonian function. Hence the method 
of successive approximations can be applied to each wave form independently 


* A. Sommerfeld and J. Runge, Annalen der Physik, ser. 4, vol. 35 (1911), p. 277; 
R. Gans, Annalen der Physik, ser. 4, vol. 47 (1915), p. 709; K. Férsterling, Physikal- 
ische Zeitschrift, vol. 14 (1913), p. 265. 

7+ D. R. Hartree, Proceedings of the Cambridge Philosophical Society, vol. 27 (1931), 
p. 143; also E. V. Appleton, Proceedings of the Physical Society (London), vol. 37 
(1925), 16D, and S. Goldstein, Proceedings of the Royal Society, A, vol. 121 (1928), 
p. 260. 

t Proceedings of the National Academy of Sciences, March (1933). 
§ Legons sur la propagation des ondes (1903), pp. 276-280. 
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of the others; and no splitting up of a plane wave occurs on entering the 
ionized region if this wave is suitably polarized at the transmitter close to the 
earth’s surface. Hence to the extent that the present approximate analysis is 
valid, it would be possible, with a sufficiently concentrated short wave beam, 
to transmit just one wave form to a distant receiver; possible advantages are 
indicated by formulae for transmission along the magnetic field, in which case 
the absorption for one wave form may be much larger than that for the other, 
if both paths lie in regions of high electron density over a considerable 
distance. 


1. In the field of a plane wave of frequency v, each ion in the ionized 
region describes a trajectory, calculated from the acting field [ LE” =(U — Bo) “L 
in Hartree’s notaation] and these trajectories produce a dipole moment 

dM — (1/41) dy dil, — dMe “ter =e 
If the ionic density is constant, and the impressed magnetic field #? is uniform, 
the field equations are, 
where « is a three-rowed matrix defined as follows. Let 
(1.2) ko? = 4aNe?/me?, kn =—e| H°|/me?, Z=1—ik/k, 


N being the number of free ions per cubic centimeter, e the charge on the ion 
in e.s.u., m its mass, and ck, the number of collisions of the ion per second. 
Then if 


+ Bk2/k?), 6 | H°| (Z + Bko?/k*)], 
w=—u/(1—v?) 


Hartree’s matrix is: 


1—w(1—v,_?) wr, — — — 
(1.3) e==|| 1+w(1—v,?) wo, 
WVy — — Wz — WYyvz 1 + w(1— 


The equations (1.1) will be assumed valid in the ionized region where 
the parameters u, v, w change only by very small fractions of their values 
within a wave-length. An approximate solutica of the field equations (1.1) 
may be constructed with the aid of a function § determined as follows. The 
equation 
(1. 4) k?D = grad div # — AE 
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is a consequence of (1.1); if EB = Fe-8 three equations result from (1. 4) 
of which the first is, 


(1. 5) = 9,7) — itkLie(p, 9,17) + Low, 


if p—d0S/éz, L,—grad div F—AP, 
i= (p,9,7), VP =p + 


and Lee being defined by 


Log = —gp —ar 
—rp —rq 


= F,0p/dx + Fpp/dy + F.Ap/dz + p div + goF,/dx + rdF./dx 
— F,(0p/0x + 0q/dy + Or/0z) — 2(poF./dx + + rdF 2/02). 


If K is the matrix « — Lz, (1.5) can be written 
(1.6) KP =— + kL, 


and a first approximate solution for large & results from KF =0. This equa- 
tion is simplified if the ¥ — Z plane is chosen to be that defined by the vectors 
nand H°; then if 


p=nsin r=ncos 6, =1—u, b?=[(1+ 
(1. 7) 
Vt = Ve COS — vz SiN 8, Vn = Vz Sin + vz cos 8, 


and the determinant K of the linear equations KF — 0 is equated to zero, the 
index of refraction n satisfies 


n*[1 — won?/(1 + w) — n?[a? + b? — won?/(1 + w)] + = 0. 
The solutions, after some reductions, can be written 
(1.8) n? —1 = — u/{1 — 077/20? [vn? + 4}. 
For an arbitrary codrdinate system, 


Un = (pe + + r02)/n, 
v? = + vy? + ve? — 


The vector F is defined, except for a constant factor, by 


F, F, 
av, +n? sin dv, (1+ w)(n?—a?) —a*v, + n* cos Or; 
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2. If K(p, 4,7, 2, y, 2) is the determinant of the matrix K, as above, 
this determinant is zero everywhere if the function § satisfies the partial dif- 
ferential equation K = 0, with 


(2. 1) p=O0S/dr, 

The characteristics of this partial differential equation are in the Hamiltonian 
form 

(2.2) dz/dt = 0K /dp, dy/dt = 0K /0q, dz/dt = 0K /dr, 


The classical construction of a solution S of Jacobi’s equation K —0 in the 


form 


S= pdx +- qdy rdz 


(7,4, 2°) 


by means of integrals of (2. 2) will be assumed, with the condition K = 0. A 
solution of (1.6) will be assumed to have the form 


from which there results the set of equations 


(2. 3) —~ iL (Ps) + m= 2, 
Kr, =0, KP, —iL,(F). 


Since the determinant of K vanishes, the right-hand members must satisfy a 
condition 


(2.4) + Lo(Fm-2) Jo 
+ Co[— tL; + Lo (F'm-2) 1D; (F'm-1) Lo(Fm-2) Je 


in which (¢,, C2, ¢s) is a solution of the equations adjoint to KF =0. Also, 


if F° is a solution of KF —0 arbitrarily chosen, G a scalar function to be 
determined. This is a linear partial differential equation for G which can be 
written in either of two ways if Z 1 in (1.2) corresponding to negligible 
absorption; in this case the matrix K is Hermitian, and a possible choice for 
the c’s is: c, F,°, co = F,°, = F,°. Let 


dz/dn=p/n, dy/dn=q/n, dz/dn=r/n. 


Then from the definition of Z,, the equation for G becomes, 
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(2.5) [Fe(Fa) + —2p | F |?]0G/ox 

+ + (PA) —2q | 

+ + — 2r | F 

+ G[F + (FA) div F —| F |? AS — 2#ndP’/dn] =0. 
From # = Fe-#S and the field equations, in the first approximation the con- 
jugate imaginary of H is H = [f, F] eS; hence 

—2R[B, Pak) + — 20 | 

a numerical constant times the Poynting energy vector (c/4r)R[B, H]. Let 


de/ds dy/ds—RB, Hy, dz/ds — RB, He. 
Then 


—2dG/ds-+mG—=0, lgG=— (1/2) més. 
80 


Another form for the differential equation for G will be derived, from 
which it follows that the integral for G is along a trajectory of (2.2). From 
the definition of Lp, 


Dog = (9? + 17) Fo — p(qFy + 
Doy = (1? + p?) Fy — q( pF + 
Loz = (p? + Fe —1(pF + qFy). 


The substitution # = GF° in L,, with the assumption that F° is a function of 
(z, y, 2) alone, gives the equations 


Lie = — [ + + 04/02] 
= GLy,(F°) — [ + + 
Lis = GLy.(F°) — [ + (OL22/0q)0G/dy + (OL22/dr) 


If K = || ki; ||, and Kj; is the co-factor of ki; in the determinant K, any two 
rows of the matrix 

Ki Kis 

Ka Keg Kes 

K 32 
are proportional, from which 


| K = K,;Ko, ete. 
Now 


= (0/0p) {Lex — + 7°) +(€2+ pq) +(€3 + pr) F.°} 
= C[ K.2,0k,;/0p + Ko20k12/0p + Ke30k13/0p | 
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if 
F,° = F,° = CK2, Fo = CKos C—C(zg, z). 
Let 
CK yp, Co = CK => OK ss. 


The equation for G becomes 


+ K 320k 32/0p + 
CCK 22 -f- K2,0k2,/0p K220k22/0p K2:0k23/0p 0G/dx 
+ K3:0k31/0p + K 00k32/0p + 


= 
Hence the equation 


0 + Coliyy(F°) + 
+ (0K /0p)0G/dx + (0K /0q)0G/dy + (0K /ar)aG/az] 


which is identical with (2.5) if the absorption is zero; from a comparison 
with (2.2) it is seen that in any case this differential equation can be in- 
tegrated along the trajectories of these equations. 

The functions F,° = CK,,, etc., contain some of the variables p, q, r 
explicitly ; these must be expressed as functions of 2, y, z with the aid of 
Jacobi’s function 8 before G can be constructed by the preceding method. 

If the function G is known, let F, = GF° ; then P, can be determined 
from (2.3) except for an additive term G,F° where F° is any solution of 
KF —0. With the substitution 7, — F,° + G,F° the equations (2.3) can be 
solved for F, only if the right-hand member satisfies (2.4), which gives a 
differential equation for G, similar to that for G; G, being determined, PF, is 
known except for an additive term @,F”, and the equation for F, can be 
solved if G, is determined from (2.4), and so on. The resulting expansion 


is of the form : 
*). 


3. If the determinant K can be factored, let K = K,K2: + +Km; the 
condition K —0 requires that some factor vanish; if this is K,, equations 
(2.2) become 


(3.1) da/dt = (K/K,)0K,/op,: - dp/dt =—(K/K,)0K,/0dz, K, = 9, 
or replacing dt by (K/K,) dt, 
dz/dt = 0K,/dp, dp/dt = — 0K,/dz,-- - K,=0, 


and a corresponding function S, is determined by the preceding analysis 
applied to this special system. 
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From the first section, except for a neglible factor, 


K = (1 — yon?)— n? (a? + — yon?) y= w(1 + w) 
Un = (pve + qty + (p? + g? + 


If the parameters u, v, w are functions of z alone, 0K /dér = 0K /dy = 0, and 


from (2.2) p and gq are constants. Let 
A=p’?+ q’, B= pre + 
The equation in 7 becomes, 


(1 — yv.*)— 2yBozr* + [24 — a? — — yB? + yv,?(1— A) ] 
+ 2Byv.(1— A)r +(A — a?) (A — b?)+ yB?(1— A)=0. 


If r = R; are the roots, 
K =(1— yvz”) (r— (r — (r — (r — Ba) 
and the 4 systems of trajectories result: 


dz/dt = — 0R;/dp, dy/dt = — 0R;/0q, dz/dt = 1, 
dr/dt = 0K;/0z2; p=const., g=—const., r= Ry. 
from which 


b— —— y—yo = — (ORs/04) de 


The wave normal is vertical if p= q = A = B =0;; but the trajectory is verti- 
cal only if 0R;/dp = 0R,/dq =0 when p, q are set equal to zero, a condition 
satisfied over the magnetic poles where vz = vy = 0, also if v; =0 since Rj 


becomes a function of A, B?. 


A trajectory is parallel to the XY plane if dz = 0, hence 0K /dr = 0, and 
2 roots #; are equal; if this condition is imposed for z = 2, the condition of 


equal roots gives a single equation between p and q. 


4. To determine the components of # below the ionized region, for 
either of the two wave forms being propagated into this region, it is only 
necessary to determine the limits of the components defined at the end of 


section 1 as the electron density approaches zero. From (1.8) 
lim (1 + w) (n? — a?) /w = tn? + 04?/2 A’, A’ =(0n? + 0714/4) % 

hence if 


ato, + sin Fy——i[(1 + w) a) /w— 
F,=— + n? cos 
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these limits are 
(4. 1) F's = Un cos 6, Fy = —1(v7?/2 = A’), Fz = — sin Wn. 


If Ff, is the component of F in the plane of Hf and the normal, F’, the 
component perpendicular to this plane, fF; vn. Let E” be any given electric 
field below the ionized region, and let 


E’, = EL’, cos 6 — sin 0. 


E’ can be expressed in terms of the two special wave forms (4.1) by a solution 
of the equations for a, B : H’ F’e-**8, 


= avy + Bon, —— i [a(vi2/2— A’) + B(v2/2 + 
If the angle ¢ is defined by 


Un =A’ sin ¢, = A’ 
the solution becomes 


(4.2) a= (A’/2)[F’1 cot($/2)—iF’,]_ B = (A’/2) [F's tan($/2) + ify). 


A solution corresponding to an index of refraction given by (1.8) with the 
plus sign is obtained if 8 —0, the minus sign corresponding to «0. For 
vertical waves directed upwards in the northern hemisphere v_, < 0, hence 
8 corresponds to a right-hand polarized wave, to a left-hand 
polarization. 


5. To set up the Hamiltonian equations in spherical codrdinates, let 
x=rsin cos y sin z—rcosé. 
(5.1) po pp =08/00, P, = Po = po/r, Po = po/r sin 6 
and the quantities p, q, 7 are transformed by the equations 


p = sin cos ¢ P, —sin ¢ P¢ + cos 6 cos Po, 
q =sin 6sin ¢ P, + cos ¢ Pg + cos 6 sin Po, 
r = cos 6 P, — sin 6 P, 

n?— — + Po? + Pe 


(5.2) 


The equations of the characteristics become 


(5.3) dr/dt =0K/@P,, db/dt =(1/r sin 0)0K/0P4, d0/dt = 10K /0Py, 
dP/dt =— 0K /ar, dpg/dt =—0K/d$, dpy/dt = — 0K /00. 
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The magnetic field of the earth can be approximated by a magnetic 
doublet at the center; if m is the magnetic moment, the magnetic potential 
is equal to 


V = [mz sin 6 cos + my sin sin + m; cos 6] 
from which 


H, =—0V /or, Hy =—1r0V /00, Hp =—(1/r sin 0)0V 
and 
Un Povo], Vr = vH,/ | H ete. 


These relations can be used in the approximate calculation of the hori- 
zontal angle between the wave normal and the trajectory if the latter may be 
assumed approximately parallel the earth’s surface; then P, is small, and if 
the codrdinate system is so chosen that the normal is tangent to a meridian 
at the initial point of the small are considered, P¢ is also a small quantity. 
From (5.3) there result the approximate equations, with (1.8) written 


n? —f =0, ve =(0? — dO/dt = 2Py/r, 
d/dt O(n? — f) /Ops —— —(vn/v+) | pp — 0. 


From (1.8) 
f=1—wa/D, D=1 — + (on? + 
Substituting Py = n after the differentiation, 


d6/dt = 2n/r, dp/dt = — [f(1— f) | po =0 

= — n(1— n*) vnv¢/a?A’r sin 6, 
hence 
(5. 4) ASo*/AS, =r sin 6 dp/rdd =(n,? — 1) vnvg/2a*? A’. 


The corresponding ratio with — A’ in the denominator D is obtained by 
substitution : 
(5. 41) AS = —(n-? — 1) vnvg/2a? A’. 


Both deviations vanish if either of the impressed field components H,,°, H¢° is 
zero, and (5.4) and (5.41) give opposite signs for the deviations if (n,? — 1) 
and (n_*—1) have the same sign. 

If the direction of propagation is across the magnetic field, (nH?) =0. 
and the two indices of refraction are n, =a, n2=b. For very short waves 
the ratio k-/k may be considered a small quantity; if n, and n, are expanded 
in powers of this ratio and only the first power retained, 
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Ny aus n,° ske/k, Ne N° + W okee/k. 


The ratio n’,/n’, is a function of the remaining parameters from which the 
relative magnitudes of the absorption losses along the same path may be 
estimated. From the definitions, 


[du/dZ | [dv/dZ | z-1 = (1 Bko?/k?)~, 
and 


= (M/N2) / (dn,?/dZ) 
= (n,/n2) (1—u + v) (1 + 2u —u— v)/(1— u— 


If the propagation is along the magnetic lines of force, and 
=1—u/(1+ 2), n? =1—u/(1—v) 
the limiting ratio becomes, 


n’,/n’, = (1— v) (14+ 0)7(1 + 4u—v)7 [(1—2) (14+ 


(1—v—u) ]*. 


The relatively smaller absorption for the refraction index n, can be seen from 
numerical examples, n, corresponding to right-hand polarization. For example, 
if the ions are free electrons, and | H° | = 0.5, N = 37105, k,n ~ 212 meters, 
k~20 meters, u= 0.10, v= 0.10, and n’,/n’, = 0.65; if k~40 meters, 
u = 0.38, v = 0.185, and n’,/n’, = 0.28. 


6. The analogy between (2.2) and the equations of motion of a dynami- 
cal system is complete if no magnetic field is impressed, corresponding to the 
simpler Larmor theory; in this case n? = 1—u(ayz), and K = 2H, 


H=(1/2)[pP +7 +r] +u/2—1/2. 


(2.2) are equivalent to 


dz/dt =0H/dp, dp/dt = —(0/dzx) (u/2) = ete. 


where the function (w—1)/2 takes the place of the potential function; but 
only those trajectories are permissible for which H = 0. 
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A PROBLEM IN DIOPHANTINE ANALYSIS. 


By HansraJ Gupta. 


1. Bell and Ward have considered the solutions * of 
(A) == UjU2U3* * * Um; 


(and other allied problems), in integers. Bell has dealt with the problem by 
the multiplicative method, and Morgan Ward by the additive method. Bell 
has taken for the fundamental form the equation 


(B) * Ln == * * * Uny 


and has shown that all solutions of (B) in integers can be expressed in terms 
of n? parameters. He makes use of ‘ Reciprocal Arrays’ in the presentation 
of his solutions. 

In what follows, I have followed in general the method of Bell. I have, 
however, dealt directly with (A). The proof of the general theorem given by 
Bell is inductive. I have given a deductive proof for the general case. The 
G. C. D. conditions stated by Bell have been improved upon in so far as the 
parameters employed are definite at each stage. No need for reciprocal arrays 
arises in the solution as presented here. 

A special case considered by both Bell and Ward has been considered 
about the end of this paper, and their result is obtained by a different method. 

2. If x,y be two non-zero positive integers, their G. C. D. will be denoted 
by [z, y] as usual. If the integers x,y are prime to each other, we shall have 
[z, y] —=1. 


3. THEOREM. Any solution of (A) can be expressed in terms of mn 
parameters. 


Let = $1, U2] = $2, Us] = 
pr, Urs] = pr, Un] = dm. 


Then, * * Um==0 (mod 2,). 


Ly = * * hm. 


*E. T. Bell, “ Reciprocal arrays and diophantine analysis”; Morgan Ward, “A 
type of multiplicative diophantine system,” American Journal of Mathematics, vol. 55 
(1933), pp. 50-67. 
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Now let 


EZ | =dms1, Us/ de | = [ Us/s | =dms3,'"" 
Un/m | = hom. 


Then, 


In general, let 


1-1 k 
ui/TT cr-1)m+t | = dems; m). 


Then we obtain 


(S;) = (k=n—1). 
l=1 
Moreover, we get 
Uy = $1 ° * * * 
Us = hms2* Pamse* * * Pen-1)m425 


Placing the solutions [S,] and [S.] for z’s and w’s side by side we notice a 
row-column correspondence which would be more convenient in practice than 
the row-diagonal correspondence set up by Bell. 

3.1. The following example will show how ¢’s can be determined in 


HANSRAJ GUPTA. 


— Il Ur =0, (mod 2). 
r=1 


Le = * Pome 


practice. Consider the equation 


One of its solutions is 


Uj = U1 U2Usz. 


16, 
Le 189, 
V3 56, 
36. 
Now, =2— 


ue] =4—= 
[x1/8, Us] = 2 = $3; 
and u,/14] = 7 = ¢7; 


U2/108] =1 ds; 
[z3/7, Us/2 | = 8 = dy; 


Uy; 98 
U2 108, 
Uz 576. 


[ Zo, U1/2] = 7 = gu; 
[ 22/7, Us/4] 27 = $5; 
[ 22/189, us/2] = 1— 
[ 24, U/98] = 1 = dio; 

[ U2/108] = 1 = 

[ 24, Uz/16] = 36 = dio. 


We thus obtain 


We thus have 


A PROBLEM IN DIOPHANTINE ANALYSIS. 


Ly = hidcods, 
Le = hahshe, 
= 


= hrohirhi2- 


3.2. Denoting the parameter in the i-th column and the j-th row in the 
solutions for z’s, by $i,;, we can write the solutions to the equations of the form: 


n 


IT 


1 


in the symbolic form: 


=| $i,;, 


| wi 


2 


U1 |- 


l 
II II Pcr-1)ms+t 
r=1 r=1 


given parameter shall be very useful. 
and columns as they occur in the solutions for z’s or w’s. Separate the given 
parameter from the rest by lines parallel to the rows and columns, thus 


Uy == 
U2 = 
Us = 


m 
1 


1, 


and, using the symbolism of § 3.2, we have 


Pi-ai+¢] = 1, also [$i,;, Pisa,j-¢] = 1, 


where «, 8 are non-zero positive integers. 


The row-column correspondence noted above at once suggests this symbol. 


Lj = $1,5° Pm,j, ANd Ui = $i,1* * Pin 
3.3. From the G. C.D. conditions stated in § 3, it follows that 


In practice the following device for finding the parameters prime to a 
Write down the parameters in rows 


1,1 2,1 3,1 Pi-1,1 Pi,1 Pis1,1 
2,2 3,2 Pi-1,2 Pi+1,2 
B, $1,3 2,3 3,3 Pi-1,3 Pi+1,3 B, 
1, j-1 2,j-1 3, j-1 Pi-1,j-1 | Pi,j-1 || Pisr,j-1 pm, j-1 
$1,j $3, | Pist,i pm, i 
1, j+1 Po, j+1 ps, j+1 Pi-1,j+1 Pi, j+1 j+1 Pm, j+1 
B, B, 
Pi-1,n Pisin 
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Then ¢;,; is prime to each one of the parameters in the two blocks marked 
B,, B;. The number of G.C. D. conditions is m(m—1) -n(n—1)/4. 
4.1. We now proceed to consider the equations 


Solving first the equation y,;y2 = 222 we have 


Y1 = Z1 = dis, 
Y2 = = pops, where $3] = 1, 
so that = didodshs. 
We now get 
6,620364, = 6,45; = 0367, 
Lo” = = 6266, = 6488, 


with the G. C. D. conditions stated in § 3. 3. 


where have no square factors, and =1,°,° [¢2,¢3] =1. Now, 
-* 05:06:07: Os is necessarily a perfect square, any prime factor of 6; must 
be present in one and only one of the three parameters 64, 6’;, 6s; for, if it 
were present in two of them, 6’; - 6’,: @; : 6’; would not be a perfect square ; and 
if in all three, [@.6, &;] would not be = 1. 

Similarly 6’, &’; have all their factors present in 6’; and 6's. 
.. Putting [65,06] =As, [6's, 07] =Ac, [6's, Ax, 


[ 66, 6's | = jz, and | = Ag, 
we get == AsAeAz, = AsAs; 0, = and 0’. = ArAsAg. 


Hence we obtain 


40> > O20 


The solution thus employs 13 parameters, a result which agrees with that of 
Bell and Ward. 


4,2. Let us now consider the equation 


== 


without the G. C. D. conditions, viz. [w2, 1, as in 4. 1. 


A PROBLEM IN DIOPHANTINE ANALYSIS. 


Replacing by where = Zo, 

we get Le 

Solving we obtain 0020304, 6,65, U2 = 0266, 
Le Uz 6307, U4 — 0,0, 


with the obvious G. C. D. conditions. 


Moreover, — 05060703, 
whence 6, AiA2A3A4, 6; A1A5A9A135 
AoA10A11A12; AsA7A11A15, 
04 6. AsAsAr12A16- 


The solution thus seems to involve 16 parameters. 
However, making use of the G. C. D. conditions, we get 


As = Ao = Ars = Ato = Art = — 15 


so that L = 


The G.C.D. conditions are thus very useful in the reduction of the 


number of parameters. 


5. THroreM. The solutions of the equation 
= * * Um, 


can be expressed in terms of ™"*C;, parameters. 


The following case sets down the method of proof of this theorem. 


Consider the equation = 
Replacing x, by we get 


Lz = 1,3 3,35 Us = 3,1 $3,2 3,3 ° 


with the necessary G. C. D. conditions. 
Putting = = = we finally obtain 


q 
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= Ii(1, k, l), 
$1,2 = 1, 1), 
$1,3 II (1, 1, l), 

1,4 = II (1, j,k, 1), 


HANSRAJ GUPTA. 


$21 = II (2, k, l), 
= II (1, 2, k, 1), 
$2,3 = II (7, 2, l), 
$24 = II (1, k,2), 


$3,1 = II(3, j, k, 1), 
$3,2 = II (1, 3, k, 1), 
$3,3 = II (i, 3, l), 
$34 = II (1, k, 3), 


where II (1, j, k, 1) denotes the product of all the parameters (7, 7, obtained 
by giving to 1, 7,k,1 the values 1, 2,3 (i.e., 1 to m) in all possible manners. 
The solution thus seems to employ 3* (i.e., m”) parameters, if the G. C.D. 
conditions be neglected. 

Making use of the G. C.D. conditions, however, we are able to remove 
totally all parameters that have deformities, i.e., those of the parameters in 
which i, j,&,/ are not in ascending order of magnitude (i.e., those in which 
a smaller number follows a greater one). Parameters such as (2,3, 3,1) are 
thus removed, and we are left with only those of the parameters in which 


are either positive or zero; 
The number of these parameters is °C, (i.e., ™*"""C;,). In the particular 
case here considered, we are left with the following 15 parameters: 


(i, 1, 2, 2), 


(1, 2, 3, 3), 
(2, 3, 3, 3), 


(1, 1, 2, 3), 
(1, 3, 3, 3), 
(3, 3, 3, 3). 


(1,1,1,2), (1,1,1,3), 
(1, 2, 2,2), (1, 2, 2,3), 
(2, 2, 2, 3), (2, 2, 3,3), 


(1, 1, 11), 

(1, 1, 3, 3), 

(2, 2, 2, 2), 
Moreover, 
u, = (1,1, 1,1)*- (1,1,1,2)*- (1, 1,1, 3)*- (1, 1, 2, (11, 2, 3)? 
(1, 1, 3, 3)?- (1, 2, 2, 2) (1, 2, 2, 8) (1, 2, 8, 3) (1, 3, 3, 3); ete. 


Notice that the power of a parameter in the solution for u, is the same as the 
number of times that r occurs in the said parameter. 


GOVERNMENT COLLEGE, HOSHIARPUR (INDIA). 
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A CLASS OF REPRESENTATIONS OF MANIFOLDS. PART II.* 


By B. Morrey, JR.+ 


In part I of this paper, which appeared in the October 1933 issue of 
this JourNaL, surfaces (and manifolds) of “class L” were defined and it 
was shown that the Lebesgue and Geécze areas of such surfaces were identical, 
end both given by the usual integral formula. The present part (sections 7 
and 8) extends Green’s (in space) and Stokes’ formulas to situations where 


the surfaces involved are of class L. 


6. (continued). Generalized conformal representations of surfaces. As 
Theorems 2 and 3 of this section were omitted in part I, we shall present 
them here. We shall first recall the definition of a generalized conformal 
representation and state Theorem 1 before proceeding to the proofs of 
Theorems 2 and 3. 


Definition. A surface S, S: zt—azi(u,v), +=1,-°-,N, (u, v)eR, 
is said to be represented generalized conformally on a Jordan region R (in 
the plane) if 

(i) the z(u,v) are all A.C. T. in R, with (au‘)? and (zv‘)? summable 
over the interior of R, i—1,---,N, and 

(ii) #=G, F =0 almost everywhere interior to R. 

Clearly such a representation is of class L. 


THEOREM 1. If S ts represented generalized conformally on a Jordan 
region R, then 
L(Sn) S L(8) 


where Sy is the surface =an'(u,v), (u, v)eRa, 


uth uth 
tnt = (1/n) f 


and R;, is that Jordan region consisting of those points joinable to a point Po 
interior to-R (independent of h) by an arc all of whose points are at a distance 
=2%h from the boundary of R. 


THEOREM 2. A necessary and sufficient condition that the surface S 
(of finite area) be represented generalized conformally on R is that 


* Presented, together with Part I, to the American Mathematical Society, October 
29, 1932. 
+ National Research Fellow. 


275 


Hi 
| 
‘ | 
} 
| 
| 
q 
| 


276 CHARLES B. MORREY, JR. 


(i) lim L(Ss) =L(8), 


(ii) lim ff + Gs) — — ]dudv = 0. 
Ra 


Proof. Combining conditions (i) and (ii), we see that 
L(8) lim 4 Gr)dudo. 
h-0 
Ra 


Since it is known that SiS and x‘(u,v) >2‘(u,v) uniformly, we see 
by §1, Theorem 7, that the z‘(u,v) are A.C.T. with (2y*)? and (2,*)? 
summable over 2. Then, since 8 is thus of class L, we have, by § 1, Theorem 
3, and § 4, Theorem 1, that 


L(8) [4(E + G)]dudv = Sf (EG — F*)*dudv. 
R R 
Since (EG—F’*)*=43(H+G) where each exists, we must have (HG—F’)* 
=4(H#-+@G) almost everywhere, which in turn implies that # —G, F=0 
almost everywhere. This proves the sufficiency. The necessity is evident. 


THEoREM 3. Let 8, 8S: and Sn, Sn: vt = an'‘(u, v), 
t=1,---,N, n=1,2,:--, be continuous surfaces represented on R. 
Suppose: (i) the representations of the Sn are generalized conformal, 
(ii) lim LZ(S,) = LZ(S), and (iii) there exists a sequence {en} of positwe 

n-—>0O 


numbers converging to zero such that 
[an*(u, v) —2*(u, v) |dudv < e, NV), 
a c 


for every rectangle (a,b; c,d) in R. Then the given representation of S on 
R is generalized conformal. 


Proof. Since L(S) is finite and lim L(S,) =L(S8), we see, using 


Theorem 7%, §1, that the z(u,v) are A.C.T. with (au*)? and (av‘)’ 
summable. Thus S is of class Z and hence (using Theorem 7, § 1), 


L(S) =lim L(Sn) =lim ( + Gna) ]dudv 
n> SJ 
> + G)]dudv = L(8). 
SJ 


Hence (EG—F*)*=4(E+G@) and thus H=G, F=0 almost everywhere. 
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Parr II. 


%. Some topological considerations. In this section, we shall give a very 
general definition of a “simply covered ” closed surface. It is to be observed 
that this definition allows closed “surfaces” to be of infinite connectivity, 
something not allowed by the usual definition of a closed surface. We shall 
prove an important theorem on the approximation to such surfaces by means 
of closed polyhedra. 


Definition I. We say that a surface, S, is closed if it possesses a repre- 
sentation, —z‘(u,v), (1=1,---,N), on Q such that there exist two 
(finite or infinite) sequences, {Zn'} and {Jn?}, of intervals on the boundary, 
B(Q), of Q satisfying the following conditions: 

(a) Any point of B(Q) is either (i) a point of one of the {In*} [class I], 
(ii) a common end point of two abutting intervals [class [7], (iii) a limit 
point from both sides of points of classes (J) and (JJ) [class III]. 

(b) The surface is to be “ connected up” along the curve corresponding 
to B(Q), i.e., certain distinct points of B(Q) are to be made to correspond 
by the condition that they yield the same point on the surface, both logically 
and geometrically. We do not exclude the possibility of 2‘(P,) = 2‘(P2), 
(‘—1,---,N), for points P, (of B(Q)) other than those made to correspond 
to P,, but such extra points yield logically distinct (i.e. multiple) points on 
the surface. The above correspondence must be such that there is a one to one, 
(uniformly) continuous, sense reversing [on B(@Q)] correspondence between 
the points of J,,' and those of J,?; each interval J,,' corresponds to the unique 
interval In”, which neither coincides with nor is adjacent to Jn? (unless n = 1). 

(c) Let IJ,4 (c= 1 or 2) be any one of these intervals having end points 
P, and Q;. Suppose J,/ abuts on J,¢ at P, and J;* abuts on J,‘ at Qi 
(j,4 =1or2). Let P, be the end point of /,*-/ corresponding (by extension) 
to P; and Q. that of J,°* corresponding to Q,. We suppose that one of the 
intervals (P,Q) is one of the {J,"} and we call this interval the interval 
associated with I,*, provided that ATI,;*. If it is clear that there 
are only two intervals on B(Q). In this case the associated intervals are not 
defined. 

(d) There exist two sequences {Cm} and {Cm?} of simple Jordan arcs 
(which may reduce to points) in Q such that (i) no two curves of {Cm‘} 
intersect (i = 1,2), (ii) a curve of {Cm} intersects one of {C'm?} in at most 
one point, (iii) every interval of {7,1} + {J,7} is joined to its corresponding 
interval by a curve of {Cm*} and to its associated interval by a curve of 
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{Cm**} ; (iv) each curve of {Cm?} + {C»?} joins a point of an interval of 
{In*} + {In?} to either one in its associated interval or to one in its corre- 
sponding interval; (v) if a curve, Cy‘, of {Cm*} joins an interval, J, to its 
corresponding (associated) interval, there are adjacent curves Cy‘ and Cy‘ of 
{Cm*} and they join the intervals J, and J., adjacent to J, to their associated 
(corresponding) intervals. 

(e) Let J,* be an interval, J,/ its associate, and J,* the associate of its 
correspondent, [,**; then J;* = I,°-/, the correspondent of J.J. 

The following lemma is an immediate consequence of the above conditions 
and gives a more complete picture of the way the surface is connected up along 
the curve corresponding to B(Q). 


LemMaA 1. (a) Jf and I,J are associated, then I,*+ and are also; 
(b) there are at most two pairs of corresponding intervals which are their 


own associates ; 
(c) to each point, P,, which belongs to class II or class III, there corre- 


spond exactly three other similar points, Pz, Ps, and Py. 


We now introduce the idea of a simply covered, closed surface and of a 
closed surface of class Z by the following definitions: 


Definition 2. The surface, S, is a simply covered, closed surface if it 
possesses a representation, 2! = z‘(u,v), on Q satisfying the requirements of 
definition 1 and such that if v1) (ue, v2) and and (U2, v2) are 
not corresponding points on B(Q), we have 


x*(u,v,)| > 0. 


N 
| (Us, V2) 
i=1 


Definition 3. A closed surface, S, is of class L if it is of class L con- 
sidered as an open surface and (i) z(u,v), (i=1,---,N) is absolutely 
continuous along B(Q), (ii) Vo“ *[2*t(u, V)] is metrically continuous in V 
for V0 and V=1 (i—1,- - -, and (iii) Vo *[2*(U, v) ] is metrically 
continuous in U for U = 0 and U = 1 


Lemma 2. Let 8S, S: ct—-i(u,v), (u,v)eQ, be a closed surface of 
class L. Then we can find a sequence, {Tn}, Un: xt =an‘(u, v), of closed 
polyhedra so that the a»*(u,v) converge uniformly to the x‘(u,v) and 


tin ff { 


Proof. The proof consists of the following three parts: (A) in which 


i 
i-1 
j=) 
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we form, for each m, certain finite sets, {Imn} = {I*mm} + {I?m,n}, of intervals 
on B(Q), each set satisfying the postulates, in definition 1, on the sets {J,1} 
and {I,?}; (B) in which we inscribe polygons, Om, in C so that (i) the repre- 
sentations of C’,, on B(Q) satisfy the same conditions with respect to the 
corresponding sets, {Imn}, that the representation of C does with respect to 
the set {Zn}, and (ii) the representations of Cm approach that of C uniformly; 
(C) in which we span certain of the curves, Cim,, of {Cm}, by means of poly- 
hedra whose representations satisfy the conditions of the theorem and are 
connected up along Cm,. If {Zn} is a finite set of intervals, we define 
{Im,n} = {In} for each m. Otherwise, we proceed as in (A), below. 

(A) Choose all of the intervals, Sm, of {In} = {In!} + {In?}, which are 
of length = 1/m; to these add all intervals (i) (4 in number) which are 
their own associates, (ii) which correspond or are associated with an interval 
of Sm, and (iii) which correspond to an interval associated with an interval 
of Sm. Call this set of intervals 3%m,» and the complementary intervals on 
B(Q), : Let J be any interval of a It abuts on two intervals, 
I, and I,, of S4mn. Now there is a curve of {Cm} through each of these two 
intervals. Hither these curves join (i) each to its correspondent (in the set 
{In}), (ii) each to its associate, or (iii) one to its associate and one to its 
correspondent. Given an interval f; (» being any kind of a mark and i any 
integer) we shall denote its correspondent by f’;, its associate by 7;’”, and that 
interval which is at the same time the correspondent of its associate and the 
associate of its correspondent by 7;’”. 

In cases (i) and (ii) it is clear that there is a single interval J 
(of 3%mn) between J’, and J’, a single interval 7 between 1,” and 1,’, and 
a single interval 7“ between J,”” and /,’”. In these cases, then, define J = I, 

In case (iii) it is clear that there are single intervals 1 (of S2m,n) 
between J,” and /’,, 7 between and and 7“ between 1,’” and /,’”. 
Now let P be the common end point of J and /,. There exists an interval J; 
of {Z,} abutting on 7, at P. It is clear that 7; does not abut on Jy. It also 
is clear that /’, abuts on 1,’”’, and occupies part of 7, J, abuts on J’, and 
occupies part of J, and /,’” abuts on J,’” and occupies part of I. Now 

We repeat the above process for each interval, J, of Dies and thus obtain 
anew set 3%,» of intervals in which we have defined the relations of corre- 
spondence and association. We obtain the set, 3*»,, of intervals all belonging 
to {In} from 3'n by adding to this latter set all the above intervals I,, I's, 
I’, and 1,’”. We define the relations of association and correspondence for 
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intervals of this set to be the same as they were as intervals in {Z,}. We thus 
obtain the set {Imm} = {3mn} + {3?mn} and we see that it can be split up 
into two sets {I%mm} and {I?mn} satisfying the desired conditions. 

(B) Merely replace the part of C corresponding to an interval of 3?m,n 
by the line segment joining the end points of the arc corresponding to that 
interval, the representation on B(Q) being linear with respect to the are 
length. Divide up each interval of 34m, into a finite number of intervals 
each of length = 1/m, in each of which we replace the arc of C corresponding 
to that interval by the corresponding straight line segment; care must be 
taken to inscribe the same polygon (in the reverse order of course) in the 
are of C corresponding to the corresponding interval, the points of Cm corre- 
sponding to corresponding points on B(@Q) being geometrically identical. It 
is clear that 1(Cm) =1(C) and that the representations of Cm on B(Q) 
approach that of C. 

(C) Let & be defined by 


uth uth 
Sy: at v) — (1/40?) dé, 
u-h 
We know that 


dudv = 0, 


lim fs, 


= 1-h N N 


h-0 


+V > [ane (t } dt, 


where stands for éz*(h,t)/dt, etc. Letting = Za(u, v), 
we see that 


fo v)| dv = (ayant) | 0 + 0) | 


< (ayant) | du } ag ] dn 
< (1/2h) Vo v) ]dé < 2V.2[2(0, v)], 


for h sufficiently small. Thus it follows that 1(Cn) < M (independent of h). 
Furthermore, we know that the distance between corresponding points of Ch 
and C approaches zero with h, the correspondence being determined by the 


i 
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radial correspondence, with (4,4) as center, between B(Qn) and B(Q), 
OQ: hSuvs=1—h. 


Now define z‘m(u,v) on the wh. . of Q by 


V) = (u,v), (U,V) Qa, (t=—1,---,N); 
tin 0) V) + (1 —2h) + h, (1—2h)V + Al, 
+ (1—a)[U(1— 2h) +4] 
=AV + (1—a)[V(1— 2h) +2] 
(U, V)eB(Q), 


where x! = a%m‘(U, V) is the above representation of C» on B(Q). For each 
m and each h > 0, it is clear that 2+m,,(u,v) is continuous together with its 
first partial derivatives except along a finite number of segments of Q, all 
corresponding to rectifiable curves. It is also clear that 


lim ffi | dudv = 0. 
Q 


Hence it is clear that we can replace the surfaces, Sm, by a sequence of 
polyhedra spanning certain of the C, and having the desired properties. 

The proof of the above theorem clearly gives a method of constructing 
sequences of closed polyhedra which approach any given closed surface, 8. 
Let P be a point not on a given closed surface, S, in ordinary 3-space and 
let its distance from S be p. Let I, and Il, be closed polyhedra represented 
on Q so that the distance between corresponding points of II; and S is < p/2, 
(t=1,2). Then it is clear * that O(P, I1,) = O(P, Il.) = an integer. Thus 
it is clear that we can define O(P,S) =lim O(P,1L,) where {II,} is any 

n->0O 


sequence of closed polyhedra approaching S and P is not on S; as before, 
we define O(P,S) =0, for P on S. The following four lemmas are well 
known for surfaces closed in the ordinary sense and may easily be extended 
as below to the more general closed surfaces treated here (8 is assumed to be 
in ordinary 3-space for the remainder of this section). 


Lemma 3. The function O(P,8) is continuous in P and 8 if P is 
not on 8. 


Lemma 4. If two points P, and Ps» can be joined by an arc which 
crosses the closed surface S and intersects it in exactly one point wm the 
neighborhood of which S is a 1—1 image of a Jordan region, then 
| O(P,, 8) — O(P2, 8)| =1. 


*See Tannery, loc. cit. 
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Proof. Let S be represented on Q so that the given point po corresponds 
to a point interior to Q and the representation is 1—1 in a Jordan open 
neighborhood r of po in Y. This can clearly always be done for if the point 
Po is on the boundary it necessarily is of class J or JJ and we may merely 
move the cut slightly. 

Then let {II,} be a sequence of closed polyhedra approaching S, the 
representation of each of which is 1—1 and continuous on r. 

Now the arc joining P, and P, has no points in common with S — R, 
F being the portion of S corresponding to r, and hence is at a distance d > 0 
from S—. Now for n sufficiently large, the arc is at a distance > d/2 from 
HI, — Rn, Ry being the part of IL, corresponding to r; hence any points the 
arc has in common with II, are in Ry. Let P’n be the first point (for n large, 
such points will obviously exist) of Rn and the last such point. 
Replace are P,P”, of P:P2 by an are of R,» joining them; it is clear that 
we can modify the new are P,P, slightly so that it has just one point in 
common with f,. Thus we have reduced our theorem to the case where § 
is a polyhedron, for which case it is already known. 


Lemma 5. A necessary and sufficient condition that a closed set in three- 
space be completely disconnected (i.e. contain no connected subset containing 
two points) is that there exist a sequence of simply covered closed surfaces of 
finite genus containing no points of the set, and closing down on any given 


point of the set. 


Proof. This lemma is obvious; merely consider the boundaries of the 
set of points at a distance = p from the given set for each p > 0. 


Lemma 6. If S is a simply covered closed surface, it divides space into 
two regions, an “interior” in which O(P,S) = +1, and an “ exterior” in 
which O(P, S) =0. 


Proof. Let z'=a2‘(u,v) be a representation of S satisfying the condi- 
tions of definition 3. Let Py be the point of S corresponding to po, an interior 
point of Q, say. We shall show below that every point of space not on S can 
be joined to Py by an are containing no point of S other than P,. When 
this is shown, we choose a simple closed surface § including P, and which 
has in common with S, a simple closed curve which divides ¥ into just two 
parts &, and 3%, on opposite sides of S. Now o can be joined to Py by an 
arc as above; let P, be the first point of this are on %; call the part of & on 
which it lies 3; let P; be a point of 3,. Now P, and P, can be joined by an 
are which cuts S in exactly one point so | O(P:,S) —O(P2, 8)| =1 and 
hence O(P;,S) = + 1, since O(P2, 8S) =0, by lemma 3. Now let P be any 
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point of space and PP, the above arc joining it to Py. Let P’ be the first 
point of PP, on 3; if P’ed,, P can clearly be joined to P; by an are having 
no points in common with S, O(P, 8S) = O(P;, 8) = +1, and we say Pel. 
Otherwise O(P,S) = O(P.2,8) =0 and Pelz. Clearly J, and J, are regions 
and, by lemma 3, mutually exclusive. Obviously § is their common boundary, 
since fo) was an arbitrary point not on the cut. 

Now, let P be any point not on S. Let F be a point of S nearest to P. 
If R corresponds to a point interior to Q, well known theorems of analysis 
situs show that P can be joined as stated to P,). If R corresponds to a point 
on B(Q) of classes J or JI, the situation is precisely the same as if S were an 
ordinary simply covered closed surface of finite connectivity and R was on a 
cut. In this case, also, P can be joined as stated to Py. Now the set of 
points on B(Q) of class III is completely disconnected and closed so that 
it is easy to see that the corresponding set of points on S also has this property. 
Hence if # is one of these, let o be a simply covered closed surface of finite 
connectivity containing F# in its interior, of diameter < one-half that of S, and 
containing no points corresponding to points of class J7J on B(Q). Since 9 
is connected «: S40 and hence P can be joined as stated to a point of S 
not corresponding to a point of class JJJ on B(Q) and hence algo to Py. 

The following lemma also is known and follows readily from the meaning 
of the expressions involved. 


Lemma 7. If II is a closed polyhedron and F(a, y, 2) is a function con- 
tinuous with its first partial derwative with respect to z, and defined through- 
out space, 


-00 
J, /02)O (x, y, 2; IL) dxdydz SJ (2, y, 2) dady, 


for R sufficiently large. 


The following two lemmas, together with lemma 2, from a connecting link 
between the above general geometric concepts and closed surfaces of class L. 


Lemma 8. If 8,8: c—2(u,v), y=y(u,v), z=2(u,v), is a closed 
surface of class L, and the point (r,s, t) is not on S, then 
Lu Yu Zu 
Ly 


1 
O(r,8,t;8) = dor Ss 
Q Yv 


p= [(a@—r)* + (y—s)* + (s—#)*]4. 


| 
x(u,v)—r y(u,v) —s z(u,v) —t dudv 
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Proof. Let {In} be any sequence of closed polyhedra approaching £ 
such that 


0(@n, Yn) O(a, y) | | O(Yn, Zn) 
where Hy : 2—2n(u,v), y= Yn(U, 0), 2—=Zn(U, 0), aNd n, Yn, approach 
2, y, and z uniformly. Then we know that O(r, s, t, In) approaches O(r, s. t, S) 
and the integral expression for O(r, s, t; In) approaches the corresponding one 
with II, replaced by S. This proves the lemma. 


Lemma 9. Let S,S: 2=2(u, v), be a closed 
surface of class L, and having zero three dimensional measure. Then 
O(2, y,z, 8) is integrable all over space and we can find a sequence of poly- 
hedra {In}, : an(u, v), etc., such that 


(i) an(u,v), Yn(u,v), and Z,(u,v) approach a(u,v), y(u,v), and 
2(u,v) uniformly ; 


i) dedyde <M, 
-0o -0O 


M independent of n; 


(iii) im J 


Zn, Dn) 0(2, x) 
| a(u,v) O(u,0) 


be 
(iv) lim O(a, y, 2; Tin) dadydz 
be bg 
f f O(2, y, 2; dxdydz 
a a3 


for each set of finite constants (aj, b;). 


O(Yyn,2n) 9(y, 2) 
+| (u,v)  O(u,) 


\ dudv = 0; 


Proof. In the first place, it is clear that 


| 2—r| drdsdt 
@) 
ba-y f |r| drdsdt 
ae (17 + 8? + 


the function (2, y,z) obtained from F,“) (2, y,z) by replacing | a—r| 
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by («—r), and the corresponding F;, are defined, 
bounded, and uniformly continuous over all of space. 

By lemma 2, we may find a sequence, {IIn}, of closed polyhedra satisfying 
(i) and (iii). Using the results of the above paragraph, we see that 


fii Sp 1) (an, Zn) O(Yn; Zn) | + Yn, Zn) | (Zn, Un) La) | 


(u, v) O(u, 


+ (an; Yn, 2n) | gut) \ dudv < M, (n = 1, 2," =), 


Thus, O(2x, y,z;S) is integrable over all of space, being zero outside a large 
sphere; this demonstrates (ii). Furthermore, by lemma 8, since 8 is of 
measure zero, we can write 


* by be bs 
J, in O(a, y, 2; 8S) dadydz 


Using the inequality (7.2), we see that we may interchange the order of 
integration and get 


l be bg 
a& 


4. 2) 


(a) 
A(u, 2°”) (An, Yn, 2n) — (2, y, 2) | \ dudv 


where the * indicates the other terms obtained from these two by permuting 
the letters 2, y, z cyclically. It is clear that the expression on the right 
approaches zero with 1/n. 


8. Green's and Stokes’ formulas. 


Definition 1.* A function f(x) is said to be approximately continuous 
at ao, if for every « > 0, the set of values of x for which | f(x) —f(ao)| <« 
is of metric density unity at x) (~ may stand for n-variables). 


* Hobson, Functions of a real variable, vol. I. 
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Remark 1. A measurable function is approximately continuous almost 
everywhere. 

Remark 2. A bounded measurable function is metrically continuous at 
every point of approximate continuity. 


1. Suppose (i) F(x, y,2) ts defined and measurable in an open 
region D, and (ii) for almost all (a, y), F(x, y, 2) is continuous in z on every 
open interval of the line x2, y=y which lies in D. Then F(a, y,2z) is 
approximately continuous at every point (x,y,z) in D for which (x,y) does 
not belong to a certain set of measure zero. 


Proof. We can find a sequence {Dj} of closed cubes, each lying entirely 
interior to D and such that each point of D is interior to one of the D;. Thus, 
if we prove the lemma for the case that D is the unit cube and with the con- 
tinuity in hypothesis (ii) uniform, the lemma will clearly hold for the 


general case. 
Thus, let D be the unit cube and define 


$(2, z,h) | F(z, Y; F(z, z)| = lim | F(a, Y; F(a, z)| 


where the sequence, {rn}, consists of all rational numbers, zr, =2z-+h, 
(x,y) being a point for which F is continuous in z. It is easy to see that, 
for h fixed, (2, y, z, h) is continuous in z and measurable in (z, y,z). Hence, 
for each h, y,h) is measurable in (x,y) where 


n(x, y;h) max z,h), 
0<2S1-h 


(x,y) again being a point such that J’ is continuous in z, being defined 
arbitrarily for all other (z,y). Also, if (x,y) belongs to S,, the set of points 
(x,y) for which F(2,y,z) is uniformly continuous in z, then 7(z, y,h) 
approaches zero with h. 

Now, since F'(2, y,z) is measurable, it is measurable in (2, y) for almost 
all z, and, since it is continuous in z, therefore measurable in (2, y) for each 
fixed z. Let Sz be the set, of measure unity, of points (2, y,) such that 
F(z, y,2) is metrically continuous in (z,y) at (Zo, for each rational z. 
Let Ss; be the set where »(z,y,h) is approximately continuous for each 
rational h. Then S = S,-S,- 8; is of measure unity. 

Let (20, Yo, 20) be a point in the interior of D such that (2, yo) is in 8. 
Choose an e > 0. Choose a rational hy so small that (20, yo, ho) < «/4, and 
(Xo, Yo, 20 +h) is in D for |h|< ho. Choose a rational Z so that 
| < ho/2 and hence 
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| P(2o, Yo, Zo) — z)| < 


Now we know: (1) that (2, y, ho) is approximately continuous in (2, y) at 
(Zo, Yo) so that we can find a set, H,, of metric density unity at (2, yo) 
in which (2, y, ho) < ¢/2, (2) that F(a, y, Z) is approximately continuous in 
(z,y) at (X,Y) so that we can find a set, #2, of metric density unity at 
(2, Yo) so that | F(x, y, (xo, yo, 2)| < for (2, y) in E,. Then let 
(t,y,2) be any point of D such that (x,y)eH#,-H, and | z—2z|< h)/2. 
Then, since | z—Z| < ho, we have 


| F(a, y, Zz) — F (2, Yo; Zo) | < 


Clearly the above determined set of points (2, y,z) is of metric density unity 
at (Zo, Yo, 20). 


Lemma 2. Suppose that 8, 8S: c—2x(u,v), y=y(u,v) ts a surface 
of class L. Let Eoy be a subset, of measure zero, of the set, Qay, of 
points into which Q 1s carried by 8S. Let D be the set of points of Q where 
0(2, y)/0(u, v) #0, and E all the points of Q which are carried by S into 
points of Ezy. Then 

meas D) =0. 


Proof. Suppose me(H-D) >0. Let {Op} be a sequence of open sets 
each including the next and covering Fz,, such that lim m(O,) =0. Then the 


pow 


sets, Hp, of points of Q which are carried into points of Op: Qa, are all open, 
co 

each includes the next, and all include #. Then, if #—][ F,,m(#£-D) >0 
p=1 


and m(E£z,,) =0. Let be the subset of # in Qi, lSu, vS1—1. 
Then for J, sufficiently small, m(#i,:D) > 0. Let @ be a rectangle of Q 
including @Q:, in its interior, along the boundary of which z(u,v) and y(u, v) 
satisfy the hypotheses of lemma 4,§ 4. Now let F = #-Q-D and F,* be the 
subset of F in which 0(z, y)/0(u,v) =r and F,- that where 0(z2, y) /0(u, v) 
=—r. Then for r small enough m(Ff,*) > 0 or m(F;,-) > 0. Choose one 
of these of positive measure and let = be a closed subset of that one for which 
m(%) > 0. We shall show that m(%z,,) > 0 which will contradict the fact 
that = 0, since C 

Let {7,} be a sequence of subdivisions of @ into rectangles, Ry”, 
(t—=1,---,N,) of diameter < «, (where lim e, by means of lines 


n> 


parallel to the axes, such that z(u,v) and y(u,v) satisfy the hypotheses of 
lemma 4, § 4 on the boundary of each rectangle of each subdivision. Suppose 


O00, 
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also that the division lines of 7, are included among those of T'n41. For each 
point (s,¢) not on any of the curves (the totality of which form a‘set of 
measure zero) corresponding to these division lines, define 


Nn 
M(s,t;8) = lim M(s,t; 8); Mn(s,t;58) => | Ooy(s, t;Ci™) |, 
i=1 


where, as usual, C;™ is the curve of Qz, corresponding to B(R;i™). This 
limit clearly exists since the sum on the right cannot decrease with n. From 
the definition of Y(S) and Theorem 1, § 4, it follows immediately that 


Y(S) =L(8) (s, t; 8) dsdt. 


Y(S) =L/(8) M(s, t; 8)dsdt, 


and M(s,¢; 8) is summable and finite except on a set of measure zero. 

Let (So, t)) be a point where M(so,t);) is defined, finite, and > 0. 
Then there is at least one point, P, of Y corresponding to (so,t)). Let P be 
such a point; it does not lie on any division line of one of the T,. Let R,™ 
be the unique rectangle of T, which contains P in its interior. For each j = 2 


pi 
Oz,y(80, to; C1?) = (80, to 3 C1?) — O2,y(S0, to; Ci”) 
4=2 a 


where C,/,- - -,Cp,/ are the rectangles of 7; which add up to C,/*. Thus 


j 
(80, to3 C1) = (80, C1) to; Ci). 


1i=2 


But now 


M (8, to;8) =X Cs) | 


k=2 i=2 
for every 7. Since M is finite, it follows that there exists a jp such that 
Ox,y(80, to; C14) = O2,y(S0, to; Cr”), j = Jp. 


Hence for each point P corresponding to (89, to), lim Oz,y(80, to; C14) exists 


and can be different from zero at at most M(so, t); 8) distinct such points. 
Now, let (s,¢) be any point not on the above division curves. Let Hn 
be the set of rectangles of 7, which contain points of % and define 


O(s,¢;0;™). 


Ri™eHn 


= 


A CLASS OF REPRESENTATIONS OF MANIFOLDS. PART II. 289 


Now 3 =I] Hn (in — Hn plus its boundary), so that (1) if (s,¢) is not in 


Sey. any point corresponding to it will be outside H» for n large enough and 
so Lz"(s, %) 0 for such values of n. (2) if (s,¢) isin 32, and M(s, 8) 
is finite, then it is clear (from the discussion in the previous paragraph and 
from the fact that = is closed), that there is a function L3(s,¢;%) [defined 
almost everywhere and zero outside 3z,y| such that, for almost every (s, ¢), 


lim Lg (s, ¢; 3) = LDg(s, t; 3). 


n->0O0 


From lemma 4, § 4, we know that 


Now, since | Lx” (s,¢; %)| S M(s,t; 8) and lim (s, 3) Lg (s, t; 3), 
n->CO 


we have 


f. Lx(s, t; 3) dsdt — SS 


Hence m(3z,y) > 0. 


THEOREM 1. Let 

(A) D be an open region in space and R another one which lies, together 
with its boundary, entirely interior to D; 

(B) the boundary of R consist of the oriented simply covered closed 
surfaces 

Si: c= 2(U,v), y=Yi (4,0), 2= (t=1,2,---, (u, v)Q), 

Ys) 
A(u,v) 
measure of these surfaces together with their limat points ts zero; 

(C) F(a,y,z) be a function (1) defined and measurable in D, (2) ab- 
solutely continuous in z for almost all (x,y), and (8) such that D,(F) 1s 
summable in D, Dz(F') being one of the four Dini partial derwatwes of F. 


of class L such that (1) s 


4=1 


) | is integrable over Q and (2) the space 


Then: 


(i) yi(u,v), (u,v) is measurable 


(ii) — exists almost everywhere in D and is summable; and 


i) 
if 
ij 
ii 
al 
n=1 
1 
j 
f 
‘ 
| 
| 
i 
i 
q 
il 

} 
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(iii) SSS — lim 2S Sf (Xi, Yi, zi) yi) du dv, 


n->CO 


F(z, y, 2), 


Y; 2) -| —m, F(x,y,2) <<—m 
n, F(z,y,2) >n, or F(x, y,z) undefined. 


Proof. In the first place, it is easy to show that 0F'/dz exists almost 
everywhere and is summable (Cf. §1, Theorem 1). We also remark here that 
0F' m/z exists almost everywhere, has the same sign as 0F'/dz and is summable, 
satisfying 

| OF | S | OF |, 


wherever both exist. 
For mp, sufficiently large, we see that the set, Gm, of points (not in PR) 
bounded by Sm, m > mo, is a subset of D. Hence define Rm and Xm by 


Now let {Ip} be a sequence of closed polyhedra fulfilling the conditions 
(i), (ii), (iii) and (iv) of the conclusion of lemma 7, § 7, where the S of 
that lemma is the surface 8p. Call Ry the region bounded by 7 + Xp where 
Z is the set of limit points of the S; which do not belong to any 9; and 


Dp 
= 
Now, it is clear that F @ (2, y,2) and oF @ 7/02 are uniformly continuous 


in D;, their region of definition and therefore that 
Q U, 


F® — (1/h?) Finn (€, £) d&dndé. 


Furthermore, using a well known theorem on Stieltjes integrals, defining the 
set functions ¢,(F) and ¢(R) by 


ff %, Y, 23 Xp,q) dudydz, (RF) f Y, 23 Sp) dxdyds, 
R R 


—_ 
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and observing that, for q sufficiently large, all the points where O(a, ¥, 23 3p.¢) 
#~ 0 lie in Da, and that O(a, y,z; Xp) is unity inside Rp and zero elsewhere 
(by lemma 6, § 7), we see that 


(8.2) lim Y, 23 fff 
q-00 
Fn) 


By § 7, lemma 7, we have, for each sufficiently large gq, 


(8. 8) SSI ™ Ox, y, 23 %p.q) dadyda 


Ada (e) 


From (8.1) and (8.2), we may allow g to become infinite, and we see that 


(8. 4) SS. Fw (24, dude. 


Yi) 
A(u,v) 
tegrable over (), we may let p become infinite in (8. 4) sie 


Now, for each h > 0, each integrand on the right is measurable and is 
zero when 0(2;, yi) /0(u,v) =0. By lemmas 1 and 2, PM Yi, con- 
verges to F'm,n(2i, yi, 21) at almost all points of Q where 0(2, yi) /0(u, v) 0. 
Thus condition (i) of the conclusion is demonstrated. 

Since Fnn(x, y,2) is bounded and 0F'm,»/dz is summable, we see that 


It is now clear that we may allow m and n to become infinite independently, 
thus obtaining the formula (iii). 


Now, since 6F /d2 is summable, F <» is bounded, and z 


) | is in- 


dedyde PO (Liz Ys 1) dudv. 


Remark. If we restrict F and @F/dz to be defined and bounded in a 
bounded region D, which contains the closed surfaces S;, of class L, and their 


i 
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limit points, the whole being of space measure zero, and also the set F of all 
points for which 


¥ O(a, y,238:) =O(2, 4,233) 40, 
i=1 i=1 


this function being integrable, the above proof clearly establishes the formula 


SS. ff F (xi, Yi 24) dudv. 


A method of proof very similar to the above serves to establish the theorem 
below. It is clear that this theorem may be proved with the hypotheses altered 
in many different ways. 


THEOREM 2. Let 

(A) z=2(u, v), be a surface of class L 
such that x, y, and z are absolutely continuous on B(Q) with Vo“ *[f(u, V) ] 
metrically continuous at V=0 and V=1, and Vo (f) metrically con- 
tinuous at U =0 and U = 1, f =2, y,z in turn. 

(B) RB bea region including S and 

(C) P(ax,y,2) be a function (1) defined and measurable in RB, (2) ab- 
solutely continuous in y for almost all (x,z) and in z for almost all (2, y), 
(3) swmmable in R together with 0P/dy and 0P/dz which are assumed to exist 
almost everywhere in R, (4) metrically continuous wm (a, y, 2) at every point 
on C, x not belonging to Z, of measure zero, and dominated on C by a function 
summable on C, (5) with 0P/dy metrically continuous at every point, (x, y, 2), 
of S, (x,y) not nm Zey of measure zero, and 0P/dz metrically continuous at 
every point (x,y,z) of S, (x, 2) not in of measure zero, where there exists 
a summable function, G(u,v), such that 


OP (x,y) 
dy O(u,v) 


0(x, z) 
dz d(u,v) 


< G(u,v). 


Then: 
OP d(y, x) 


(i) P is measurable and thus summable on C, and — 
ay v) v) 


are measurable and thus summable on Q, and 


oP OP 0(z, 2) 0x 


s=arc length on B(Q). 


| 

dz O(u,v) 
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CorotLary. We see that hypothesis (C) is fulfilled for the following 
classes of functions for every. surface S in R, which satisfies hypothesis (A) : 


(1) P(2,y,z), 0P/dy, and 0P/dz are continuous in R, 
(2) P(2,y,2), 0P/dy, and 0P/dz are all bounded and measurable in a 
cube containing R, in which P(2, y,z) has the form 


P(x, y,2) — P(x, a,b) + 


+ Pole, a, £) dg £) dndt, 


where a and b are independent of x and the functions P,(x,, b), P(x, a, £), 
and P(x, 7, €) are summable in the Greek letters for almost all values of z. 
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NON-ALTERNATING TRANSFORMATIONS. 


By G. T. WHYBURN. 


If A and B are compact metric spaces and T(A) = B is a single valued 
continuous transformation which, as indicated, sends A into B, then T is said 
to be non-alternating provided that for no two distinct points x and y of B 
does the set J-1(z) separate the set T-*(y) in A, i.e., there exists no separation 
=A, A, such that A,-T"(y) KOA It will be 
noted that in case A is a circle, this is equivalent to saying that for any two 
points z and y of B no pair of points of T-*(z) alternates with any pair of 
points of T-*(y) on A.* Whence the term non-alternating. Such a trans- 
formation 7’ will be called monotone + provided that for each ze B, the set 
T-1(x) is connected. Obviously any monotone transformation is also non- 
alternating. 

Since any continuous transformation of A into B is equivalent { to an 
upper semi-continuous decomposition § of A into disjoint closed sets with 
hyperspace homeomorphic with B, it follows that any non-alternating or 
monotone transformation of A into B is equivalent to such a decomposition 
into sets which do not separate each other in A or into continua in A respectively. 


1. Characteristic properties. Throughout this section it will be sup- 
posed that A and B are compact and metric and that T(A) = B is continuous, 


(1.1) Jf ts any limit point of a subset B, of B, then T-*(b) -T-(B,) £0. 


For let points 6; B, be selected so that b; converges to b. For each i 
select a point a; from T-+(b;). We can select a sequence of integers n; such 
that a,, converges to some point a of A. Now by the continuity of 7 we have 
T (a) =), and this gives ae T-1(b) - T-*(B,). 


*In connection with this condition see A. Denjoy, Comptes Rendus, vol. 197 
(1933), p. 572. 

7 This term has been suggested by C. B. Morrey. See his paper “The topology 
of path surfaces.” 

¢ See Kuratowski, Fundamenta Mathematicae, vol. 11 (1928), p. 172. 

§ See R. L. Moore, Transactions of the American Mathematical Society, vol. 27 
(1925), pp. 416-428; also Alexandroff, Mathematische Annalen, vol. 96 (1926), pp. 
551-571. 
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(1.2) If EH is any connected subset of B, then for any possible separation 
T+ (£)=F, + F., there exists a pe E such that F,-T*(p) 


For if there were no such point in H, then 7(F,) and T(F.) would be 
disjoint; and since # is connected and H—T(F,) + T(F2), one of these 
sets, say 7'(F',), would have to contain a limit point p of the other. But then 
(1.1) would give 7-*(p) - F, 40, which is impossible since T-*(p) C Fi. 


(1.3) In order that T be monotone it is necessary and sufficient that con- 
nectedness be invariant under T-. 


The sufficiency is immediate, since for each b e B, T-1(b) must be connected 
because b is connected. The necessity results from (1.2), because if H is any 
connected subset of B, then since there can exist no pe H with F,-T(p) #0 
F,-T-(p), there can exist no separation of T-'(#) into sets F, and 


(1.4) In order that T be non-alternating it is necessary and sufficient that 
for any xe B, T-*(x) should separate two points a, and a, in A if and only tf 
separates T'(a,) and T (az) in B. 


Proof. Sufficiency: if x, y e B, then since x cannot separate y in B, T-1(2) 
cannot separate any two points of 7J-*(y) in A. Necessity: If x separates 
T(a,) and T’(a2) in B, then T-*(z) separates a, and a, in A by virtue of the 
continuity of 7. On the other hand if 7-*(z) separates a, and dz, we 
have a separation A — T7-1(x%) = A, + As, where a;¢ Ai. Now since T is non- 
alternating, no set 7-*(z), ze B, can intersect both A, and A,. Thus if 
B,=T(A,) and B,—T(Az), we have B,-B,—0. But also B,- B; =0 
= B,: B,; for if say be B,- Bz, then by (1. %), -T(B2)C A, A, 0; 
and this is contrary to the fact that A, and A, are mutually separated. Thus 
B, is a separation between 7'(a,) and TJ'(az). 


(1.41) Jf B is connected and T is non-alternating, then a point x of B is 
a cut point of B if and only if T-1(x) separates A. 


In particular, if B has no cut point, or is cyclicly connected, no one of 
the sets T-1(x) separates A. 


(1.5) If A is locally connected, then in order that T be non-alternating it is 
necessary and sufficient that for each xe B and each component K of B—z, 
the set T-*(K) be connected. 


Proof. Necessity: Since A is locally connected and T is non-alternating, 
it follows that some single component ( of A—T~(zx) contains 7-*(K). 
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Since 7(C) is connected and contains K but does not contain z, we have 
T(C) =K. Whence T-"(K) =C. Sufficiency: By virtue of (1.4) we have 
only to show that if a point x does not separate T'(a,) and T'(a2) in B, then 
T-1(x) cannot separate a, and a. in A. Now under these conditions, since 
B also is locally connected, 7’(a,) and T'(a2) lie together in a component K 
of B—z; and since by hypothesis 7-*(K) is connected and does not inter- 
sect 7-*(a), our conclusion follows. 


2. Product and factor theorems. In this section the spaces A, B, and 
C referred to are compact and metric and all transformations used are assumed 
to be continuous. 

Let T,(A) =B and T,(B) =C, and let T=—T.T,;. In other words, 
T is the result of first applying 7, to A and then applying 7, to 7T,(A), 
so that we have 7(A) =T.[T,(A)] =T2(B) =C. 


(2.1) If 7, %s monotone and T, is non-alternating, then T is non-alternating. 
If T is non-alternating, T, must be non-alternating regardless of T;. 


To prove the first statement, let 2, y«C, T-1(x) =X, T-(y) =Y and 
suppose, contrary to the theorem, that we do have a separation A—JYX 
= A,-+ A., where Y- A, Oa, and Y- A, Now since 


(i) Ti(¥) =Tr*(y), 
we have 
(ii) T,(A,) -T2*(y) T2*(y). 


Furthermore 7,(A,)-7,(Az) =0; for if this set contained a point p, then 
T,1(p), being connected, would have to intersect X, which is impossible since 
T,(X) -T,(Az) =0. Whence, by (1.1), we have that 
T,(A,) and 7,(Az) are separated. But B—T,(X) + T:(A2), 
and this, by virtue of (ii), gives that 7.-1(x) separates T'.-"(y) in B contrary 
to the fact that T, is non-alternating. 

To establish the second conclusion, let 7 be non-alternating, let 2, y« C, 
T.1 (x)= X, and T,1(y)—Y. Thenif we had a separation B— X = B, + B:, 
where B,- Y 40-4 B,- Y, we would likewise have the separation A — T,*(X) 
=T,1(B,) + T,1(B.), where T,-1(B,) -T:7(Y) fOAT 
and this is impossible since 7',-1(X) = T-1(x), T:7(Y) =T7(y) and T is 
non-alternating. Thus we have no such separation of B — X, and accordingly 
is non-alternating. 

It is easily seen by simple examples that 7, can be non-alternating and 
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T, monotone and yet T be alternating. Also both 7 and 7, may be monotone 
and yet 7, be alternating. 

Concerning monotone transformations we have the following correspond- 
ing theorem: 


(2.2) If 1, and T, are monotone, so also is T, (T =T.T:). If T is mono- 
tone, T, must be monotone regardless of 7. 


We shall now prove a result which may be regarded as a factor theorem 
for arbitrary continuous transformations. 


(2.3) If T(A) =B is continuous, then there exist continuous transforma- 
tions T, and such that =T (zx) on A, T, 1s monotone and, for 
each be B, dim T,1(b) =0. 


Proof. Let A’ denote the hyperspace of the upper semi-continuous de- 
composition G of A into the components of the sets 7-1(b), be B. Then there 
exists * a continuous transformation 7,(A) = A’ such that for each a’ A’, 
T,'(a’)e G. Thus 7, is monotone. 

For each a’ A’, define T,(a’) =T[T,1(a’)]. Then clearly 7, is con- 
tinuous, and for each we A, we have 7.,7;(«) =T(zx), so that T.(A’) =B 
and T.7,=T. 

Now for each be B, we have T.1(b) =T,[T“*(b)], and since 7, is 
monotone so that, by (1.3), connectedness is invariant under 7',~’, it follows 
that dim [7.-*(b) | =0, (where dim X means the Menger-Urysohn dimen- 
sionality of the set Y). This completes the proof. 


(2.31) If T is monotone, T, is a homeomorphism, so that T is equivalent 
to T,; on the other hand, if dim T-1(b) =0 for each be B, then T,; is a 
homeomorphism so that T is equivalent to T>. 


Still using the notation of (2.3) and its proof, by virtue of a result of 
Menger’s + we have 
(2.32) dim B= dim A’. 

Thus if the dimension of A is lowered under the transformation T, it 
must be lowered under 7’, and it cannot be lowered under 7%. 

It is interesting to note, on the other hand, that since the property of 
unicoherence is invariant under monotone transformations,{ it follows that 
if this property is altered by the transformation 7’, it must be altered under T.. 


* See Kuratowski, loc. cit. 
{ See Dimensionstheorie, Teubner, 1928, p. 235. 
t See Kuratowski, loc. cit., p. 182. 
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3. Applications to locally connected continua. 


(3.1) Let A and B be compact locally connected continua and suppose 
T(A) =B 1s non-alternating. Then for each true cyclic element EF, of B 
there exists a true cyclic element Eq of A such that T(E.) > Ey, 


To prove this, let x, y« Hy and let wv be an arc in A such that wv: T-*(2) 
=u and w-T"*(y) =v. Then uw and v must be conjugate in A, i.e., no 
point separates them in A. For if some point z separates A between wu and v, 
we would have zC uv—(u-+v) so that rAT(z) ~y. But then since 
T[T(z)] separates wu and v in A, it follows by (1.4) that T(z) must 
separate z and y in B; and this is impossible, because x and y are conjugate. 

Let E, denote the cyclic element of A containing u-+ v. Then F;, is the 
desired element. To prove this we have only to show that for each pe F,, 
T-*(p): Ha 0. Suppose, on the contrary, that for some pe Ey, T-'(p) Eu 
=(. Let qe, be the boundary point of a component Q of A — EF, which 
intersects T-'(p). Hither g none 7J-'(x) or none T-1(y), say g none T(z). 
Then since 7-*[7'(q) ] separates wu and any point of T-*(p) - Q in A, it follows 
by (1.4) that 7'(q) must separate « and p in B; but this is impossible, 
because x and p are conjugate. 


(3.11) If A is a dendrite, so also is B. 


While this result is a corollary to (3.1), it is interesting to note that 
it is a consequence also of the following two facts: 


(i) Any non-alternating transformation defined on a dendrite is neces- 
sarily monotone, and (ii) the image under any monotone transformation of a 
dendrite is itself a dendrite.* 


(3.2) With conditions as in (3.1), there exists:a continuous non-alternating 
transformation Z(EHq) = Ey which is monotone provided that T is monotone. 


Proof. It is understood, of course, that ZH, is to be found as in (3.1). 
For each xe Eq, let us define Z(x) as follows: (i) if ze Z*(b) for some 
beB, let Z(x) —b; (ii) if not, then let Az be the component of 
E,— E,:T-*(£y) containing x; then there must exist a pe H, such that 
T“(p) A, — Az, because T'(Az) is contained in some component of B — 
and hence has only one limit point in H#,; in this case we let Z(x) = p. 

Now clearly Z(£,) =F. Also Z is continuous. This is obvious in 


* See Kuratowski, loc. cit., p. 182; R. L. Moore, Foundations of Point Set Theory, 
p. 344. 
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case (ii), since Z is constant on A,; and in case (i) it follows from the 
continuity of 7. Finally, since for each pe Hy, =T-"(p): Fa + all 
components of H,—H,:T*(p) except the one containing E,[T-(E,) 
—T(p)], .it follows that Ha—Z-(p) is connected and that Z-*(p) is 
connected provided 7-*(p) is connected. Thus Z is non-alternating and is 
monotone provided 7’ is monotone. 


(3.3) If M ts a locally connected continuum and A is any A-set* in M, 
there exists a monotone retracting + transformation T(M) = A. 


To see this we have only to define 7 as follows. If re A, let T(x) =z. 
If ce (M—A), let T(x) be that point of A which is the boundary of the 
component of J — A containing x. Obviously T is monotone and retracting 
and T7(M) =A. 


(3.4) If A is a compact locally connected continuum and T(A) =B 1s 
non-alternating, then for each true cyclic element FE, of B there exists a non- 
alternating transformation W(A) = Ey such that W is monotone if T is 
monotone. Furthermore none of the sets W-'(x) can separate A. 


By virtue of (3.2) there exists a true cyclic element 2, of A and a non- 
alternating transformation 7',(H,) =H, which is monotone in case T is 
monotone. Also by (3.3) there exists a monotone retracting transformation 
T,(A) For each A, let W(x) =T.7T,(z). Then W(A) =F). 
By (2.1), W is non-alternating, and by (2.2) W is monotone provided 
T is monotone. Finally, since F, is cyclicly connected, by (1.41) no set 
W(x) can separate A. 


(3.5) If A is a compact locally connected continuum, if T(A) = B is non- 
alternating, and if B is cyclicly connected, then there exists a true cyclic 
element E, of A such that T(H,) =B. Furthermore if T;(A) = Eq ts a 
monotone retracting transformation, we have T(x) =TT,(2) on A. 


The first part of this theorem is a direct consequence of (3.1). To prove 
the second part it is apparent that we have only to show that if x is any point 
of A — FE, and p is the boundary point of the component Q of A — Eq con- 
taining z, then T(x) =T(p). But this follows immediately from the fact 
that since B is cyclicly connected, the set T-'[T(p)] cannot separate A. 


*That is, A is closed and contains every are wy in M where «x+y (CA. See 
Kuratowski and Whyburn, Fundamenta Mathematicae, vol. 16, p. 309. 

+ This means that for each aeA, 7’ (a) =a. For this notion and for the result 
(3.3) in case A is a eyclic element of M, see K. Borsuk, Fundamenta Mathematicae, 
vol. 18, p, 204. 
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If we agree to call a given upper-semi-continuous decomposition monotone 
or non-alternating provided the corresponding continuous transformation is 
monotone or non-alternating respectively, then (3. 4) gives the following result. 


-cont 
(3.6) Any upper semi-continuous decomposition of a 


compact locally connected continuum A is equivalent to a | — 
non-alternating 
upper semi-continuous decomposition of A into sets not separating A in the 
sense that each cyclic «isment of the hyperspace 1s itself the hyperspace of 
some { anynens. upper semi-continuous decomposition of A into sets 
non-allernating 


not separating A. 


(3.7%) If A is compact, locally connected, and unicoherent and T(A) =B 
is non-alternating, the true cyclic elements of B are cantorian manifolds of 
dimension = 2. 


Let us break 7’ up into the two factor transformations 7, and 7. as in 
(2.3). Let A’—T7,(A). Then since unicoherence is invariant under mono- 
tone transformations, A’ is unicoherent. Now let # be any true cyclic ele- 
ment of B and suppose contrary to our theorem that some closed, 0-dimensional 
subset D of H disconnects H. Then 7'*(D) disconnects A’ and hence must 
reduce to a single point, because the dimensionality of no such set is lowered 
under 7’, and A’ is unicoherent. But this means that D consists of a single 
point, which is impossible since H is cyclicly connected. 


4, Applications to special curves and surfaces. In this section it will 
be shown how our results apply in a number of interesting particular cases. 
(4.1) Suppose A is a topological sphere (simple closed surface). Then, 
using R. L. Moore’s theorem * that the hyperspace of any upper semi- 
continuous decomposition of A into continua not separating A is itself a 
topological sphere, our theorem (3.2) gives that each true cyclic element of 
the image B of A under any monotone transformation is itself a topological 
sphere so that B is a cactoid. Stated in terms of upper semi-continuous 
decompositions this will be recognized as a more recent result of Moore’s.t 


(4.2) Now suppose A is a cactoid. Then by (3.2) it follows that if B is 
the image of A under a mgnotone transformation, each true cyclic element 
of B is the image under some monotone transformation of some true cyclic 


* See T'ransactions of the American Mathematical Society, loc. cit. 
¢ Monatshefte fiir Mathematik und Physik, vol. 36 (1929), pp. 81-88. 
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element in A, and hence of a sphere. Thus by the theorem of Moore’s quoted 
above, each true cyclic element of B is a topological sphere and B is a cactoid. 
Whence, the image under any monotone transformation of any cactoid is itself 
a cactoid. In other words, monotone transformations carry cactoids into 
cactoids. 


(4.3) \ Let A be a simple closed curve. Then if B is the image of A under 


any non-alternating transformation, by (3.2) each true cyclic element F of B © 


is the image of A under some non-alternating transformation. But clearly 
any non-alternating transformation throwing A into H must be monotone, 
since the sets 7-*(z) cannot separate A and any closed set in A not separating 
A must be connected. It follows from this that each such # must be a simple 
closed curve. 

We shall call such a continuum as B, i.e., a compact locally connected 
continuum each true cyclic element of which is a simple closed curve a 
boundary curve. This term seems justified in view of the fact * that any such 
curve is homeomorphic with the boundary of some plane bounded region and 
any locally connected continuum which is the boundary of such a region is a 
boundary curve in this sense. 


(4.4) Now let A be any boundary curve. Then by (3.2) and (4.3) we 
have immediately that the image under any non-alternating transformation of 
a boundary curve is itself a boundary curve. Thus non-alternating trans- 
formations carry boundary curves into boundary curves. 

In view of R. L. Moore’s theorem (loc. cit.) that any cactoid is the image 
under some monotone transformation of the sphere, the question naturally 
arises as to whether every boundary curve is the image under some non- 
alternating transformation of the circle. That this is indeed the case will 
now be shown. 

Let C denote the unit circle, let H be a boundary curve, let 7(C) = H 
be continuous and, for each pe H, let m(p) denote the multiplicity of p under 
T and let a(p) be the number of components of H— p. Then we have 


(4.5) If m(p) =a(p) for each pe H for which a(p) =1 or 2, then T is 
non-alternating. 

Let «,yeH. Since H is a boundary curve, it follows that 2 and y can 
be separated in H' by a set X consisting either of two non-cut points of H 
or of a single point p of H which cuts H into just two components, In either 
case it follows from our hypothesis that 7-*(X) consists of just two points 


*See W. L. Ayres, Fundamenta Mathematicae, vol. 14 (1929), p. 92. 
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u and vonC. And since 7-1(X) necessarily separates T(x) and T-*(y) 
in C, it follows that one of these sets lies on one of the arcs of C from wu to v 
and the other one on the other arc, so that these sets cannot separate each 
other in C. 


(4.6) For any boundary curve H there exists a non-alternating transforma- 
tion T(C) = H, where C is a circle, which is not constant on any arc of C. 


Proof. Let T be the transformation W described in § 5 of the author’s 
paper in the American Journal of Mathematics, vol. 54 (1932), p. 372 ff. 
so set up that W(C) = H (see p. 376). Then by (II) and (III), pp. 374-375 
of that paper and by (4.5) above, it follows that this transformation has all 
the desired properties. 

Thus it is seen that the class of all non-alternating transformations de- 
finable on the circle is equivalent to the class of all boundary curves, just as 
the class of all monotone transformations definable on the sphere is equivalent 
to the class of all cactoids. 
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THE REPRESENTATION OF INTEGERS AS SUMS OF VALUES 
OF CUBIC POLYNOMIALS.* 


By R. D. JAmgs.t 


1. Introduction. As we shall prove in Lemma 7, a cubic polynomial in « 
is an integer for all integers x = 0 if and only if it is of the form a(2* — x) /6 
+ b(@? — x) /2 + cx + d, where a, b, c, and d are integers. In considering 
the representation of integers as sums of values of this polynomial we may 
evidently assume d=(. Let 


(1.1) P(x) =a(a* — x) /6 + — x) /2 + 

We also assume that a > 0 and that a, b, and c have no common factor. For, 

if p|a, p|b, p|c¢ then p| P(x) and > P(2v) would represent only multiples of p. 
p=1 


When a = = 0 the polynomial P (2) becomes a pyramidal number 
(x —2x)/6. It is known that every sufficiently large integer is a sum of eight 
pyramidal numbers,® { and that every integer is a sum of nine pyramidal 
numbers.® 

When (a,3) =1, b =0, c=1, L. E. Dickson ? has found explicit values 
of C and v such that every integer = C’- 3°” is a sum of nine values of P(z). 
In some cases he showed by a short table that this is also true for every integer 
< (- 3°” and hence obtained universal theorems. 

When a = 3a,, b = 0, c = 1, Frances E. Baker! and G. C. Webber 7 have 
applied this method to show that nine, nine, or ten values suffice according as 
a, = 0,1, or 2 (mod 3). They also obtained universal theorems in some cases. 
Similar results were proved by Webber without the restriction b =0, c= 1, 
but with a | b. 

In the first part of this paper we prove the result: 


THEOREM 1. Let s=9 be an integer and P(x) any polynomial of the 
form (1.1) with ax44c (mod 8). Then there exists a number C, depending 
only on s, a, b, and c such that every integer n > C, is a sum of s values of 
P(x). That is, every sufficiently large integer is a sum of nine values of P(x). 


We may state this theorem in another form: 


* Presented to the American Mathematical Society, April 6, 1934. 
+ National Research Fellow. 
t See the list of references at the end of the paper. 
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THEOREM 2. Let G(P) denote the least value of s such that the equation 


(1. 2) n— av =0 
is solvable for all sufficiently large integers n. Then for every polynomial of 
the form (1.1) with ax44c (mod 8) we have 
G(P) = 9. 
The method of proof is as follows. Let 
(1.3) Q(2) =Q(2;0,t) =P(vr+t) = + Be? + Cr+ D, 


where ¢ = 0 is a definite integer depending on a, b,c; and 


(1. 41) v=6 when 3}a, 2} (a,b); 
(1. 42) v=3 when 3 }a, 2| (a,b); 
(1. 43) v=2 when 3|a, 2}(a,b); 
(1. 44) v=1 when 3|a, 2| (a,b). 


In all cases the coefficients in Q(x) are integers and A —av*/6>0. Let 
r,(n) denote the number of solutions of 


n= Q(2), 0. 


Then E, Landau’ has proved a result which for the special case of cubic 
polynomials becomes 


(4/3) 


SF (8-3) /8 Con (8-3-8) /8 
AT (8/3) En 


(1. 5) — 


where C, and 6 are positive constants depending only on s, A, B, C, D; that is, 
only on s, a, b,c. The function S = G(n) is real and is called the Singular 
Series. It is defined as follows: Let p be a primitive qg-th root of unity, 


pam (r,q) =1; 


q-l 
Sp ; 


h=0 


r=0 


|__| 
24 (9). 


et 


bic 


lar 


REPRESENTATION OF INTEGERS. 305 


If €¢=7> 0, where 7 is independent of n, then it follows from (1.5) that 
s(n) > 0 when 
\ 

(4/3) 


The proof of Theorem 1 is thus reduced to the proof of 


n>C,= 


THEOREM 3. If s=9Q then 
€2y> 0, 
where » depends only on s, a, b, and c. 
In the proof of this result we follow the method of Landau.® 


In the second part of this paper we are concerned with polynomials y(z) 


for which > y (av) represents all integers. Such polynomials must represent 1. 


Hence let 


(1. 6) p(x) + + ay, % > 0 


be an integer = 0 for all integers x= 0; and let y(z,) =1. If we define 
g(w) to be the least value of s such that 


8 
D> =n, ty =0 
y=1 

is solvable for every integer n, then we have 


THEOREM 4.* Let (a2) be the least value of ~(x) > W(a1) =1, and 
let be the least value of w(x) > W(x2). Then if l= ] 


we have 


g(¥) (a2) —2 
for every polynomial of the form (1.6). 


In the particular case in which y(z) = P(x), a= 3, b =c —1 we have 
P(a.) =a+3; = 3, —=4a+6; 1=[(40+ 6)/(a+ 3)] 
= (3+ (a—3)/(a+38)]=—3. Then g(P) 2a+4. It is highly probable 
that g(P) =a +4 in this case. This is an analogue of the theorem that every 
integer is a sum of «+2 polygonal numbers a(z?—2)/2-+ 2. The proof 
that g(P) —a- 4 depends on the evaluation of the constant C;. 


*This is a generalization of the result g(k) > [(3/2)*]+2*—2 in Waring’s 
Problem. : 


| 
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2. Preliminary considerations. We begin by proving some results for a 
polynomial of degree k. Let 


p(x) = + ++ OK, 


where d) > 0, a:,° * -,% are integers. For every prime p let 6(w) = 0(w, p) 
denote the highest power of p which divides k —w (0S w=k—1). That is, 


peo) | (k—w), (k—w). 
Similarly, let 


6(w) +2, p—?, 
pop +1, p>2; 


6=6(p) = Min (6(w) +4(w)); 


Let 


y=y(p)= Min (y(w) +4(w)) 


OSwsk-1 
p—2, 


Then @ is the highest power of p which divides every coefficient of ¢’(z). 
Write = p°¢’(x). Let M(m) =M(m,n) denote the number of 
solutions of 


(2. 1) (av) =n (mod m), m. 


For m= p!' let N(p') =N(p',n) denote the number of solutions of this 
congruence in which at least one ¢o(av) is prime to p. These solutions corre- 
spond to the primitive solutions in the case (2) = 2*. 


Lemma 1. If AZy(w) +1 and + then 
= yr + (k — w) (mod pr). 


Proof. This is Landau,* Theorem 290 with 1, k, y, and 6 replaced by 
A, k —w, y(w), 0(w), respectively. 


Lemma 2. If lZ=y+1 and zp'* then 


=$(y) + (mod p’), 
$o(t) =go(y) (mod p). 
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Proof. Since 1+ 6(w) —6=I1+y(w) —yZy(w) +1 we may apply 
Lemma 1 with A =/-+ 6(w) — 96. Then 
(2. 21) gh == yw (k 
Since p™” | a» and 0(w) + a(w) = @ we have 
= + (k—w)awy*” (mod p’). 
If we sum both sides of this congruence for w = 0,1,- + -,4—1 we obtain 


(x) =o(y) +2p"*do(y) (mod p’). 


This proves the first result. Again, since 1 + 6(w+1)—@>1—6—1=21 
we have from (2.21) with w replaced by w+ 1 


gk-w-1 — (mod p) 
—w) = —w)dwy*”" (mod p). 


Summing both sides we obtain the second result. 


Lemma 3. If lZy-+1 then 


N(p') = N (p'). 


Proof. In (2.1) with m = p! write ay = yv + zvp'* where 0 S yw < ph, 
0S < p*'; and p does not divide every @o(av). Then by Lemma 2, p does 
not divide every @o(yv) and (2.1) becomes 


0 = Yv < ps, 


(2. 31) = $(y) + pi & 2vho(yv) =n (mod H< p*, 


Then to each of the N(p') solutions of (2.31) there corresponds a solution 
of the two congruences 


(2. 32) 2 $(yv) =n (mod OS < ppevery go(yv) ; 


(2.33) zvdo(y) —m) (mod p), 0S < 
v=1 
and conversely. 


From Lemma 2 it follows that if 2»=yy (mod p**") then ¢(zv) 
= ¢(yv) (mod p**). Hence each solution of (2.32) gives p” solutions of 


8 
=n (mod p™), OS yr <p, phevery go(y). 


8 8 
4 

j 
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That is, the congruence (2.32) has p-“*N(p'*) solutions. 
Since p does not divide every ¢o(yv) we may assume p}¢o(yi). Then 
Ze, may be chosen arbitrarily mod in (2.33) and z, is deter- 
mined uniquely mod p. Thus for any choice of 22, 23,- - -, % mod p**? there 
are p’ solutions z, with 0S 2, < p. Hence (2. 33) has p* ‘*-»*# solutions. 
Since the number of solutions of (2.31) is equal to the product of the 
numbers of solutions of (2. 32) and (2. 33), we have 


(pt) — pom — prt 
Lemma 4. If l1Zy then 
Proof. If 1 vy the result is trivial. If 1 >-y then by Lemma 3 
(pt) — ptt (pt) — pee? N(ptt) pre 


5. We have 
M(m) — 2 A(q). 
q\m 


Lemma 6. If px denotes the h-th prime then 


A= 


q| psp. alp! 


Both these results are proved in Landau ® for the case ¢(7) =2*. The 
proofs given there apply without change to the general case. 


3. Cubic polynomials. 


Lemma 7%. A polynomial P(x) = aa + Bar? + yx + 8 is an integer for 
all integers x = 0 tf and only if 


(3. 11) a—=a/6, B=b/2, y= (6c—a—3b)/6, 8=—d, 
where a, b, c, and d are integers. 
Proof. (1) Let (3.11) be satisfied. Then 
=a(a*— 2) /6 + b(2?— 2) /2+cr4+d. 


Since x*— zx and x* —z are divisible by 6 and 2, respectively, it is obvious 
that P(x) is an integer. (2) Let P(x) be an integer for all integers x = 0. 
Then in particular 
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§ = P(0) = an integer d, 

a+ B+y=—P(1) —é—an integer 

8a + 4B + = P(2) —an integer 12, 
27a + 9B + 3y P(3) an integer 13. 


If we solve these equations for «, 8, and y we obtain the conditions (3.11). 


Now let 
= Q(x) =P(vr + t) = + Br? + Cx + D, 
where 
A=a'/6; B=(at+b)v?/2; 
(3. 12) C = (3at? + 6bt —a— 3b + 6c) v/6; 
D = a(t? —t)/6 + b(t2—t)/2 + ct. 


8. If p>2,0=0,y—1, p}B then 
N(p’) = N(p) =1 
for s=6 and every integer n. 


Proof. We determine an integer B’ so that 2BB’=1(modp). By 
Landau,‘ like Theorem 301 the congruence 


8 
> = B’(n—6D) (mod p) 


has a solution for every n with p}t,. Then 


(Q(t) + Q(p—t)) = + 2D) (mod p). 
At least one of Qo(t,) and Q.(p—t,) is prime to p, since otherwise 
0=@'(t,) —Q'(p—th) = (mod p). 
This contradicts p > 2, p} B, p>} 


Lemma 9. If p> 2, p}A then for every n there is a solution of 


4 
2A (mod p) 


with each of 2, 22, and 2, prime to p. 
Proof. If p|n then obviously 


2A (1° + (p—1)®4+1°+ (p—1)*) =n (mod p). 
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Hence let p}n. We determine A’ so that 2AA’==1(modp). Then by 
Landau,* Theorem 301 there is a solution of 


3 
=A’n (mod p) 


with p}z,. If p} 22, p} 2, the result follows. 
The remaining cases are p| 2, p} 22; p}%, p| 23 p| 2%, p| 2. In 
the respective cases we have 
+ (mod p); 
+ + 1° + (p—1)*=A’n (mod p); 
1*+ (p—1)?’ =A’n (mod p). 


This completes the proof of the lemma. 


Lemma 10. Jf hy, h. and hz are each prime to p > 2 there is a solution of 


3 
(3. 4) (mod p), 
pr=1 
for every integer h. 
Proof. Let g be any primitive root mod p. Then hy= g*% (mod p), 
where a = 2By + yv, yy =0 or 1. Hence we may write (3.4) in the form 


3 
=h (mod p), 


where av = gvt,. The coefficients are either 1 or g and the congruence is 


equivalent to one of the congruences 


+ 2,27=h’ (mod p), pyr; 
+ + gr,?=h’ (mod p), 


It is easily seen that both these congruences have a solution. For, if p}}’ 
then by Landau,* Theorem 301 


+ 2,2==h’ (mod p), 


has a solution and we take If p | h’ then p>} (h’—1), (h’—g). 
Hence each of the congruences 


+ 2.*==h’—1 (mod p), 


has a solution and we take z, = 1. 


h’ 
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Lemma 11. If p>3,0=0, y=1, p| B then 
N(p") =N(p) 21 
for s= 8 and every integer n. 


Proof. We cannot have p| A, p|C for this would imply p | a, p | }, 
ple. Ifp|A, p}C then Q(x) =Czx + D (mod p) and it is evident that 
Cx + D=n (mod p) has a solution with Qo(z) =C prime to p. 

Hence let pA. By Lemma 9 there is a solution of 


(3. 51) 2A Sa?=n (mod p) 
with each of 2, 22, z; prime to p. Then by Lemma 10 with 
4 
h=— > +2D); hy=6Aw (v—1,2,3); te 


there is a solution of 
4 


4 
(3. 52) 6Azvty? (2Ca+2D) (modp), 


p=1 


From (3.51) and (3.52) it follows that 


4 
4 
=D + 6Azrty? + + 2D) =n (mod p). 
v=1 
At least one of Qo(z, + 41) and Qo(z:—4,) is prime to p, since otherwise 
0=Q'(z, + —Q’ (4, =12Az,t, (mod p). This contradicts p > 3, 
pha, ph 
Lemma 12. Jf p| A, p| B, p}C then 


N (pr) = 
for s=1 and every integer n. 


Proof. The p integers Q(x) (0S aS p?¥ —1) are incongruent mod p’. 
For suppose Q(2)= Q(y) (mod p?), t«Ay,0S 
Then 


Q(y)= (x— y) (A(a? + zy + y?) + B(x + y) + C)=0 (mod 


The second factor is prime to p since p | A, p | B, p}C. Thus (mod p”) 
and hence « = y, a contradiction. 


f 
), 
is 
1). 
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Then in the congruence 


2 =n (mod p’), 


we may choose arbitrarily mod and then determine 2, with 
Q’ (21) =C prime to p. This proves the lemma. 


Lemma 13. If we have p}Q(a1), p}Qo(a1) then 
N(p") 21 
for s= p” and every integer n. 
Proof. The result is trivial since any integer is represented mod p” by 
at most values Q(z) with p}Qo(a1). 
Lema 14. If we have p}Q(a:) and for 2, p| Q(22), 
P}Qo(x2) then 
N(p”) 21 
fors= (p+ 1)p™ and every integer n. 


Proof. Since p’Q(a2) =0 (mod p7) every integer is represented mod p? 
by at most values Q(a,) plus at most values Q(22) with p}Qo(22). 
Thus N(p’) = 1 for s= + = (p+ 1)p™. 


4. The Case p> 3. In this section we prove 


Lemma 15. For Q(x) = P(vr-+t) we have 
N(p”) =1 
for p > 3, s=9 and every integer n. 


Proof. The coefficients of Q’(z) are 3A, 2B and C. If a prime p divided 
each of 3A, 2B, C it would follow from (3.12) that p divided each of a, }, 
and c, contrary to our assumption. Hence @=0, y=1. The result now 
follows from Lemmas 8 and 11. 


5. The Case p=8. We shall prove that Lemma 15 holds also when 


p=3. We first consider 
(5.11) (mod 3). 


Then we have v =3 or 6,3 | A, 3| B, 3+C. Hence Lemma 12 applies with 
p =8 and thus N(37) = >] for s=1. 
Next, let 


(5. 12) a=0 (mod 83), (mod 83). 
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Then v or 2 and B= (at +b)v?/240 (mod3). Hence and 
Lemma 8 applies. 
Now suppose 


(5. 2) a=b=0 (mod83), (mod 9). 
Then from (3.12) we have 3}C and hence 6=0, y—1. By choosing 
t==1 (mod3) we have 3} D. Thus 3}Q(0), 3$Q.(0). By Lemma 13 
with p= 3, y =1, = 0 we have for s=3. 
Finally, let 
(5. 3) a=b=0 (mod83), a=6c (mod9). 
From a= 6c (mod 9), (mod 3) it follows that (mod9). Let 
a= 3a,, b = 3b,. Then from (1.48), (1.44), and (3. 12) 
A=a,v*/2; B=3(at+ b,)v?/2; 
C = (8a,t? + 6b,t — a, — 3b, + 2c) v/2; 
D =a,(t® — t)/2 + 3b,(t?— t)/2 + ct; 


where v = 1 or 2, and a4, 40 (mod 3). Then 6—1, y =2. 
We choose ¢ as follows 


(5.31) ¢=0 (mod9) when a= 24c (mod 27), b=0 (mod 9) ; 
(5.32) ¢==1 (mod9) when a= 24c (mod 27), (mod 9) ; 
(5.33) ¢==2 (mod9) when (mod 27). 

In (5.31) we have 


Q(0) —D=0 (mod 3*), Q(0) =C/30 (mod 8), 
Q(1) =—A+B4C+4 D=a,v*/2 40 (mod 3). 


Hence any integer not divisible by 9 is represented by at most eight values 
Q(1) plus one value Q(0) with 3}@Q,(0). Any integer divisible by 9 is 
represented by one value Q(0) with 3}@Q,(0). Thus N(3?) 21 for s2=9. 
In (5.32) and (5.33) we have Q(0) 0, Q.(0) 0 (mod 8), and by 
Lemma 13 with p = 3, y = 2 we have N(3?) 21 fors=9. 


6. The Case p=2. We shall prove that Lemma 15 holds also when 
p=2. We first consider 
(6. 1) 2} (a,b). 


Then we have v = 2 or 6, 2 | A, 2.| B and by choice of ¢ mod 2, 
C=at?—a—bX0 (mod 2). 
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Hence Lemma 12 applies with p = 2 and N(27) = 27°) for s=1. 
Now suppose 


(6. 2) a=b=0 (mod2), bs42c (mod 4). 


Then from (1. 42), (1. 44), and (3.12) we have v = 1 or 3, a = 2a,, b = 2b,, 
and 

A=av'*/3; B(at+b,)v’; 

C = (3a,t? + 6b,t — a, — 3b, + 3c)v/3; 

D=a,(t# —1t)/3 + —t) + et. 


By choosing t==1 (mod 2) we have both C and D odd. Hence 6=0, y =2 
and by Lemma 13 with 2, = 0 we have N(2?) = 1 for s= 4. 
Next, let 


(6,3) as=b=0 (mod 2); a==2, b=2ce (mod 4). 


In this case 6 = 0, y = 2. If we choose ¢ even then Q(0) =0, Q’(0) =Q(1) 
=1(mod2). By Lemma 14 with p=2, y=2 we have N(2?) =1 for 
s=6. 

Finally, let 


(6. 4) as=b=0 (mod 2); a=0, b=2e (mod 4). 
In this case 6 = 1, y = 3. We choose ¢ as follows 

(6. 41) 0 (mod4) when b=6c (mod 8); 

(6. 42) ¢=1 (mod4) when 6=2c (mod 8). 


In (6.41) we have Q(0) =0 (mod 4), Q(1) #0 (mod 2), and since we are 
assuming a4 4c (mod 8), then Q,(0) = C/2 0 (mod 2). Any integer not 
divisible by 8 can be represented by at most seven values Q(1) plus two values 
Q(0) with 2}@Q (0). Any integer divisible by 8 can be represented by two 
values Q(0) with 2}@Q.(0). Hence N(2*) =1 for s=9. In (6.42) we 
have Q(0) =Q,.(0) =1 (mod 2), and by Lemma 13 with p=2, y=3 
we have V(2°) 21 for s = 8. 


7. The Proof of Theorem 3. Since M(p') 2 N(p*) we have from 
Lemmas 5, 4, and 15 


(7.1) DA(q) = (p') = 


or 
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Also, by Landau,® Theorem 8 with e = 1/8 


(7. 2) A(q) =1 +> A(p) >1 pons 
=1 \=1 
= 1— F,(p*/* —1)-. 


Finally, the Singular Series is absolutely convergent for s=9 (Landau,° 
Theorem 9). Hence by (7.1), (7.2), and Lemma 6 


S=lim A(q)=lim [I A(q) 


= max (p?°*-?, 1 — — 1)-*) 
p 


6. 


Theorems 1 and 2 now follow as indicated in the Introduction. 


II. 


8. The Proof of Theorem 4. Consider the integer N =lp(x,.) —1. 
We have N < y(a;). Hence the only permissible values of y(a#) in the 
representation of N are y(2,) =1 and y(a2). That is, 


N = (l—h) (a2) + —1) 


and 1—h + hy(a.) —1 values of are required. Since ¥(z2) > 1 the 
number required is a minimum when h = 1. Then 21+ y(a.) —2. 
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FUNDAMENTAL REGIONS FOR THE SIMPLE GROUP OF 
ORDER 168 IN 5S. 


By I. MILuER. 


Fundamental regions for certain ternary groups have been considered by 
J. W. Young* and Henry F. Price ¢; the former obtained a solution for 
cyclic groups, the latter for the G., and the Gg. The method used here to 
obtain fundamental regions for the Gigs is analogous to the method used by 
Price for the G6o. 

The G,es may be written as a doubly transitive permutation group of 
degree seven generated by { 


S=abcdefg, R—ab-ce, T = SRS*RSR = adb - cef. 
As the corresponding collineations we shall use 


a, = 
S: 
= 1/2(— Ta’, —7Ta’s), 
R: 
T: Lo = 2's, = 2's, 
where r=1/2[1+ (—7)*], F=—1/2[1— (—7)*]. 


The collineation group in this form contains a subgroup of order 24, generated 
by R, T, and V = 8*RS*, whose coefficients are real; this is the G2, studied 
by Price. 

To represent the complex points of the plane as real points in S,, set 
= 2+ = y + Ww. 

Consider the 21 conjugate linear forms bj; (t—=1,2,3; j=0,- - -,6), 
in which b;) = Ta, —7a, (or the negative of this, as the signs of these forms 
are of no consequence), and in which the others are so chosen that they are 
transformed by the generators as follows: 


*J. W. Young, “ Fundamental regions for cyclic groups of linear fractional] trans- 
formations on two complex variables,” Bulletin of the American Mathematical Society, 
vol. 17, pp. 340-344. 

+H. F. Price, “ Fundamental regions for certain finite groups in S,,” American 
Journal of Mathematics, vol. 40 (1919), pp. 108-114. 

tH. F. Blichfeldt, Finite Collineation Groups, chap. V, p. 113, Chicago, The Uni- 
versity of Chicago Press, 1917. 
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S: 504, 5413 | 
by, 503,4302, 03. 
The second subscript is to be reduced modulo 7 if necessary. 

The group on b,o,- - -, bs. is imprimitive. We may associate with each 
set of imprimitivity one of the letters a, b, c, d, e, f, g, in such a manner that 
the group obtained by considering the ways in which these sets of imprimi- 
tivity are transformed is the same as the group of degree seven given above. 
To do this let a represent the set bos, the set dis, bee, bsg; the set 
bis, b20,.b34; etc. If in each set every second subscript is replaced by its nega- H 
tive modulo 7, another division according to sets of imprimitivity is obtained ; i 
this method of division is not used, however, as it leads to an outer isomorphism 
of the group with itself. 

We now form seven positive forms of the type 


where 6,5 is the conjugate imaginary of b,;. The forms B,: - -, @ are formed 
in the same manner from the sets b,---,g. The generators permute the i 
capital letters in the same manner as they permute the corresponding small 
letters. 


Let Bij (1 =1,2,3; 7 represent the 21 differences of 
A,: ++, G, with Bio = G—A, Boo = G—B, Bs. = G—D, and the others so 
chosen that S permutes them in the order 8;,;8i,j.:. It is not necessary to 
indicate how R and T transform these forms, as it is more convenient to use i 
the permutation group on A,: - -, G. 
The forms fi; are used to determine fundamental regions for the Ges. i 
If we divide each of these forms by 23,” and equate to zero we obtain 21 
hypersurfaces in S,. Excluding points which lie on these hypersurfaces, every 
point of S, will make each of these forms either positive or negative; and since 
these are the differences of seven positive forms there are at most 7! possible 
arrangements of plus and minus signs. Obviously no operator except the 
identity can transform a point into another point which produces the same i 
arrangement of signs. An arrangement of signs is most conveniently given 
,, by writing the order of magnitude of A,---,G, and if A>B>C>D 
>E>F> G we shall indicate this by the value system ABCDEFG. To 
obtain a fundamental region we select 30 value systems no two of which are 
conjugates under the group. 
As an example of a fundamental region we take the 30 value systems 
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which have the form ABCXXXX or the form ABFCXXX, where X may be 
any one of the remaining letters. 

If we set u 0, v —0 in each of the equations of the 21 hypersurfaces 
we obtain the curves of intersection with the “real plane.” Among these 
curves will be found nine straight lines which divide the plane into 24 parts 
which are projectively the same. These are the nine lines used by Price to 
determine fundamental regions for the G2, on the plane*; this is not sur- 
prising in view of the fact that this G., is the largest subgroup of the Gus 
that leaves this plane invariant. Similarly the plane z = 0, y = 0, is invariant 
under a subgroup of order eight, and among the intersections of the hyper- 
surfaces with this plane will be found five straight lines which divide the plane 
into eight regions that are projectively the same. 

If the curves of intersection of the hypersurfaces with these two planes 
are drawn it is not difficult to determine all the value systems that appear. 
It is found that 27 of the 30 conjugate sets are represented. The remaining 
three sets are represented by the points  —1/2, u—=—1/2, v=0; 
t=—e,u—1+e y=——e v where 
e is small and positive. Hence all of the 7! value systems occur. 

To complete the determination of a fundamental region we start with the 
30 value systems of the form ABCXXXX or ABFCXXX and set two or more 
of the forms A,- - -, G equal in all possible ways. After discarding duplicates 
the remaining value systems are arranged into sets of conjugates under the 
group and from each conjugate set one value system is selected. This gives 
327 additional value systems which must be added to the original 30. 
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A METHOD OF DETERMINING ALL THE SOLVABLE GROUPS OF 
GIVEN ORDER AND ITS APPLICATION TO 
THE ORDERS 16p AND 329. 


By A. C. Lunn and J. K. SENtor. 


In a recent paper, P. Hall * has shown that if G is any solvable group of 
order yz where y is prime to z, then 


(a) G contains at least one subgroup of order y. 

(b) All subgroups of order y in G are conjugate. 

(c) Every subgroup whose order divides y is contained in a subgroup 

of order y. 
These propositions, for the case where z is a power of a prime, together with 
the well-known theorems on the representations of abstract groups ¢ yield the 
theorem upon which the following paper is based. 

Before proceeding to the statement and proof of that theorem, it will be 
convenient to establish a corollary of Hall’s theorem. The symbol 7’ will be 
used throughout to denote a transitive solvable substitution group of degree 
a = p* and order kx where k is not divisible by p. The symbol (7: T.--- Tn) 
indicates a group on h sets of transitivity formed by using isemorphisms 
between the transitive groups 7',: - -T,. The limiting case of direct product 
formation by any pair of transitive elements is included in the definition. 
The symbol R will denote an abstract group simply isomorphic with 7. 


Corotuary. Jf 7, and T, are distinct substitution groups, they are not 


simply isomorphic. 


Proof. If 7, and T, are simply isomorphic then == ko@e. 

Two cases may be distinguished. 

(1) p,=—ps. In this case R, (by Hall’s theorem) contains only one set 
of conjugates of index x, and hence has only one transitive representation of 
degree x,. Therefore 7’, and 7, are not simply isomorphic. 


(2) pix po. In this case R, contains a single set of conjugate sub- 
groups of order k,, no one of which contains any invariant subgroup of R, 
besides identity. But (by Hall’s theorem) every subgroup of R, whose order 
divides &, is contained in a subgroup of order &,. Therefore (besides identity) 
no subgroup of FP, whose order divides k, is invariant, and the order of every 
proper invariant subgroup of R, is divisible by py. 


*P. Hall, Journal of the London Mathematical Society, vol. 3 (1928), p. 98. 
{ Burnside, Theory of Groups, second edition (1911), p. 231 et seq. 
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If Rk, and R, were simply isomorphic, then the order of every proper 
invariant subgroup in either of them would be divisible by pip, But any R 
is solvable, and hence contains a characteristic Abelian subgroup (of order 
greater than 1) the Sylow subgroups of which are invariant under F# and of 
prime power order. Therefore Rk, and R, (and hence 7, and 7.) are not 
simply isomorphic. Thus the corollary is proved for all cases. 

The fundamental theorem of the following paper may be stated in terms 
of the notation already defined. If, fori —1.--- n, T; is of degree 7 = 
(where the ,’s are distinct primes), and R; is the abstract group simply 
isomorphic with 7';, then such a list of » K’s will be called a complete array 
for the order g = IIa. 


THEOREM. Fvery solvable group G of order g =Tla; determines its 
complete array of R’s and the isomorphism according to which each pair of 
R’s must be combined to gwe a representation of G. Any representation of 
G which involves every R of a complete array belonging to the order g is 
simply isomorphic with G. 


Proof. G contains for each 1 a single set of conjugate subgroups of index 
x;, thus determining 7; and R;. The intersection of this set is Ci, a charac- 
teristic subgroup of G; and 7; (hence R;) is simply isomorphic with the 
quotient group G/C;. Let Ci; be the intersection of C; and Cj. If T; and 
T; are written on distinct sets of letters, the intransitive representation 
(7, :7T;) is simply isomorphic with the quotient group G/Ci;, and hence 
(R; : Rj) is uniquely determined. It is thus shown that G uniquely determines 
its complete array of FR’s, and that between each pair of F’s in the array 
there is only one isomorphism which leads to a representation of G. 

The order of the intransitive representation (7, :T2 +++: Tn) must be 
a factor of g and a multiple of the degree of each T;. But since the degree 
of T; is the order of (7, :T. Tn) must be a multiple of Ila; =g. 
So (7, :T. Tn) and hence Rn) are of the same order 
as G, and thus simply isomorphic with G. This completes the proof of the 
theorem. 

The above theorem may be used to obtain all the abstract solvable groups 
of given order g by proceeding as follows. Pick a complete array of R’s 
belonging to the order g, and combine them by isomorphism so as to give 4 
group of that order. (It is to be understood that the word isomorphism is 
here used to include the case of direct product formation, or isomorphism 
according to a quotient group of order 1.) If this process is carried out in 
all possible ways with all distinct complete arrays belonging to the order 9, 
the list of abstract groups thus obtained includes all the solvable abstract 
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groups of that order. No two of the groups of order g thus obtained are 
simply isomorphic unless the two arrays are identical, and the respective 
isomorphisms between the members of all corresponding pairs of R’s are also 
identical. 

Certain general conclusions from the above theorem may also be drawn. 


(1) There exists a category of abstract groups (for which the name Hall 
groups is here proposed) which are defined as being simply isomorphic with 
solvable transitive groups of degree p* and order kp* where k is not divisible 
by p. Every solvable abstract group which is not itself a Hall group may 
be obtained (as explained above) by a suitable combination of Hall groups. 


(2) Every abstract solvable group G of order g = IIa; can be expressed 
as an intransitive group of degree 3a; with sets of transitivity of degree 2. 
If it is so expressed, each transitive constituent of the intransitive group is 
uniquely determined as a substitution group. 

The theorem previously proven will be used to determine all the groups 
of orders 16p and 32p. For this purpose the following symbolism will be 
used. G*,% indicates a solvable abstract group simply isomorphic with a 
transitive group of degree x and order zk where z = p* and k is not divisible 
by p. The symbol : Indicates that two such groups 
(p: ~ pe) are combined by isomorphism according to a quotient group of 
order k,k.. Reference will be made repeatedly to the number of distinct 
cases of a given abstract quotient group involved in a list of abstract groups 
G,- +--+ Gy. Any two such cases (with quotient groups denoted as usual by 
G,/H; and G;/H;) are to be understood as non-distinct when and only when 
G, = G;, and H; and H; are conjugate under the holomorph of Gi. 


The Groups of Order 16p.* Every abstract group of order 167 is solvable 
and thus determines a Gok.) (ky =1 or p.) The only solvable 
transitive groups of degree p are the metacyclic group of order p(p—1) and 
its invariant subgroups. Therefore k, must be a common divisor of 16 and 
(p—1), and for any possible pair of values of p and k., there will be but one 
G,. Moreover k, is the order of a cyclic quotient group of order 2” in G?,x,,, 
and for any one G?,,, there is only one such quotient group of given order. 

Every group of order 16p occurs therefore in one of the following 
divisions : 


*The groups of order 16p have been treated by Le Vavasseur, Annales de la 
Faculté des Sciences de VUniversité de Toulouse, ser. 2, vol. 5 (1903), p. 63. But 
as the article is not entirely free from error, an independent demonstration is here 
given. 
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Division ), Division (d)=(G%8 : )s 


Dwision (a). (G6: G),;. A group in this division is the direct prod- 
uct of its Sylow subgroups. Since there are fourteen different groups of 
order 16 and one group of order p, there are, for every p, fourteen groups of 
division (a) ; five of these are abelian. 

Division (b). (G38: Gs)2, Since (p—1) is divisible by 2, there are 
groups of this division for every p. The fourteen groups of order 16 permit 
in all 28 distinct dimidiations;* hence for every p there are 28 groups of 
division (b). 

Dwision (c). (G48: Gp), Groups of this division exist only when 
(p—1) is divisible by 4. The fourteen groups of order 16 involve nine dis- 
tinct cases of cyclic quotient group of order 4, and each case gives rise to a 
single isomorphism.t Hence there are nine groups of division (c) if 4 
divides (p—1). 

Division (d). (G8: Gp). Groups of this division exist only when 
(p—1) is divisible by 8. Of the fourteen groups of order 16, only the 
cyclic group and the abelian group of type (3, 1) involve cyclic quotient 
groups of order 8. Each of these involves one case of such a quotient group 
and this case gives rise to a single isomorphism. Hence there are two groups 
of division (d) when 8 divides (p—1). 

Division (e). Groups of this division exist only when 
(p —1) is divisible by 16. The only group of order 16 which can be used in 
such an isomorphism is the cyclic group, and it gives rise to a single isomorph- 
ism. Hence there is one group of division (e) when 16 divides (p—1). 

Division (f). : G ox.) pk. Groups of this division exist only when 
p divides (2"—1) and 1<n< 5—that is when p=3, 5 or 7%. These 
three cases will therefore be considered separately. 

When p = 3, the number of groups of division (f) has been shown to 
be ten.f 

When p= 5, the number of groups of division (f) has been shown to 
be one.§ 

When p=7, the groups in question are of order 112. If a group @ of 
this order contained no subgroup of order 56, it would contain an invariant 


*G. A. Miller, Quarterly Journal of Pure and Applied Mathematics, vol. 30 
(1898), p. 243. t Loc. cit. 
7G. A. Miller, unpublished work. § Loe. cit. 
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subgroup K of order 16, but could contain no invariant subgroup of order 8, 
since it could involve no quotient group of order 14. Hence K would have to 
contain seven subgroups of order 8 conjugate under G, and could contain no 
other subgroups of this same order. There is no group of order 16 which 
meets this restriction, and hence every group of order 112 contains a sub- 
group H of order 56. 

If G is of division (f), it contains 8 subgroups of order 7 all of which 
are contained in Hf. As there is only one group of order 56 containing 8 
subgroups of order 7, H is uniquely determined. It contains a characteristic 
abelian subgroup J of order 8 and type (1, 1, 1) which must be invariant 
under G. In H, every subgroup of order 7 is its own normalizer, but in G, 
the normalizer N of a subgroup of order 7 is of order 14. Hence G can be 
generated by the adjunction to H of an operator 7(T? Tf) which with a 
subgroup of order 7 generates N. WN is non-invariant under G since its single 
subgroup of order 7 is non-invariant. 

Since all the operators of order 2 in N are conjugate under JN, if 7’ were 
non-invariant under G, then N would contain no subgroup besides identity 
invariant under G, and G could be expressed transitively on 8 letters. As 
there is no such transitive group of degree 8,* 7 is invariant under G. G 
thus contains an invariant subgroup J (of order 8) and an invariant sub- 
group 7 (of order 2) which is not contained in L. Together Z and T 
generate an invariant abelian subgroup K of order 16 and type (1, 1, 1, 1), 
and G corresponds to a set of conjugate subgroups of order 7 in the 1-group 
of K. As the subgroups of order 7 in this 1-group are Sylow subgroups, there 
is only one group of division (f) when p= 7. 

The groups of order 16p can then be tabulated as follows: 


p No. of groups of division Total 


(a) (b) (ce) (a) (e) 


3 144 28 0 0 0 10 52 
7 14 28 0 0 0 1 43 
(p—1) divisible by 2 but not by 4. 14 28 0 0 0 0 42 
(p—1) divisible by 4 but not by 8. 14 28 9 0 OO O 51 
(p—1) divisible by 8 but not by 16.14 28 9 2 0O 0O 53 
(p—1) divisible by 16. 14 28 9 2 1 O 54 


*G. A. Miller, American Journal of Mathematics, vol. 21 (1899), p. 326. 
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The Groups of Order 32p. Every group of order 32p is solvable and thus 
determines a G (ki p). In regard to the group 
obviously the considerations for 16p hold also for 32p save that in the latter 
case k, may take the additional value 32. Kvery group of order 32p occurs 
therefore in one of the following divisions: 


Division (a) (Gs : GP, ); Division (d) (G32 : G?sp )s 
“  (e) (G82 : Gap) (£) (G32 : GP sop) 22 


Division (g) (G32, pis 


Division (a). (G82: G);. For every p the number of groups of this 
division is 51—that being the number of groups of order 32. Seven of these 
groups are abelian. 

Division (b). (@82: G?z»)2. For every p, the number of groups of this 
division is equal to the number of distinct dimidiations of the 51 groups of 
order 32. This number has been shown to be 144.* 


Dwision (c). (G82: Gy)4. In 24 of the groups of order 32, all the 
operators which are squares are contained in the commutator subgroup. No 
such group can give rise to a group of division (c), and each of the remain- 
ing 27 groups must give rise to at least one group of this division. In 15 of 
these groups, all the invariant subgroups complementary to cyclic quotient 
groups of order four form one set of conjugates under the holomorph of the 
group; in 11 groups they form two sets; in one group three sets. As each 
of these cases of cyclic quotient group of order 4 gives rise to a single isomorph- 
ism, there are 15 +(2 X 11)-+ 3 = 40 groups of division (c) if (p—1) is 
divisible by 4. Otherwise the number is 0. Each such group contains just 
one invariant subgroup H of order 8, and the groups may be classified as 


follows: 


H No. of groups 


*G. A. Miller, Annals of Mathematics, ser. 2, vol. 31 (1930), p. 163. 
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Division (d). (GS: Gp)s. For seven of the groups of order 32, the 
commutator quotient group has an invariant = 8. Each such group must 
give rise to at least one group of division (d), and no other group of order 
32 can give rise to a group of this division. In five of the seven groups, the 
invariant subgroups complementary to cyclic quotient groups of order 8 
form one set of conjugates under the holomorph of the group; in each of the 
other two groups they form two such sets. As each of these cases of cyclic 
quotient group of order 8 gives rise to a single isomorphism, there are 
5 +(2 & 2)—9 groups of division (d) if (p—1) is divisible by 8. Other- 
wise the number is 0. Every group of this division contains just one invariant 
subgroup of order 4. In five of the nine groups, this subgroup is cyclic. 

Division (¢). (G2: G?i6p)ie. Of the groups of order 32, only the cyclic 
group and the abelian group of type (4, 1) involve cyclic quotient groups of 
order 16. Each of these involves one case of such a quotient group and each 
of these cases gives rise to a single isomorphism. The number of groups of 
division (e) is therefore two if (p—1) is divisible by 16; otherwise the 
number is 0. 

Division (f). (G82: G?s2)s2. The only group of order 32 which can 
be used in such an isomorphism is the cyclic group, and it gives rise to a 
single isomorphism. Hence the number of groups of division (f) is one if 
(p—1) is divisible by 32; otherwise the number is 0. 

Division (g). (G i“ : Gok.) pkg Groups of this division exist only when 
p divides (2"—1) and 1 <n < 6—+that is when p=3, 5, 7 or 31. These 
cases will therefore be considered separately. 

When p= 3, the number of groups of division (g) has been shown to 
be 36.* 

When p= 5, the groups in question are of order 160. 

(1) Let G@ be a group of order 160 and division (g) containing no sub- 
group of order 80. G@ must therefore contain an invariant subgroup K of 
order 32, but can contain no invariant subgroup of order 16 since it can 
involve no quotient group of order 10. K must thus contain exactly 15 
subgroups of order 16 which must be simply isomorphic in sets of 5n. There 
is only one group of order 32 which fulfills this condition, so K is uniquely 
determined. G corresponds to a set of conjugate subgroups of order 5 in the 
-group of K. As these subgroups are Sylow subgroups, there is only one 


such group. 


* Loc. cit. A private communication from Dr. G. A. Miller informs the present 
authors that there are 26 instead of 25 groups of order 96 which contain four sub- 
groups of order 3. Thus there are 36 instead of 35 groups of this order which contain 
more than one subgroup of order 3, and the total number of groups of order 96 is 231 
instead of 230 as originally stated. 
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(2) Let G be a group of order 160 and division (g) containing a sub- 
group H of order 80. H contains all the 16 subgroups of order 5 in G, and, 
since there is only one group of order 80 which meets this condition, H is 
uniquely determined. It contains a characteristic abelian subgroup L of 
order 16 and type (1, 1, 1, 1) which must be invariant under G. 

In H, each subgroup of order 5 is its own normalizer, but in G the 
normalizer N of such a subgroup is of order 10. N is non-invariant under 
G since its single subgroup of order 5 is non-invariant. G@ can be generated 
by the adjunction to H of an operator T (T? 1) which with a subgroup 
of order 5 generates NV. 

If T is invariant under G, it generates with Z an invariant abelian sub- 
group K of order 32 and type (1, 1, 1, 1, 1), and @ corresponds to a set of 
conjugate subgroups of order 5 in the i-group of A. Since this i-group 
contains Sylow subgroups of order 5, there is one group when 7’ is invariant 
under G. 

If 7 is non-invariant under G, then N contains no subgroup besides 
identity which is invariant under G, since all the operators of order 2 in NV 
are conjugate under N. G can therefore be expressed transitively on 16 let- 
ters, and when thus expressed, LZ is regular, so that G corresponds to a set of 
conjugate subgroups of order 10 in the i-group of L. As this i-group con- 
tains only one such set, there is one group when 7’ is non-invariant under G. 

It has thus been shown that when p=—5 there are three groups of 
division (g). 

When p =7, the groups in question are of order 224. If a group G of 
this order contained no subgroup of order 112, it would necessarily contain 
an invariant subgroup K of order 32. But G could not contain an invariant 
subgroup of order 16, since it could involve no quotient group of order 14. 
Hence K would necessarily contain 7 subgroups of order 16 conjugate under 
G, and no other subgroups of this order. But as there is no group of order 
32 which meets this condition, the case does not arise, and G must contain 
a subgroup H of order 112. 

If G is of division (g), H can contain no invariant subgroup of order 7 
and is hence uniquely determined.* It contains a characteristic abelian sub- 
group L of order 16 and type (1, 1, 1, 1) which is invariant under G. In 
H, the normalizer of a subgroup of order 7 is generated by S (S'* = 1 and S" 
is in L); but in G, the normalizer N of such a subgroup is of order 28. G@ 
can therefore be generated by the adjunction to H of an operator 7 (7? =1 
or T? = 8") which with S generates N. WN is non-invariant under @ since 
its single subgroup of order 7 is non-invariant. 7 is characteristic under H 


*See p. 323 of this paper. 
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and hence invariant under G. If the subgroup of order 4 generated by S’ 
and 7 were non-invariant under G, then N would contain no proper subgroup 
invariant under G other than that generated by S’. There would then exist 
a transitive representation of G of degree 8 and order 112. As no such transi- 
tive group of degree 8 exists,* the group generated by 8’ and T is invariant 
under G. Hence 7 and L generate an invariant subgroup K of order 32, 
and G corresponds to a set of conjugate subgroups of order 7 in the 1-group 
of K. 

K must contain J (an abelian group of type (1,1,1,1)), and there are 
five groups of order 32 which meet this condition. Three of these are non- 
abelian and their i-groups contain no subgroups of order 7%. Thus these 
groups give rise to no groups of order 224 and division (g). The i-groups 
of the two abelian groups contain Sylow subgroups of order 7, and hence 
each of these groups gives rise to one group of order 224 and division (g). 

It has thus been shown that when p=7, there are two groups of 
division (g). 

When p = 31, the groups in question are of order 992. Let G be a group 
of this order and division (g). G must contain 32 subgroups of order 31 
which involve 960 operators of this order. So G must contain an invariant 
subgroup K of order 32 and must correspond to a set of conjugate subgroups 
of order 31 in the i-group of K. Hence A must contain 31 operators all of 
the same order, and can thus be only the abelian group of type (1, 1, 1, 1, 1). 
Since the i-group of this group contains Sylow subgroups of order 31, there 
is only one group of division (g) when p = 31. 

The numbers of groups of order 32p can then be tabulated as follows: 

p No. of groups of division Total 


— 


(a) (b) (e)(a)(e) (f) (g) 


3 51 144 0 0 0 0 36 281 

5 51 144 40 0 0 0 38 238 

7 51 144 00 0 0 2 19% 

31 51 144 0 0 0 0 1 «196 

> Yand=+<31 

(p—1) divisible by 2 butnotby4. 51 144 0 00 0 O 195 
(p—1) divisibleby4butnotby8 51 144 40 0 0:0 0O 235 
(p—1) divisible by 8 but notby 16. 51 144 40 9 0 0 O 244 
(p—1) divisible by 16 but not by 32. 51 144 40 9 2 0 0 246 
(p—1) divisible by 32. 51 144 40 9 2 1 O 24% 


* Loc. cit. 
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DETERMINATION OF THE GROUPS OF ORDERS 101-161, 
OMITTING ORDER 128. 


By J. K. Senior A. C. Lunn. 


In a recent paper,* G. A. Miller has listed the numbers of the groups of 
every order g where g does not exceed 100. General methods are known for 
determining the groups of any order g where g is the product of less than five 
prime factors,t and if 100 < g < 162 there are only six integers where q is 
the product of more than four such factors. These are 


g = 108 = 2?- 3° g = 128 = 27 
g = 112 = g = 144 = 2%: 3? 
g = 120 = 2°-3-5 g = 160 = 25-5 


The groups of orders 112 and 160 have been determined by Lunn and Senior.{ 
To determine the number of groups of order 128 is a very laborious task, and 
no attempt will here be made to solve the problem. But brief arguments 
suffice to cover the cases of 108, 120 and 144, and these orders will therefore 
be treated in some detail. Where g is the product of less than five prime 
factors, since the general methods are known, only the results will be given. 
The references to the transitive groups of degrees less than ten are taken from 
the tables of G. A. Miller § and F. N. Cole.{ 

In treating the solvable groups of orders 108, 120 and 144, the argument 
will be based || on the 


THEOREM. Lvery solvable group G of order g =a; determines its 
complete array of R’s and the isomorphism according to which each pair of 


*G. A. Miller, American Journal of Mathematics, vol. 52 (1930), p. 617. 

} Hélder, Mathematische Annalen, vol. 48 (1893), p. 409, Orders p, p?, pq, p*, Pp" 
par, p*; “Nachrichten von der Kéniglichen Gesellschaft der Wissenschaften zu Gdt- 
tingen,” Mathematisch-physikalische Klasse (1895), p. 211, Orders pqrs; Le Vavasseur, 
Annales scientifiques de VEcole Normale Supérieure, ser. 3, vol. 19 (1902), p. 338, 
Orders p?q?; Western, Proceedings of the London Mathematical Society, ser. 1, vol. 30 
(1899), p. 209, Orders p*q; Glenn, Transactions of the American Mathematical Society, 
vol. 7 (1906), p. 137, Orders p?qr. 

¢ Lunn and Senior, American Journal of Mathematics, this vol., pp. 319-327. 

§G. A. Miller, American Journal of Mathematics, vol. 21 (1899), p. 326. 

{ F. N. Cole, Quarterly Journal of Pure and Applied Mathematics, vol. 26 (1893), 
p. 372. 

|| Lunn and Senior, loc. cit. 
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R’s must be combined to give a representation of G. Any representation of G 
which involves every R of a complete array belonging to the order g 1s simply 
isomorphic with G. 


The methods and symbols to be used are those described in the paper just 
cited. The symbol @*. indicates a solvable abstract group simply isomorphic 
with a transitive group of degree x and order zk where x = p" and k is not 
divisible by p. The symbol (Gz, : G*2.)xk, indicates that two such groups 
(~:~ p2) are combined according to a quotient group of order k,k. to form 
a group of order 2,22. Similarly the symbol : G25] 
indicates that Gy, and Gz, are combined according to a quotient group 
of order uw, and that the resultant group is then combined with Gz, accord- 
ing to a quotient group of order v where w= kik2ks and ps ~ pi or pr. 
The group thus obtained is uniquely determined by the three groups G#zx 
and the isomorphisms used to combine them. It is independent of which 
pair is first combined, so that this choice can be made a matter of convenience. 

The Groups of Order 108 = 2?- 3°. Every group of order 108 is solvable 
and hence determines a ((*4x, : Coreg) ak k, =1 or 3, since 4 and 12 are 
the only orders which divide 108 for which transitive groups of degree four 
exist. k,—=1,2o0r4. Thus every group of order 108 occurs in one of the 
following divisions: 


Division (a) (G*,: G37), Division (d) : G37), 


108 

Division (a). (G*, : @27),. A group in this division is the direct prod- 

uct of its Sylow subgroups. Since there are five groups of order 27 and two 

groups of order 4, there are 5 X 2 = 10 groups of division (a). Six of these 
are abelian. 


Division (b). (G*, : G37),. There are ten distinct groups G27* Hach 
of these contains one invariant subgroup of order 27 and can consequently be 
dimidiated in only one way. Each of the two groups of order four permits but 


one distinct dimidiation, and so there are 10 2 = 20 groups in division (b). 


Division (c). (G*,: @27,),. A group in this division corresponds to a 
set of conjugate subgroups of order 4 in the i-group of a group of order 27. 


The five groups of this latter order will therefore be considered one at a time. 


*G. A. Miller, Quarterly Journal of Pure and Applied Mathematics, vol. 30 (1898), 
p. 243. 
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(1) The cyclic group has an i-group containing Sylow subgroups of 
order 2, and hence gives rise to no group of division (c). 

(2) The abelian group of type (2,1) has an 1-group containing non- 
cyclic Sylow subgroups of order 4, and hence gives rise to one group of 
division (c). 

(3) The non-abelian group which contains operators of order 9 has an 
i-group containing Sylow subgroups of order 2, and hence gives rise to no 
groups of division (c). 

(4) The abelian group of type (1,1,1) has an 7-group containing 
Sylow subgroups of order 32. Under the i-group, the subgroups of order 4 
are permuted in five sets of conjugates, two of which are cyclic. Thus there 
arise five groups of division (c). 

(5) The non-abelian group which contains no operators of order 9 has 
an i-group containing Sylow subgroups of order 16. Under the 7-group, the 
subgroups of order 4 are permuted in two sets of conjugates, one of which is 
cyclic. Thus there arise two groups of division (c). 

The number of groups of division (c) is thus 1+5-+2—8. In three 
of these groups, the quotient group of order 4 is cyclic. 

Dwision (d). : @37);. There is only one group It involves 
but one case of quotient group of order 3, and this case gives rise to a single 
isomorphism. The five groups of order 27 involve seven distinct cases of 
quotient group of order 3, and hence there are seven groups of division (qd). 
- Three of these contain operators of order 18. 

Division (e). (G*i2 : @27),. As G*:2 contains no invariant subgroup of 
order 2, there are no groups of division (e). 

Dwision (f). (G12 : @?7,)12. A group G in this division would contain 
an invariant subgroup of order 9 complementary to a quotient group simply 
isomorphic with G*,.. Hence G would contain an invariant subgroup of 
order 36 containing three subgroups of order 18 conjugate under G. But 
every group of order 36 which contains three simply isomorphic subgroups 
of order 18 contains a characteristic subgroup of order 4, and no such group 
of order 36 can be an invariant subgroup of G, since a group of division (f) 
can not contain an invariant subgroup of order 4. Hence there are no groups 
of division (f). 

The number of groups of order 108 is thus 


Division (a) (b) (c) (d) 
Number 10 20 8 v4 Total 45 


The Groups of Order 120 = 2*-3-5. It is well known that there are 
just three insolvable groups of order 120. 


DETERMINATION OF THE GROUPS OF ORDERS 101-161. 331 


Every solvable group of order 120 determines a (Geax, : sk, : G*sxq) uv 
(wy = k,k2k,). hk, —=1or3, since 8 and 24 are the only orders which divide 
120 for which transitive groups of degree 8 exist; k, = 1,2 or 4, since 5, 10 
and 20 are the only orders for which solvable transitive groups of degree 5 
exist; ks —=1or2, since 3 and 6 are the only orders for which transitive 
groups of degree 3 exist. 
Thus every solvable group of order 120 occurs in one of the following 
divisions : 
Division (a) : Gs: 
[(G*s : : Gs 
(d’) [ (Gio: Ge )o : Gs Jo 


(f) [(G*s : Ge Jo 
“ : Gs Gs 
(h) [ : : Gio ]2 
(i) [ (Geos: Ge Gs 


(j) [ (GPs: Ge 
(k) [ ( ) 3 | 4 
(1) | : Goo] 4 


Division (a). (Gs: G5: G*;),;. A group in this division is the direct 
product of its Sylow subgroups. As there are five groups of order 8, one of 
order 5 and one of order 3, there are five groups of division (a). Three of 
these are abelian. 

Divisions (b) and (c). [(G%s : : and [(G%s : 
There are seven groups* (Gs : G*,9)2 and hence seven groups of division (b). 
Similarly there are seven groups : 
division (c). 

Division (d’). [ : There is only one group 
(G°,o : G_)2; it permits but one dimidiation. As the five groups of order 8 
permit seven distinct dimidiations, there are seven groups of division (d’). 


and hence seven groups of 


Division (d’”). [ : : There is only one group 
(G,,: G%,),. Its only case of quotient group of order 4 is non-cyclic, and, 
of the three subgroups of index two involved, no two are simply isomorphic. 
Hence there arise the following groups: 


*G. A. Miller, Philosophical Magazine and Journal of Science, ser. 5, vol. 42 (1896), 
p. 195. 


Dihedral 
Dicyclic 


There are two groups (G*; : 


division (f). 


There are two groups (G24 : 


Divisions (i) and (j). [ 
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Group of order 8 


Abelian of type (2, 1) 


Abelian of type (1, 1,1) 


There are thus 8 groups of division (d”). 
Divisions (e) and (f). [G*s : Gso)4 : 


dimidiations. They may thus be multiplied directly by G*, to give the two 
groups of division (e) or dimidiated with G*, to give the three groups of 


Divisions (g) and (h). [ G*3)s G5 |1 and [ G*3)s : G4 | >. 


cf order 12; the other contains no subgroup of this order. 
these groups yield the two groups of division (g) by direct multiplication 
with G*,, and the single group of division (h) by dimidiation with G*,o. 


There is only one group (G24 : 
Consequently it yields the single group of division (i) by direct multiplication 
with G®,;, and the single group of division (j) by dimidiation with G*,o. 
Divisions (k) and (1). : Gao], and [ : G*e)e: Gao]: 
No group G*., contains an invariant subgroup of order 6, and so there are no 
groups of divisions (k) and (1). 
The number of groups of order 120 is thus 


Solvable 

5 
v4 


No. of groups of order 120 


eer 


G3 and [ G20) 4 Ge] 2. 


G*2o)4- These two groups permit in all three 


G*,)3. One of these contains a single subgroup 


Consequently 


G*6)« Gs and [ (Gos G*6)6: G10]. 
G*,)¢; it contains one subgroup of order 12. 


332 
3 
3 
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The Groups of Order 144 = 2*- 3. Every group of order 144 is solvable 


and hence determines a > Gore) Ki = 1,3 or9. ke —1, 2, 4,8 or 16. 


Thus every group of order 144 occurs in one of the following divisions: 


Division (a) G9); Division (f) (Gre: G%s)s 
(G28: G (G28: Gs6) 12 
(G26: Gr2)s (G28: G2) 24 
(e) ( : G 144) 16k, (j) Gone) 


Division (a). (G@**: G@%),. A group of this division is the direct prod- 
uct of its Sylow subgroups. As there are fourteen groups of order 16 and 
two groups of order 9, there are 14 * 2 = 28 groups of division (a). Ten 
of these are abelian. 

Division (b). (Gi: G*1s)2. There are three groups G*,s, each one of 
which permits one dimidiation. As the fourteen groups of order 16 permit 
in all 28 distinct dimidiations,* there are 3 X 28 = 84 groups of division (b). 

The groups of divisions (c) and (d) depend on certain quotient groups 
o1 order 4 and 8 involved in the groups of order 16. It is therefore convenient 
to list the fourteen abstract groups of this order according to their quotient 
groups of these types. 

Gig No. of distinct cases of quotient group which are 

Cyclic Non-cyclic Cyclic Dihedral Dicyclic 

Order 4 Order 4 Order 8 Order 8 Order 8 
(1) 0 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 


* Loc. cit. 


| 
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This listing suffices to identify uniquely each of the groups of order 16 except 
numbers (3), (4) and (5). These three groups are generated as follows: 


(3) AS =B?=—1. BAAB=A’. 
(4) At, A’. 
(5) AS =B?=—1. A’. 


Dwision (c). (G8: G*se)4. The groups of this division fall into two 
sub-divisions according to whether the quotient group utilized is cyclic or 
non-cyclic. 


(1) Cyclic quotient group of order four. There is only one case of 
such a quotient group among the two groups G*3,. and this case gives rise to 
a single isomorphism. Hence with the nine cases of cyclic quotient group of 
order 4 involved in the groups of order 16, there arise 9 groups of order 144. 


(2) Non-cyclic quotient group of order 4. There is only one case of 
such a quotient group among the two groups G*35. It involves only one 
characteristic subgroup of index two. Hence the following groups arise: 


= No. of groups of order 144 
2 
3+2+4+1 
1 
si 
There are thus 9 + 35 = 44 groups of division (c). v 
Division (d). (G26: G%2)s. Each one of the three groups (72 con- g 


tains an invariant Sylow subgroup of order 9. This subgroup is comple- 
mentary to a quotient group of order 8 which is respectively cyclic, dihedral 
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or dicyclic in the three instances. Therefore the groups of this division fall 
into three sub-divisions. 

(1) Cyclic quotient group of order 8. Each of the two cases of cyclic 
quotient group of order 8 involved in the groups of order 16 gives rise to a 
single isomorphism, and hence there are two groups in this sub-division. - 

(2) Dihedral quotient group of order 8. The group G*;2 which involves 
a dihedral quotient group of order 8 contains only one characteristic subgroup 
of index 2 which corresponds to the cycle of order 4 in the quotient group. 
Hence this dihedral quotient group gives rise to a single isomorphism. As 
the groups of order 16 involve in all 6 distinct cases of dihedral quotient 
group of order 8, there are six groups of this sub-division. 

(3) Dicyclic quotient group of order 8. The group @*;. which involves 
a dicyclic quotient group of order 8 contains three subgroups of index 2 which 
are conjugate under an outer isomorphism. Hence this dicyclic quotient group 
gives rise to a single isomorphism. As the groups of order 16 involve, in all, 
two distinct cases of dicyclic quotient group of order 8, there are two groups 
in this sub-division. 

There are thus 2 + 6 + 2 10 groups of division (d). 

Dwision (e). : G@i44) Every group in this division is simply 
isomorphic with its G°,4,. As there is only one transitive group of degree 9 
and order 144, there is only one group of division (e). 

The groups of divisions (f), (g) and (h) depend on certain of the quo- 
tient groups involved in the ten groups (3° ‘These groups have been described 
by G. A. Miller.* 

Six of them involve one distinct case of quotient group of order 3 each. 

Four of them involve one distinct case of cyclic quotient group of order 
6 each. 

Four of them involve one distinct case of non-cyclic quotient group of 
order 6 each. 

One of them involves one distinct case of dihedral quotient group of 
order 12. 


Division (f). (G8: G%)s. Hach of the two groups of order 9 involves 
one distinct case of quotient group of order 3, and this case gives rise to a 
single isomorphism. By combining these two groups with the six groups GS 
which involve quotient groups of order 3, there are obtained the 2 K 6 = 12 
toups of division (f). 


Dwwision (g). (GiS: The groups of this division fall into two 


* Loc. cit. 


3 
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sub-divisions according to whether the quotient group of order 6 utilized is 
cyclic or non-cyclic. 

(1) Cyclic quotient group of order 6. The three groups G*,s involve 
only one case of quotient group of this type, and this case gives rise to a single 
isomorphism. Thus by combination with the four groups G3} which involve 
cyclic quotient groups of order 6, the four groups of this sub-division are 
obtained. 

(2) Non-cyclic quotient group of order 6. Such a quotient group gives 
rise to a single isomorphism. The three groups G*,s involve in all three dis- 
tinct cases of quotient group of this type, and, by combination with the four 
groups which involve non-cyclic quotient groups of order 6, the 3 K 4 = 12 
groups of this sub-division are obtained. 

Thus there are 4 + 12 = 16 groups of division (g). 

Division (h). (G18: The two groups involve in all only 
one distinct case of quotient group of order 12; this is a dihedral quotient 
group. Only one case of quotient group of this type occurs among the ten 
groups Gi* and this case gives rise to a single isomorphism. Hence there is 
one group of division (h). 

Division (1). (G38: As no group contains an invariant 
subgroup of order 3, there are no groups of division (1). 

Division (j). ox.) 9k Every group in this division is simply 
isomorphic with its G8. and hence, to determine the number of groups of 
the division, it is sufficient to determine the number of transitive groups of 
degree 16 and order 144. 

If G is a group which fulfills the above condition, it can contain no 
invariant subgroup of order 3 or 9. Consequently G can contain no subgroup 
of order 72, for every group of this order contains a characteristic subgroup 
of order 3 or 9 which would necessarily be invariant under G. Hence G can 
contain no invariant subgroup of order 24, since it can involve no quotient 
group of order six. 

If G contains no subgroup of order 72, it must contain an invariant 
subgroup H of order 48. H can however contain no characteristic subgroup 
of order 3 or 24. Every group of order 48 which fulfills this condition con- 
tains a characteristic subgroup of order 16. Hence @ contains an invariant 
subgroup K of order 16 and corresponds to a set of conjugate subgroups of 
order nine in the i-group of K. The only group of order 16 whose 1-group 
contains subgroups of order nine is the abelian group of type (1, 1, 1,1), and 
in the i-group in question the subgroups of order nine are Sylow subgroups. 
Hence there is only one group of division (j). 


The number of groups of order 144 is thus 
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28 
10 
197 
There follows the list of the number of groups of every order (except 128) 
j between 100 and 162 where this number exceeds one. 
Order Factors Number of groups 
102 2-3-1% 4 
104 23-13 14 
105 2 
106 2-53 2 
108 Q2. 38 45 
i 110 2-5-1 6 
111 3-37 2 
112 43 
114 2-3-19 6 
116 22-29 5 
P 117 32-13 4 
118 2-59 2 
120 22-3-5 AY 
121 11? 2 
122 2-61 
P 124 22-31 4 
125 58 5 
126 16 
128 27 not determined 
P 129 3-43 Q 
130 4 
132 22-3-11 10 
2-67 2 
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Factors Number of groups 
3° -5 5 
2°-17 15 
2-3-23 4 
11 
2°71 2 
24 3? 197 
2° %3 2 
3-7 6 
27-37 5 
5? 13 
2% -19 12 
2 
| | 4 
5-31 2 
2?-3-13 18 
2°79 2 
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Order 
135 
136 
138 
140 
142 
144 
146 
147 
148 
150 
152 
153 
154 
155 
156 
158 
160 | 238 


THE COVARIANTS OF TWO QUADRATIC FORMS 
IN n VARIABLES. 


By J. WILLIAMSON. 


1. Introduction. It is known that two quadratic forms in n variables 
possess n -++ 1 projective covariants and that these n + 1 covariants, together 
with the n +- 1 invariants, form a complete system of covariants and invariants, 
Of these covariants m are quadratic while the remaining one is the Jacobian 
of the other n. These n quadratic covariants play an important role in the 
determination by symbolic methods of the irreducible concomitants of the two 
quadratics.* Unfortunately the actual covariants are not very easily obtained 
from their symbolic expressions. It is our purpose here to determine another 
system of n quadratic covariants which can be expressed comparatively simply 
both symbolically and non-symbolically. Later we make use of these covariants 
to show how the factorization of the Jacobian, mentioned above, depends on the 
nature of the elementary divisors of the pencil of matrices defined by the two 
quadratics. 


n n 
Let f= > aijxizy and g = > rijvix; be two quadratic forms in n 
4,j=1 i,j=1 


variables, whose matrices are A and RF respectively, so that in matrix notation 
f=X’AX and g—X’RX. 


With the usual notation we shall write these two quadratics in the symbolic 
forms, 


f= (ax)? (br)? = (cx)? I= (rz)? == (sx)? (ta)? 


where a, b,c,-- 7,8, t,: +, are two sets of equivalent symbols. We shall 
denote the determinantal bracket factor containing i equivalent symbols 
a,b,c,- - + and equivalent symbols r,s, ¢, by (AiRn-i). In particular 
we shall write « for An_, and p for R,_,, so that the tangential forms of f and g 
are 


n n 
(wa)? and (up)? pijlitl;, 


* J. Williamson, “A special prepared system for two quadratics in n variables,” 
American Journal of Mathematics, vol. 52 (1930), pp. 399-412. 
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respectively. A simple calculation shows that, if Ai; is the cofactor of ai; in A 
and R;; the cofactor of ri; in R, 


(1) = (n—1)! pig = (n—1)! (4,7 


If A; —aAj;_.,, that is, if the first column of A; is a and the remain- 
ing 1—1 columns are denoted by Aj-1, we define the bracket factor (iz) 


— by 
(2) (ie) = = 2,3,° —1). 


On the right of (2) is a series of 7 terms obtained from a¢(Ai-+Rny-i) by 
permuting determinantally all 1 symbols in A;. For example, if 13 and 
A; = abe 
(AgRn-2t) = 
= dz(bcRn-2) — be(acRn-2) + C2(abRn-2). 


Moreover, if Rn; =71Rn_i, it follows from well known identities * that, 
(3) (AiRny-it) = = (—1)"1* QO r2(Ai Bn). 


Further, if we write Aj = abAj-, and Rn; = 1sRn+-i, since all the symbols 
appearing in A; are equivalent, we have the following results: 


(4) (ix) (ty) = (ty) 
(5) 


and similarly, 


(6) (tw) (wy) = (—1)**(m + 1—1) (ra) (AiBni) 


(7) (n+ 1—1) (ra) (ry) (Ain)? 
— (n+ 1—1) (AitRni-s). 


A complete system of projective invariants for the two quadratics f and 9 
is given by the set Aj, (10,1, 2,---,m) where A; is the coefficient of A‘ 
in the expansion of the determinant |A-+AR|. The symbolic expression 
for A; is, 
(8) i! (n—1)!A; = (AiRni)?, 


One complete system of covariants consists of the n quadratic covariants (iz)’, 


* H. W. Turnbull, Determinants, Matrices and Invariants, pp. 47-50. 


a 
a T 
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where (iz) is defined by (3) for (c=2,---+,u—1) and (1x) = (az) and 
(nz) = (rx), together with their Jacobian. Non-symbolically the covariant 
(iz)? is proportional to the coefficient of A‘* in the expansion of the 
determinant, 


| 0 Ly In 
| Ay + + Ain + 


In An + Ane + Aun ARnn 
in other words (ix)? is proportional to the coefficient of A‘? in the point form 
of the pencil (wa)? + A(up)?.* 


2. We now introduce other covariants which are linear combinations, with 
invariant coefficients, of the covariants mentioned above. Let 


po = (ax)?, 
= (ax) (ap) (bp) (bx), 
Hho = (ax) (ap) (bp) (ba) (co) (cx), 


and in general, 


= (G12) (Gop2) * (Gipi) (Ginpi) (Gin®), 


where p = (n—1)!,, G1, * are symbols equivalent to a and o, pi, po, 
‘++, p; are symbols equivalent to p. But =f d’AX, and 


n 
= 
4,j,k,t=1 


=p by (1), 


4,9,k,t=1 


| where § is the matrix adjugate to R. Moreover 


p=1 

= 

D and similarly 


utp; ptX’A(SA)*X, 


Hence we have 
(9) = X’A(SA)*X, (4 0, 1,2,° + 


*Turnbull and Williamson, “The minimum system of two quadratic forms,” 
Proceedings‘of the Royal Society of Edinburgh, vol. 45 (1928), pp. 149-165. 
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We now proceed to express $i, (1 = 0,1,2,- - -,m—1) in terms of the 
covariants (iz)*. To do this we first consider the product, (27)(2p2). If 


(2x2) = (Azpix) and Az = by (15) 

(2x) (2p2) = 2 — 2 (dipi) 
or 
(10) (epr) = (dep)? (Aip2) — $(2x) (2p2). 


If we denote by {p2} the product of all factors to the right of (d2pe) in 
the definition of »‘¢i, we derive from (10) the results 


Bibi = — (22) (2pe2) {pz} t= 2, 
and 
= (d2p1) — $(22)?, 
or 
(11) = — (22) (2pz) 1= 2 
and = — $(2x)? by (8). 


Moreover, since 


(ix) (ip) = (— 1) (n—i 4 1) (ie) by (6), 
(ix) (ip) (ap) (ao) = +1) (ap) (a0), 


—(—1)# (A;- (AyRn-+) (tp)*(a0), 


(1p)? (ao) — (i+ 1,2) (i+ by 
(12) 1) (az) (ac) 
+10)] 


If, then, when 7 > j, 

j-1 
(13) wigs = pt (—1) 

k=1 

j-1,,J-1A_j-2 (jx) (jpi) {p;} 
+ ( 1) An 

where {p;} denotes the product of all factors to the right of (ajp;) in p‘i, by 
substitution from (12) with 7 replaced by j, p by p; and o by pj. we have 


pips = pt ~ (— 1) An 
+ (— (ax) {e541} 
(= 


(j +4, (j + 1, 
(J+1)!(n—j)! 
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or 
j 
Pal 


(j + 1, 2) (j +1, pis1) {piss} 
(G+1)!(n—j)! 

since (42) (@pjs1) If, however, i= 7+ 1, in (14), must 

be replaced by x and {p;,,} by unity so that we have 


+ 


4 


+ 4+ 1,2)?/(¢ +1)! (n—i)!, 
Since (14) could be obtained from (13) by replacing 7 by 7 +1 and since, 
when j = 2, (13) reduces to (11), by induction (14) and (15) are true for 
(t= 1,2,---,n—2). Since = (1r)*, from equations (15) we deduce 
that $; is a linear combination with invariant coefficients of the i+1 
covariants (17)*, 

But we may rewrite (15) in the form 


(16) + 1,2)? (G41) (—1) 


k=0 

so that (16) gives an explicit formula for the expression of A,*-*(i + 1, x)? 
in terms of 0, $1, $2," In particular, if A, = 0, that is, if R is non- 
singular, equations (11) express (i+ 1,2)? as a linear combination of 
$0, $1," *, 6%, whose coefficients have A,*-! in the denominator. 

It is interesting to notice what equation (16) becomes when in it we give 
i the value n—1. We are at liberty to do this, if we replace (na)? by 
(Anra)? = (An)?(rxz)? =n! Ao(rx)?. Equation (16) now becomes 


n-1 
An™*Ao(rz)? == (— An 
k-0 
or in matrix notation 


n-1 
An” z= (— 1 ) n-1-kA (SA)*2-*, 


But, if A, is not zero, this last result takes the form 
-1 


k-0 
or 


(17) 0 = (RA), 


k=0 


and equation (17) is simply the Cayley Hamilton theorem for the matrix R-A.* 


*Cf. H. W. Turnbull, “Invariant theory of a general bilinear form,” Proceedings 
of the London Mathematical Society, vol. 33 (1932), pp. 1-21. 
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3. In the sequel we shall assume that F# is non-singular, so that A, is not 
zero and that (1-+ 1,2)? is a linear combination of Ac- 
cordingly the jacobian J of the n quadratic covariants (iz)? is k times J’ the 
jacobian of do, * and g, where 


k= [(n—1)! (n—2)!-- ]? 


But, 
po, * *, pn-1) 
J’ = (— 1)” 
( 0( 21, Lo, Le, ° In) 
— (—1)"2"| RY, AX, A(SA)X,- - -,A(8A)™2X |, 
— (—1)"2"A, | X, R#AX, R*A(8A)X,- +, R*A(SA)"2X |, 


On multiplying throughout by A,-'"?"»)/?] and writing 7 for the matrix 
we have, 


An (n-2)/2) J? (— 1)*A, | X,7TX,T*X,- > -, 


Accordingly, 
(18) J = gh, | X,TX, T?X,-- +, |, 


where q is a numerical factor. 
To consider the factors of J we take the two quadratic forms f and g in 
canonical form. Let the elementary divisors of A + AR be 


(A+ A1)%, (A + Az), (A + At) *, 


where ¢, + ¢.-+:---+e:=n. We may also suppose that A Aj, if 1), 
for otherwise 7’ would satisfy an equation of degree = n—1 and by (18) 
J would vanish identically. The matrix F is now the diagonal block matrix 


where Dj; is a square matrix of order ¢;, all of whose elements are zero except 
those in the counter diagonal, each of which is unity. It follows that D,;? = Ki, 
the unit matrix of order e;, and that R? = FL, so that R= R-. But A is also 


a diagonal block matrix 


where M; =D, + A:F; and F; is the square matrix of order e;, whose only 
non-zero elements are those in the diagonal immediately below the counter 
diagonal, all of which have the value unity. Accordingly, 


T — RA RA =[D,M,, DiMt], 
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so that 7’ is simply the classical canonical form of a matrix whose elementary 
divisors are (A + (A+ Az) (A At) 
If N; is written in the form \;4; + Hi, 
ei-1 
Nit = 2 
Hence, if G denote the matrix 


a 


G may be written in the form G = » Where G; is a matrix of e; rows 


G, 
and n columns. More explicitly, Gi = (Xi, NiXi,- Ni"*Xi), where X; 
is the corresponding vector of dimension e;. To simplify the notation we shall 


now write q for e; and denote the components of X; by 7%, %2,°°*,%. If 


and e, denote the vector, whose only non-zero component is the first, which is 


unity, a simple calculation shows that 


Xi Yie and NiY;i == Y,N,, 


so that 
NivX, = Y, (N's) 
Accordingly 
Gy, = Nie, * a1) 
(21) = Y,Wi, 
and 


Gan °°, ¥:]W, 


where W is the n rowed squared matrix whose first ¢, rows form the matrix W,, 
etc. Hence 


But 
t 
— 
i<j 


*L. E. Dickson, Modern Algebraic Theories, pp. 105-131. 
} Turnbull and Aitken, Canonical Matrices, p. 60. 
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so that | W | 0, if A; 4A;. Hence, if & is non-singular, J vanishes if and 
only if R-A satisfies an equation of degree = n —1. Now | Y; | = (— 1) eye, 
Yi = Xq, 80 that 

| — (— 1) | W I. 


Since J is a covariant, from (18) we have the result: If R is non-singular, 
the jacobian of the n quadratic covariants of f and g vanishes, if and only if 
RA satisfies an equation of degree =n—1. Moreover, tf the jacobian J 
does not vanish identically and the elementary dwisors of A-+AR are 
(A+ A1)%, (A +Az) (AF J where I is an 
invariant, and k,,k.,:-+,k: are t linearly independent linear forms in 


Similar considerations may be applied to the mixed concomitants J,, 
denoted symbolically by 


(23) (n, 1,2,°° 8, Pn_s+) (nx) (12) (22) (sz), 
(s=1,2,- + -,n—2,n—1). 


In (23) Py-s-1 is the matrix * Un-s1, Where uj; is a vector of dimension 
n contragradient to the vector z, and represents a compound coordinate. It is 
apparent that J,, apart from a numerical factor, is the jacobian of the s +1 
quadratic forms (nx)?, (17)*,- --, (sv)? and the n—s—+1 linear forms 
(ujv). Let us write | K,| for this last jacobian so that 


| K.| =| RX, AX, A(SA)X,: -,A(SA)**X, |, 
(24) = | TX, T2X,-- +, 


where P has been written for Pys.. If we now take A, R, and 7’ in the 
normal forms of the previous section, where, however, A; need no longer be 
distinct from Aj, equation (24) takes the form 


| K,|—|H, |, 


where H is the matrix of the first s+ 1 columns of G@ (equation 19). Ac- 
cordingly H may be subdivided into matrices H;, where H; is the matrix of 
the first s + 1 columns of G;. Hence H; = Y;V;, where Y; is defined by (20) 
and V; is the matrix of the first s + 1 columns of W; (21). 
By (24) we see that | K, | vanishes identically if 7 satisfies an equation 
“For the particular case in which the elementary divisors are all linear, se 
Turnbull and Williamson, op. cit., pp. 164-165. 
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of degree = s. Let us therefore assume that the minimal equation for T is of 
degree s+ 1 and that (A+ A,)%(A+A2)%: (A+ Ax)® is the n-th in- 
variant factor of A + AR. It follows that e, + e.+---+a—s+1;* that 
hi ~ A; if and both and are less than k, and that, if p> k, Ap = Ag. 
where g =k and ¢g=éy. We now consider a Laplace expansion of the de- 
terminant | H, R-*P | in terms of the first s + 1 columns, that is in terms of 


| 
the columns of H. The first term in this expansion is |“.", | Q|, where | Q | 
is a determinant formed from R-*P and is independent of x. Since 
H, | 
A 
“| ¥i| Yel, 
| 
where 
k 


J, is not identically zero, so that J, vanishes identically, if and only if T' satis- 
fies an equation of degree Ss. All other terms in the expansion of | K, | are 
obtained from the first term by a determinantal permutation of the rows. More- 
over since, if Ay = Ag where q is less than &, eg is greater than or equal to ép, any 
determinant of order s + 1 containing Hy and any row of Hy is zero, non-zero 
terms in the expansion of | K, | can only arise when certain rows of Hy are re- 
A, 
placed by rows of Hy». If in | . | the 2-th row of Hq 1s replaced by the j-th row 
of H, the resulting determinant has the value c| Y, |---| Y¥q|---| where 
| ¥,| is the determinant obtained from | Yq| by caida the i-th row by the 
j-th row of | Y,|. If eg—ep—rq, it follows from the nature of Y, that 
| Y | 0, if Y, is obtained from Y, by replacing any of the first rg rows of Yq 
by and row of Yy. Since | Yp | —(— 1) **yq°, every term obtained by replacing 
i rows of Y, by i rows of Y,» will have the factor yg and one term will not 
have y+! as a factor. In particular, if (A + Aq), (A+ Aq)” are the two 


* Turnbull and Aitken, Canonical Matrices, p. 48. 
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highest elementary divisors belonging to the basis Ag, every term in the expan- 
sion of | K,| will contain y,"« as a factor. Accordingly we have shown that: 


If s+1 is the degree of the minimal equation satisfied by T, then 
J =I n-1, In-2,° * * vamsh identically but J, does not vanish identically ; 
if the quotient of the n-th invariant factor of A+ AR by the (n—1)-st in- 
variant factor is (A +, (A+ Ax)™, Js has the factor hy - hy 
where h; is a linear form in 


It is possible in particular cases to proceed further and show how the 
nature of the concomitants J, determines completely the exponents e¢; of the 
different elementary divisors and conversely. However for a general value of n 
any such procedure is too complicated to be practicable. 
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SYZYGIES FOR WEITZENBOCK’S IRREDUCIBLE COMPLETE 
SYSTEM OF EUCLIDEAN CONCOMITANTS FOR THE 
CONIC, WITH AN ALGEBRAICALLY COMPLETE 
SYSTEM OF SUCH CONCOMITANTS. 


By Tuomas L. WADE, JR. 


1. Introduction. In Parts IV and V of Uber Bewegungsinvarianten 
published in the Wiener Berichte, 122 (1913) and 123 (1914), Dr. Roland 
Weitzenbéck established an irreducible complete system of Euclidean con- 
comitants for the conic. This system consists of the eighteen concomitants 
given in Table I. In this paper we shall derive from this irreducibly coraplete 
system an algebraically complete system of nine concomitants; and, by means 
of the fundamental identities of the symbolic method, establish an algebraically 
complete set of nine syzygies connecting the eighteen irreducible concomitants. 

An algebraically complete system of invariants and covariants for the 
conic was recently established by Professor MacDuffe through the medium of 
the Lie theory of continuous groups* ; and such a system was also established 
by Professor Franklin using the algebra of matrices and determinants.+ But 
there is no record of an algebraically complete system of all types of concomi- 
tants, with a general method whereby any concomitant of the conic can be 
expressed in terms of the members of this fundamental system. 


TABLE I 
WEITZENBOCK’S JRREDUCIBLE COMPLETE SYSTEM FOR THE CONIC. 
Degree in 
No. Type Symbolic Expression a; No. 
1 I, =(abc)? 3 0 0 
2 Invariants I, ==(abl)? 2 0 0 3 
3 I, =(a| a) 1 


*C. C. MacDuffee, “ Euclidean invariants of second degree curves,” The American 
Mathematical Monthly, vol. 33 (1926), pp. 243-252. 

+ Philip Franklin, “The classification of quadrics in euclidean n-space by means 
of covariants,” The American Mathematical Monthly, vol. 34 (1926), pp. 453-467. 
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Degree in 
No. Type Symbolic Expression aij No. 
4 F =(azr)? 1 2 0 
6 CU, =(aa) (a | b) (bz) 2 2 0 
7 C, ==(abl) (ax) (6 | ¢) (cx) 3 2 0 
8 o =(u | u) 0 0 2 
9 K, =(abu)? 2 0 2 
10 Contravariants K, (abu) (abl) 2 0 1 
11 K, =(aul) (a | uw) 1 0 2 
12 K, =(a|u)? 1 0 2 
13 U =(uz) 0 1 1 
14 M, =(u | a) (az) 1 1 1 
15 Mixed M, =(aul) (az) 1 1 1 6 
16 Concomitants M, =(abu) (az) (b | u) 2 1 2 
17 M, =(abu) (ax) (6 | c) (er) 3 2 1 
18 M, =(abl) (ax) (6 | w) 2 1 1 


It seems to the writer that a fundamental algebraically complete system, 
represented as a sub-group of an established irreducibly complete system, in 
conjunction with a complete set of syzygies connecting the members of the 
latter system, is of greater value and interest than a system of independent 
concomitants established by another method. The presentation of the two 
systems in union brings more clearly to light their differences. Moreover, by 
means of this information, a given concomitant can be more easily expressed 
in terms of members of the system of independent concomitants, if desired. 
For, on expressing the given concomitant symbolically, it can be expressed in 
terms of members of the irreducibly complete system by means of the identities 
of the symbolic method, and thence in terms of members of the algebraically 
complete system by means of the syzygies obtained in this paper. 

2. Identities. The medium of investigation of this paper is the symbolic 
invariant notation of Aronhold and Clebsch. An exposition of this notation, 
with its adaptation to Euclidean concomitants, is given by Dr. Roland Weitzen- 
bock in his book Invariantentheorie, and also in Uber Bewegungsinvarianten, 
I,. . ., XV Mitteilungen, Wiener Berichte, 1913-1919. Briefly, the Euclidean 


invariant theory of the plane curve 


F(x)=(axr)" =(br)" = - + Got. + = 0 


= 
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under the general Kuclidean transformation is contained in two fundamental 
theorems. By the first fundamental theorem every Euclidean concomitant of 
the ground form (ax)” is expressible as a polynomial, the factors of whose 
terms are of the types 
Az As 
fi =(abc) = bz bs} , 
C1 Co C3 


bi bs 
00 1 


| 


fs =(a | b)= a,b, + azb2, 
=, 2, + + 
fs=(lz) + 02, + 173 — 2g, 


fe—=(abl) = 


together with numerical coefficients, it being understood that each symbol a, 
b,c, + + is to appear just n times in a symbolic product. Conversely. every 
such polynomial is an Euclidean concomitant of (az)". The symbol w in 
the universal concomitant 


(Ux) = + + 


behaves like the symbols a, b, c,- - -, except that it raay occur in a product any 
number of times. 

The second fundamental theorem says that every identity satisfied by the 
concomitants of (ax)", formed according to the first fundamental theorem, 
can be expressed by means of the interchange of equivalent symbols, by means 
of the laws of ordinary algebra for the combination of the factor-types 
fi,* + +, fs, and by means of the identities: 


Iden. 1 (abc) (d | e)==(dbc) (a | e) + (adc) (b | e)+-(abd) (c | e) 
Iden. 1’ (abc) (dx)==(dbc) (ax) + (adc) (bx) + (abd) (cz) 
Iden. 1” (abc) (def)=(dbc) (aef) (adc) (bef) +- (abd) (cef) 


Iden. 2 (abl) (cdl) = =(a|c)(b| d)—(a| d)(b|c). 


In order to make the subsequent work more explicit, we mention several 
identities to be used later, which are special cases or consequences of the above 
four identities, namely: 

4 


— 
— 
— 
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Iden. (abl) (c | d)==(cbl) (a | d)+-(acl) (6 | d) 
Iden. 4 (abl) (cx)=(cbl) (ax) + (acl) (bx) + (abc) (Iz) 
Iden. 5 (abc) (del)==(dbc) (ael) + (adc) (bel) + (abd) (cel) 


Iden. 6 (abl) (cdl) =(cbl) (adl) + (acl) (bdl) 
Iden. (za) (a|b)(b | c) (cy) 
=1,(2a) (a | b) (by) — (ay) + (Iz) (ly). 


In Iden. 7 x and y may represent the same variable z, or one or both of 
them may be a | or u |. 

Identities 1 to 6 are established in “Uber Bewegungsinvarianten,” III 
Mitteilung, Wiener Berichte, vol. 122 (1913). Iden. 7 was established by an 
indirect method by Dr. Weitzenbéck in “Uber Bewegungsinvarianten,” IV 
Mitteilung, Wiener Berichte, vol. 122 (1913). It may be established directly 
by means of the identity 


Iden. 8 (ax) (b| 8) y)=(ax)(b | y)(¢| B)+(4| B) (br) (c | y) 
—(a| B)(b | y)(cx)—(a | y) (bx) (c | B) 
+(a| | 8) (ca) + (abc) (Byl) (Ia). 


The truth of Iden. 8 can be confirmed in the following manner. Certainly, 


(1) | Bi Be 0 | = 0. 
Cz Cy | Y2 


To both sides of (1) add (abc) (Byl) (lz). Then we have 


by bs} | Bi Be 0 | ==(abc) (Byl) (Ie), 


| 


which, expanded, is Iden. 8. 
Applying Iden. 8 to (aa) (a|b)(b| c) of 


P =(aa)(a| b)(b | c) (cy), 
we get * 
P =(ar)(b | b)(c| a) (cy) +(a | a) (bx) (c | b) (cy)—(a | a) (0 | (cx) (ev) 
—(a|b) (bx) (ec | a) (cy) +(a | b)* (ex) (cy) + (abc) (abl) (Ix) (cy) 
= I,(xa) (a | c) (cy) +I5(2a) (a | c) (cy)— Is? (cx) (cy) 


*The fact that the concomitants A(a,b.c,---) and B(a,b,c,---) are equal on 
the interchange of a and b is symbolized by 
A (a, b, ¢, - -) = Bila,b;c,- -). 


aeb 


SYZYGIES FOR WEITZENBOCK’S IRREDUCIBLE COMPLETE SYSTEM. 353 


—(ax) (a |b) c) (cy) + — 12] (ex) (cy) + (abe) (abl) (cy) (Iz), 


or 
P=I,(«a) | b) (by)— 4 I2(ax) (ay) + 4 (abc) (abl) (cy) (I). 
Let P’ =(abc) (abl) (cy). 


Applying Iden. 4 to (abl) (cy) of P’ we get 


P’ =(abc) (cbl) (ay) + (abe) (acl) (by) + (abc)*(Iy) 
=—Pp’_ P+ 1, (ly), 


or P’=41,(ly). 
Therefore, 
P=1,(xa) (a | 6) (by)— 3 I2(ar) (ay) + hi (ly), 
which is Iden. 7. 


3. LHstablishment of the syzygies. It is evident that the three irreducible 
invariants J,, I2, and J, are also algebraically independent. Hence there exists 
no syzygy wholly on the invariants of F. 

The equation of /’ contains six coefficients and three variables, altogether 
nine (homogeneous) parameters. The general Euclidean transformation con- 
tains three parameters. These, eliminated between the nine equations expres: 
sive of the identity of F and its transform, leave six equations connecting old 
and new coefficients and variables. So F can have at most six algebraically 
independent (polynomial) invariants and covariants. Hence there must be at 
least one syzygy connecting the seven irreducible invariants and covariants. 
We shall proceed to find this syzygy; and also to show that there are, indeed, 
six independent invariants and covariants. 

Since 


We have 


C,? = (abl) (ax) (b | c) (cx) (del) (dx) (e | f) (fz) 
=[(a| d)(b | e)—(a| e)(b | d)] (az) (b | c) (cx) (de) (e | f) (fx) 
(By Iden. 2) 


C', =(abl) (az) (b | c) (cx), 


e) (ax) (b | c) (cx) (da) (e | f) (fx) 
—(a| e)(b | d) (ax) (b | c) (ca) (dar) (e | f) (fa) 
=(,(b | c)(b | d)(d| a) (cx) 


=(a| d)(b 


eed 


— [(a|b)(b | ¢) (ax) (cx)] [(d 


hee 
fee 


e)(e| f) (fa) (dx)] 


= (a |b) (b | ¢) (c | 4) (de) 


deh 
cod 


—[(a|b)(b| c) (ax) (cx) ] [(d 


e)(e| f) (fa) (da)], 
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or, for briefness let us say, 
(1) = C,A — B?. 


Applying Iden. 7 to B we get 


B=I,(2a) (a |b) (bx)—41,(ax)? + 1,(Ie)*, 


or 
(2) B=I,C,—431.F +4 [,£?. 
The same identity applied to (xa)(a|b)(b|c)(c|d) of A gives 
A =1,(2a)(a| b) (b | 4) (de)— 41, (a | a) (dz), 
or 
(3) A=I/,B— 
In virtue of (1), (2), and (3) we have 
(S;) 36C,? = — 181,C ,? — 91,?F? — 


+ 18/,1,0,F + 61,1,F£2 — 61,1;C,£?. 


Applying the well known theorem, that the necessary and sufficient con- 
dition that a set of functions be functionally independent is that their gradients 
be linearly independent, to the three covariants Ff, C,, and £, considered as 
functions of 21, %2, £3, we find that they are functionally independent. And 
we know that J,, and J;, as functions of @,, G12, 413, ANd are 
likewise functionally independent. Hence the six concomitants J,, Is, 1, F, 
C,, and £, as functions of the a’s and the z’s are functionally independent, 
i. e., these concomitants are algebraically independent. Hence there can exist 
only one independent syzygy on the seven irreducible invariants and covariants, 
and (S;,) may be chosen as this one. 

The equation of F and the universal ternary concomitant 


(ux) = + + = 0 


together contain nine coefficients of the z’s. The three transformation para- 
meters, eliminated between the nine equations expressive of the identity of 
old and new forms, leave six equations connecting old and new coefficients of 
the z’s. Accordingly, there can be at most six algebraically independent 
invariants and contravariants of /. Hence there must be at least two inde- 
pendent syzygies connecting the eight irreducible invariants and contravariants. 


We have 


Or 
cr 
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K,? =(aul) (a | u) (bul) (6 | 
u) (bul) [ (bul) (a | (abl) (w| (By Iden. 3) 


= K,C + Do, 
where C= Iw— K, by Iden. 2, 
and 2D = — Tow by Iden. 3. 
Hence 
(S2) 2a ,* >= 21K yw 2K 


In like manner 


=(abu) (abl) (cdu) (cdl) 
= (abl) (cdu) [2(cbu) (adl) +-(abc) (udl) |] =2E + F, 


where 2H — Ky) by Iden. 5, 
and F=— 41,(130 — K,) by Iden. 5. 
Therefore, 

(S83) 3K .? = 31,K, — + 


By means of the syzygies (S:) and (S;) the five irreducible contra- 
variants can be expressed as algebraic functions of the invariants and some 
three of them, such as wo, K,, and K,. Moreover, these three contravariants, 
as functions of u;, us, and uz, are independent. 

Altogether the equation of # and the universal ternary concomitant 
(uz) 0 contain twelve parameters (6 a’s, 3 ws, and 3 w’s). The three 
transformation parameters, eliminated between the twelve equations expressive 
of the identity of old and new forms, leave nine equations connecting old and 
new coefficients and variables. So there are at most nine algebraically inde- 
pendent concomitants of all types. However, we have found that there are, 
indeed, nine independent invariants, covariants, and contravariants. Hence 
there can exist no independent mixed concomitant. In other words, the 
mixed concomitants are expressible as algebraic functions of the remaining 
concomitants. A set of syzygies by means of which this can be done will now 
be found. 

We have 


(aul) (ax) (bul) (bz) 
=(azxr) (bul) [ (bul) (ax) +- (abl) (ux) + (aub) (By Iden. 4) 
=(I,;0 — K,)F + AU — BB, 

where 

(1) 2A = K£—I.0 by Iden. 4, 


AS 
d 
re 
t, 
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and 

(2) 2B= K,£— KU by Iden. 4. 
Consequently, 

(S,) 2M,? = 21,0F — 2K,F —1,U? + 2K,UE — 


In like manner, 


(Igo — K,)M, =(bul) (ax) (a | u) 
=(bul) (ax) [ (aul) (b | a)+(bal) (uw | u)] (By Iden. 3) 
= Ao. 


Thence from (1) we have 
(S;) 2 — K,) M, = 2M. K; + [1,00 — Kok. 
By Iden. 3 we have 


(cul)?(abr) (ax) (b | w)==(abr) (ax) (cul) [ (bul) | w)+ (cdl) (u | w) | 
==(abr) (bul) (ax) K, — Ko, 
where, by Iden. 4, 
2H =—(abr) (abl) (cul) (cx) + (abe) (abr) (cul)é£. 
But, applying Iden. 5 to (abr) (cul) we find that 


(abc) (abr) (cul)= 0. 
Therefore 


(cul)? (abr) (ax) (b | w)==(abr) (bul) (ax) K, + 4(abr) (abl) (cul) (cr) o. 
Putting r =/ in this relation we get 
2 — = 2 (cul)? (abl) (ax) (b | w) 


== 2(abl) (bul) (ax) + (abl)?(cul) (cx) o, 
or, by (1), 


2([,0 — K,)M, = — 1,K3,0 + 
In like manner, putting r = u, we get 


(Iso — Ky) Mz = 2(cul)* (abu) (az) (6 | 
== 2(abu) (bul) (ax) Kz + (abu) (abl) (cul) (cx), 
or, by (2), 
(S;) 2 (130 — K,) = K,K.£ — K.K,0 + K.Mw. 
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Furthermore, 


(1,0 — K,)M,=(abu) (cx) (b | (dul) (az) (dul) 
=(abu) (cx) (b | c) (dul) [ (da) (aul) + (ua) (dal) + (cx) (dua) ] 
= 4(abu) (cx) (dul) (dx) (u | ¢) (abl) 
+ 4 (abu) (cx) (dul) (uz) (d | (bal) 
4+ 4 (abu) (cx) (dul) (le) [(d | ¢) (bua) +(w | (dba) 
— 4K.M.M, — }K.U (d | c) (del) (cx) 
+ 4K,£(dul) (d | ¢) (cx) +0, 
or 
— K,) Ms = K,M.M, —(K.U — K,8) (IsM2— 


By means of the syzygies (Ss), (Ss), (Se), (Sz), and (Ss), we see that 
the mixed concomitants M,, M., M;, M,, and M; are algebraically dependent 
on the invariants, covariants, contravariants, and the mixed concomitant U. 
That U, and as a consequence all mixed concomitants, are dependent on the 
invariants, covariants, and contravariants will now be shown. 

We have 


=(aul) (ax) (bul) (bx) 
=(ar)(bx)[(a| b)(w| u)—(a| u)(b | u)] (By Iden. 2) 
=(a |b) (ax) (bx) (u | w)—(a | uw) (b | w) (ax) (bz), 
or 
(1) M,? = Cio — M,?. 
That the syzygy (1) is independent of (S,),-- +, (Ss) is evident, since it is 
the only one of these syzygies in which C’, appears. In order to see explicitly 
that U is dependent on the invariants, covariants, and contravariants, we 
choose as one of our independent syzygies not (1), but one derived from it 
and (S,) and (S;). Hliminating M, and M, from these three syzygies, we get. 


as our desired syzygy 
(Sy) { — K,)?Ciw — $[ — Ky)? 
[2(1,0 — K,) — + 2K,U£ — K,£] —(K2£ —12.U)*}? 
= [2(/,0 — K,) PF —1,U? + 2K.U£ — K,£][K£ — 1,U 


4, Summary. The results obtained in this’ paper may be summarized in 


the two statements: 


For the conic F there are nine algebraically independent concomitants, 
and these may be chosen as I,, F, £, C;, ©, K;, and K». 
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(S,) 


(Sz) 
(Ss) 
(Ss) 
(So) 
(S;) 
(Ss) 
(S5) 
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The eighteen irreducible concomitants for the conic F are connected by 
independent syzygies, and these may be chosen as: 


36C,? = — 18/,C,? — — 1,°£" 
+ 18/,1,C,F + 6/,1,F£2 — 61,1,0,£?. 
2K ,* 21,K yw 2K Tow’. 
= 31,K, — 21 + 21K. 
2M? = — 2K ,F — 1,U* + 2K,U£ — 
2 (1,0 K,)M, => 2M.K, + 
2 (1,0 — Ms = —-1.K,U + [.Meo. 
2 (130 — Ky) Mg = — + 
2(Ij0 — K,)M,= K.M.M, —(K.U — K,£) (IsM2— Ms). 
{ (Iw — — (rw — K.)? 
— K,) F — I,U? + 2K,U£ — — 1,U)*}" 
= [2(I,o—K,)F —I,U? + 2KU£— 10 2 


ON THE CANONICAL FORM OF A NON-SINGULAR PENCIL OF 
HERMITIAN MATRICES. 


G. RicHAarp Trott. 


Introduction. In this paper we shall be interested in finding a set of 
normal forms to one of which a non-singular pencil of Hermitian matrices 
can be reduced by a conjunctive transformation. The result may be used 
immediately for finding a necessary and sufficient condition that two non- 
singular pencils of Hermitian matrices be equivalent under conjunctive 
transformations. As has been done in previous cases we carry out the work 
simultaneously for a non-singular pencil of real symmetric matrices under real 
congruent transformations and a non-singular pencil of Hermitian matrices 


under conjunctive transformations. 


1. In order to simplify our later arguments we first define certain nota- 
tions and prove some preliminary Lemmas on matrices. If FR is a matrix of 
order n, we may consider / as a matrix of matrices and write 


R= (Ri;), (4,7 = 1, *,#) 
where Rj; is a matrix of r; rows and r; columns and 
tren. 


In particular, if Rj; 0, where tj, we shall call the matrix a diagonal 


block matrix and denote it by 
R = Ro, Ret). 


If § is another square matrix of order n, and § is written as a matrix of 
matrices 


S = (Si;), 


where Sj; is a matrix of r; rows and r; columns, we shall say that S and R 
are similarly partitioned. 

We shall represent by (fo, f1,: °°, fj-1)i4 the matrix of 7 rows and j 
columns, where fy is the element in each place down the main diagonal, and f; 
is the element in each place down the i-th diagonal above the main diagonal, 


with zeros elsewhere. 
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We shall denote by {fo, f1,- - - fi-1}i? the matrix of 7 rows and j columns, 
where f, is the element in each place down the counter diagonal and f; is the 
element in each place down the ith sub-counter diagonal, with zeros elsewhere. 
The counter diagonal in a rectangular matrix will always be taken as that 
diagonal which has its first element in the upper right hand corner of the 
matrix. If the matrices are square, we shall omit the subscript 7 and the super- 
script 7. For example 


fo fi fe fs 


0 0 0 fe fi fe 


In the sequel we shall also have to consider matrices of these two types in which 
every f; is a matrix of order two. For convenience we shall use the same nota- 
tion for both. 

We shall employ the notation B* to represent the conjugate-transposed of 
the matrix B, i.e. B¥ = B’, and in particular if the elements of B are real, 
B* = B’. We shall say that a matrix A is transformed into a matrix D by 


the matrix B, if 


B*AB = D. 
(A transformation of this type is congruent if B* = B’, and is conjunctive 
if B* B’), 
Let = (pi, e,0,°- 0) 


be a matrix of order s, and let 
Nq= (pj, 0, 0) 


1 0 
be a matrix of order g, where e = 1, and p; is a scalar or else e = & ) 


and p; is the real matrix (| ‘) and b ~0. 


Lemma (1). /f RNg=N’.R, where R is a matrix of s rows and q 
columns, then 


R = {fo, if s=q, and R = {0, 0,- if 4. 
Moreover if e= then is a matrix of type 
Proof. The Lemma has been proved for e=1.+ We wish to prove it 


for e= ¢ 4) and in doing so we shall use an induction proof. 


+ C. E. Cullis, Matrices and Determinoids, vol. 3, Part I, pp. 456-459. 


| 
| 
| 
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Let R= (rij) (1=1,2,---,s8) and (7 =1,2,-- -,q) 
where rjj is a matrix of order two. Since RNqg = N’,R, we have on equating 
the elements in the i-th rows and j-th columns 
where 1o,¢ =1po =0 =1,2,---,8) and 

d 

Let us assume that rij is of the type ( ‘) for all values of 7 and j 
for which i+ j=. Under this assumption it follows from (1) that 


C 


— p’ 18 Of type ifi+j—k+1. 


If we write rj; = then 
Js Qa 
( (gs—g2)b (gr + 
— (91+ (gs—ge)bJ’ 
and, since 6 ~0, this matrix is only of type c 2 if g1 =— gs and 


Js = 92; i.e. if rij is of type Hence rijpj — p’jrij =0, and 


accordingly 

(2) 

Since — = 0, is of type Hence our assumption is 


true for 1+ 7 = 2 and by induction rj; is of type a 2 for all admissible 
values of « and j, and (2) is true fori +jSs+q. 
In particular, if i+ 7 the greater of q and s, since 


it follows that ri; = 0. 
Corotuary. If R = R*, then R is a real matriz. 


For, if k = k*, fj = f*; and since f; is either a scalar or a matrix of 


d ¢ 
type fi is real. 


Let R= (Ri;) (1,7 =1,2,---,1), where R= and Rj; is a square 
matrix of type {fo, fi,: - -, ft}, and if each f; is a two rowed square matrix, it is 


b 
f tvne ( 
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LemMaA (2). Jf in the above matriz | ia | = () and | Rii | = 0, and if 
Ry; has a non-zero element in the upper right-hand corner, then there exists 
a non-singular matriz Q such that Q*RQ = G, where G ts partitioned similarly 
lo Rand | Gy, | 0. 

Proof. Let us assume the contrary. Without loss of generality we may 
take F,; to be R,., since by interchanging the 2nd and the 7-th columns, and 
2nd, and i-th rows, we may move F,; into the place of R,,. (Transformations 


of this type are conjunctive).+ Let 


EO 


where # is the unit matrix whose order is the same as the order of Rij. Then 
H*RH = K, where K,, = Ry, + + R* + Fao. 

Now K,, is of type {fo, f:1,: - -, f+}, and the element in the upper right- 
hand corner of K,, is 7; +72 + 7r*, +73 where 7, 12, r*. and rz are the ele- 
ments in the upper right-hand corners of Ry2, and respectively. 
By the corollary to Lemma (1), #,,; and R22 are real matrices, hence if 
| | =| Roe | = 0, then r, =r, = 0. Since by our assumption | Ky, | = 0, 
then | rz + |= 0, and as + 7*, is real, re +7r*,—0. In a similar 


manner let 
EO 
P=[(5 5) 


Then P*RP = L, where Ly, = Ry, + + 12 + Roz. 
Proceeding in exactly the same manner as above, we have r, —r*, = 
Hence 7. = 0, contrary to our hypothesis. 


Lemma (3). Let R=(Rij) where R= R* and 
Ri; is a matrix with r; rows and 7; columns. If | Ru | AO there exists a 


matrix W, such that 


Ri, 0 0 
0) Zoo ZL»: Zot 
W*RW = 
Proof. Let 
E, 0 Ru 0 
0 0 0 
Yi () E; « « ? 


+ Cf. Turnbull and Aitken, An Introduction to the Theory of Canonical Matrices, 
p. ll. 


| 

| | 
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where F; is the unit matrix of order r;.. Then 


i 4 R,, 0 


where (Zi;) (1,7 = 2, 3,° -,t). 


Lemma (4). Jf F is the real matrix {fo, fi,- +, ft}, there exists a real 
non-singular matrix 
== (€,81,° 8t) 
such that 
S*FS = {fo,0,° 0}, 


where s; is of type ( ; q: if each f; is a two rowed square matrix of the 


¢ 
ype 


Proof. Now 
t 
F => fiTin, 
i=0 


where 
Ty, = Caker-ay (r=1,2,-- 
a=r 
and e;; is the matrix all of whose elements are zero except that element in the 


i-th row and j-th column which is e. Likewise 


t 
4=1 
where 
t 
I; = 3 Caasi, (7 = 0, 1, 2,° *,t). 
a=1 
Thus it follows that 
Tel y = = T 
Let us assume that there exists a matrix S,_, of the same type as S, such that 


t+1 
= G = fol + Grail’ rss + Jal'a, 
a=r+2 
where each g; is of the same type as fi. Now 
t+1 
(Io + s*,I’,) G(Io + fol’: + Grail + r41 + foSrT + = haT 
a=r+2 


Hence on equating the coefficients of 7,, to zero, we deduce that 


(3) gras + + fosr = 0. 
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But, from the nature of f; and gi, it follows that (3) is satisfied if 


$ fo Graiy 


and that s, is a matrix of type & J: if f, and gr,, are two rowed square 


matrices. If 
(Io -+ srI,) S,, 


where s, has the value, s- = — 4fo-‘gr41, then S; is of the same type as 8 and 
t+1 
S*,RS, fol: + + kaTa, 
a=r+3 
where if f, and gr,; are two rowed square matrices then k; is a matrix of type 
(| ‘) . The truth of our Lemma follows immediately by induction, since 


this formula holds for r= 1 (s) ~e). 


2. We consider the non-singular pencil of matrices A + AB, in which 
| B | AO, and where A = A* and B = B*, so that either A or B are both real 
symmetric matrices or both Hermitian matrices. If (A + As)? appears among 
the elementary divisors of A + AB and if A, is complex, then (A + Az)? is also 
an elementary divisor. Hence we may arrange the elementary divisors of 
A + dB in such a way that the real elementary divisors are given by 


(A+ Ai) ™(A + (A + AG) (4 = 1, 2,- -,t) 
and the complex elementary divisors by 
(A$ AM (AF (Af A)™, 8), 


where +h, +--+ + hte + ++ ++ As is customary we 
assume that yjp = nips: for all values of 7 and p. 


Let M = [M,, -> Ms] 
be a real canonical form + for the matrix AB-!, where 


M; N j2, N jx, ] 
and Nii = (pj, 9,9,° 0) 


+ Although this differs slightly from the canonical forms usually listed, it is 
obviously a real canonical form, since the elementary divisors of M + AH are the same 
as those of AB*+ AH. Cf. Turnbull and Aitken, An Introduction to the Theory of 
Canonical Matrices, p. 72. 


| 
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is a matrix of order 4j;. Hence e = 1 and p; = 4; if A; is real, and e = (; ’) 


and pj = if A; =a; + Thus there exists a non-singular 

matrix K such that 

(4) K(AB" + AF)K 


where, if A and B are real, K is also real. From (4) it follows that 
+AB)B°K =M+AE 
and, accordingly, that 
K*(B*)*(A +AB)B°K = K*(B")*K(M AB), 
or more concisely 
(5) 
where P = BK and F = k*(B-)*K. Since B = B*, it follows that F = F*, 
and from (5) that FM = M*F. If F = (F%;) is a partition of F similar to 
that of M, since FM = M*F we have the result 
F4j;M; = M*;Fi;, (4, fel, 2 - + +, a). 
Since no latent root of W/*; is the same as a latent root of M;, 
Fy =0, ijt 

Thus the matrix reduces to the diagonal block matrix Fes], 
where F*;; = F and FiiM; M* jj. 

We now consider the matrix equation F;;M; = M*;Fi4, and to simplify 
our notation, we write VN; = Ni; and k=k;. Hence 


(6) FiiM; = Nx]. 


If Fi; = (D,;) is a partition of Fi; similar to that of M; we deduce from 
(6) that 


Hence by Lemma (1) D,; is a matrix of type {fo, fi,: > +, fr-+}r4, where f; is 
a c\., 
of the type if every f; is a two rowed square matrix. In particular 
Cc 


D;; is real and of type {fo,f:,° °°, fr}. 
If the order of N, is greater than the order of Nz, D,, is non-singular, 
since F;; is non-singular, and by Lemma (1) Dy: (tf =1,2,:--,) has a 


C. E. Cullis, loc. cit. 


_| 
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zero element in the upper right-hand corner. If the order of N, is equal to 
the order of No, i.e. if k, = ke, let 


If | | = 0, there is at least one matrix D,; (1 <j which has a non- 
zero element in the upper right-hand corner. If | D,, | =0 and | Dj; | ~0 
(j = 2, 3,- - -,q), then by a simple interchange of rows and columns we may 


move Dj; into the place of D,,. Again if | D,, | =0, and | Dj; | = 0, then by 
Lemma (2) there exists a matrix X; permutable with M; such that 


Ti, 


where | 7,,| 0. Hence without loss of generality we may assume that 
| Di: | AO. Now by Lemma (3) there exists a matrix 1; permutable with M;, 


such that 
D;, 0 
i 
L >.) 
0 


where D, = (Hi;) (1,7 =2,3,:--,k). Since D, 


HijN; = (1, 7 = 2, 3,- 


) M; is Hermitian 


Thus, we can treat D, in the same manner as Fj; and in k steps deduce the 
existence of a non-singular matrix G; such that 


(7) G* == [K;, K., Ky | Mi. 


Thus we have found a non-singular matrix G; permutable with M; such that 
(7) is true, where K*; = Kj, and K;N; = N*;K;. 

Hence by the corollary to Lemma (1), Kj; is a real matrix of type 
{fo, fr}. Therefore by Lemma (4) there exists a matrix Si; per- 
mutable with N; such that 


(8) S* = S* ij = (fol's) Ni. 

We have thus shown that there exists a matrix Q permutable with M such that 
Q*P* (A + AB) PQ = OFF (M + AL) Q = Q*FQ(M + AL) 

where Q*FQ =—J and J is the diagonal block matrix 


J= [ Ji, 


| 
a 


li 


ne 


at 


pe 
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and J, is a matrix of the diagonal block type 
Jp = [Jn JT x, | 

and 
(9) = fils 
is a matrix of yp); rows and columns. 

It might be well to note here that Q is a product of matrices of the type 

GS, where G=[G,,G.,---,Gs] as in (7) 

and S = ], where S; == [ Sis, Sis, Six | as in (8). 

If A; is real, then in (9) fi; is a real number different from zero. On 
transforming the matrix (fi;7,) Nj by the matrix Vi; = (| fi; |-* Jo) we derive 


l 
where ¢4; = +1. If A; is complex, fi; is of the type (; : 


). If a>0, 
on transforming the matrix (fi;7’,)N; by the matrix Uj; = (; a ') I,. where 
r= —[b +(b? + a*)*]/a, 


(10) ij = U* (fii T1) = ( T Nj, 


where /: is a positive or negative real number. If a = 0, we see that the matrix 
(fi;7',)Nj; is already in the form (10) with kb. If k is negative we 

0 1 


W*,, (; T.N;, k>0O. 


k-% 0 


transform by the matrix W 


tion gives 


) IT, and this transforma- 


4 0) k . 
If we now transform f i) T,N; by the matrix X;; = ( 


0k 01 
a * N;2 ij 


Thus we have found a matrix Y permutable with M, such that 


4) we have 


Y*Q*P*(A +AB)PQY = Y*J(M + AF)¥Y = Y*JY(M 
where Y*/Y = Z, and Z is the diagonal block matrix 
with 2; = Zi2,: >, Zix, | 
0 


and Zi; = where = + 1 if A; is real and ej; = 0 


) if A; is com- 
plex. Here 


0 
0 
| 
y 
ut 
T- 
at 
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ifis and Y; = | i2,° Y x, | if 1> t. If a0 


Yij Ui ;Xi; (j ly), and Yi; aj = l., bests ly). 
If a—0, 
= Wij Xi; and Yij=Xij (7 = ben,’ lp), 

where lv, t1,°°*, °°, tp is some permutation of 1, 2,°--, ki. 
Summing up our results we may state: Given a non-singular pencil of 

matrices A + AB, having the properties stated in paragraph 2, we can find a 

non-singular matrix //, where 11M — MH with elements independent of A 

such that 

(11) H*P*(A+ B)PH =Z(M+AF) AB), 


where Zj = Zi2,° ix; | and Lij = 1, where iz Ni is 
real and ¢;; = 10 if A; is complex. 


3. However, it is quite possible that A + AB be equivalent to two dif- 
ferent normal forms (11). Let V(M-+AF) and Z(M-+AE) be two 
normal forms both equivalent to A + AB, where V =[V,, V2,: Vs] and 
Vi=[Vis, +, Vix, ], where Vij = 84571, where + 1 if A, is real 
and 8;; = ic > if A; is complex. Then there exists a non-singular matrix R 
such that i*VMR = ZM, and, since in obtaining the normal forms only 


transformations permutable with M were employed, it follows that 


(12) RM = MR. 
Hence R*VR = Z. 


If the matrices 2, V, and F are similarly partitioned, since RM = MR, R isa 
diagonal block matrix and 

R* = Li. 
Since V; = Z; for the complex roots, we need only consider the cases where 
i<t. If for simplicity we write Rk, V, Z and M for Ri, Vi, Z; and Mi 
respectively, M is the diagonal block matrix 

M =([N,, No,: - -, Nx], 

where N;; = N; and Nj; is a square matrix of order y;. Let R = (Sij;) bea 
similar partition of R. Then, on equating the elements in the i-th row and 
j-th column of R*VR = Z, we find that 

k 


j=l 


Mi 


a 


nd 
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It follows from (12) that t 
(Tij, L,Y," * w), 
where 7;; is zero if yi; >. Thus the element in the upper right-hand corner 


of S*;;VjSj; is zero unless nj = yj. Hence the element in the upper right-hand 


corner of is 
where 7 ranges over all values for which yj =7;. Let 
Ni-1 > Ni = Hiv =" OF 
It follows from (13) that 


The two sets of equations in (14) can be written in the following manner 


Thus the two matrices and [ei, +, are equivalent 


under conjunctive transformation, and therefore 


Accordingly, if (A + Ai)" be a real elementary divisor of A + AB, where 
|B | 0, in the normal form there is associated with this elementary divisor 
anejj = +1. If (A+ Ai)" is repeated exactly p times among the elementary 
divisors of A + AB, we denote the ¢;; associated with these p elementary 
divisors by *eij, *eij,° and write 


Dp 
(15) o1j = > 
a=1 


Now if s of the “e;; have the value + 1 and p—-s have the value — 1, in the 
normal forms there are p!/s!(p—vs)! possible arrangements of the %;;, 
all of which are equivalent by our last result. We choose for the normal form 
that one in which the first s are positive. Thus two non-singular pencils of 
matrices A + AB and C + dD, both having the properties of paragraph 2, are 
equivalent under congruent or conjunctive transformation if and only if they 
have the same normal form, i.e. if 


C. E. Cullis, loc. cit. 
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(1) they have the same elementary divisors, 

(2) the integers o;; defined by (15) are the same for both pencils.t 

If in the pencil of matrices A + AB both A and B are singular, but 
| A + AB | *0, we consider the non-singular pencil A,A + A.B. Let 

A=gA—g and »—ha—N’, 
where g, h, g’ and h’ are so chosen that 
|gA+hB|AO and 
Hence AA + AB=A(gA + hB) — + h’B) =A, + AB,. 
In a similar manner 

AC + AD =A(gC + hD) — ND) =C, + 
Now A,A + A.B and A,C + A.D are equivalent if and only if A, + AB, and 
C, + AD, are equivalent. Thus we may state: 

A necessary and sufficient condition that two non-singular pencils of 
matrices + A.B and »,C + A.D (where. A = A*, B = B*, C =C* and 
D = D* so that either both A and B, also both C and D, are real symmetric 
matrices or Hermitian matrices) be equivalent under congruent or conjunctive 
transformations is that 

(1) they have the same elementary divisors, 

(2) the integers oi; be the same for both pencils. Here oi; is defined for 
the pencil A, + AB, and C, + AD, in a manner analogous to that in (15). 

At the time of the completion of this paper, an abstract by K. W. Wegner { 
appeared as follows: 

“A necessary and sufficient condition that two pairs of Hermitian 
matrices A + AB and C+ AD, | B| £0 and | D| £0, be equivalent under 
conjunctive transformations is that 

(a) they have the same elementary divisors, 

(8) the indices of B(B-*-A + AF)™ and D( + be the same for 
every real value of A and every positive integral value of m.” 

We wish to show here that the results obtained by Wegner and the results 
obtained in this paper are equivalent. From (4) we have 

+ AF) K =M 
Hence + = (M+ AE)". 


+ In the real case, this result is the same as the result derived by P. Muth, “ Ueber 
reele Aquivalenz von Scharen reeler quadratischer Formen,” Crelle’s Journal, p. 314. 
t Bulletin of the American Mathematical Society, January, 1934. 
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Thus we can write 

+ = (M 
and accordingly 

P*(AB* + AF)"BP = F(M + AE)", 


where P has the same meaning as in (5). We may proceed exactly as we did 
in the derivation of our normal form and deduce that 


Q*P*(AB> + AE)™ BPQ = Q*FQ(M + =Z(M + aB)™. 


It is obvious that if the two pencils have the same normal form, the results 
(x) and () are true. 

For a fixed value of A and a fixed value of m, it is apparent that there 
exists a non-singular matrix K, such that 

k*(AB? +AF)" BK =H, where and 

If i> the signature of is obviously zero, If 1S ¢ and A + A; is positive, 
the signature of H;; is independent of the value of m. Let us suppose A; so 
chosen that if A= —A,, Aj +A >0 (7 Let s; be the signa- 
ture of Z;(M;—2A,F)™, and s’; be the signature of 
(1 == 2, If = 7115 
Ly (M, —X,h)™ — 0, 

and, since the signature of Z7(M-+ AK)” and V(M + AF)” are the same for 
all real values of A and every integral value of m, we have 


If m —7,—1, the signature of 7,(M,—A,F)" is and the 
signature of +A,/)™ is 3 %8,, =o’,,. Therefore 
On continuing this process, we easily see that oi; =o’i; for every value of 


iand j. Thus if («) and (8) are true, the two pencils have the same normal 
form. 
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+ The matrix which we transform here differs from that in (8) only as to the 
situation of B, hence a change of notation would be necessary to alter this slight 
difference; but it is obvious that the work carries through in the same manner, so we 
refer to (8), keeping this difference in mind. 


A GENERALIZATION OF THE VERONESE AND STEINER 
SURFACES.* 


By Joun R. Mayor. 


Introduction. If fi(xj) are linearly independent quadratic forms, the 


equations 


(1) 


map the points of S,, hereafter called z, upon a locus of dimension 1 in Sp. 
It is called the Veronese variety. In this paper properties of this variety and 
of its projections are studied by means of a (1,1) correspondence that may 
be set up between the hyperquadrics of z of the system 


0,- 


yi = fi(zj), - 


(2) Aifi(xj) = 0 


and the hyperplanes of Sr of the system 
(3) 


If (2) is the system of all hyperquadrics of z, it is simple, and the variety 
given by (1) is of order 2”. 

Properties of the Veronese G,?" are determined in Article 1. In the 
second, third, and fourth articles two projections of the G,?" upon an S,,; are 
considered. The first projection, given in Article 2, is that for which the 
space of projection S,, c=(r*? + *—4)/2, is chosen in a general way in 
order that the hypersurface, G@,*’, obtained by the projection is one which 
can be represented rationally by general quadratic forms. Articles 3 and 4 
are devoted to the second projection; for it the S, of projection is chosen in 
. a special way in order that the hypersurface resulting from the projection 


may have the equation 


Aiyi = 0. 


> yi? 


| G,?" is used to represent only this Veronese variety in Sz given by (1) 
| or its projection upon S,,, from a general 8, of Sr. The locus in S,,,, which 
| has a rational representation with each f; the square of a linear form, is 

( denoted by F,?’ to distinguish it from that for which the f; are general quad- 

ratic forms. In the discussion a pair of points P, P’ always refer to a pair 


* Presented to the Society, April 14, 1933. 
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of points which forms a composite hyperplane hyperquadric of a linear sys- 
tem corresponding to the space of projection, under the correspondence which 
is established. 

The well-known Veronese surface is given by (1) for r= 2; Veronese * 
showed that the Steiner surface is a projection of the Veronese surface from 
a general line upon an S;. In this case, r = 2, there is no distinction between 
the G,* and F’,* in S;, since in a general linear system of o* point conics there 
are four conics which consist of a line counted twice. Hither of the two pro- 
jections of the Veronese variety G,?" which are given in this paper might be 
considered as generalizations of the Steiner surface. The author has deter- 
mined in detail the properties of the Veronese variety and these two projec- 
tions of it for the cases 7 = 3 and 7 = 4 but the results are not included here. 

Several references to a generalization of the Veronese surface occur in 
the literature. That generalization, for 3, is implied by Reyet in a 
discussion of linear systems of quadrics. Use of the Veronese G,% is made 
by Del Pezzo { in his study of surfaces of n-th order in S, for the case n = 8. 
Bertini § first rigorously proved that the Veronese surface is the only surface 
of S;,, 7 > 4, not a cone, whose tangent planes meet in pairs in a point. This 
theorem has been extended for varieties of dimension 3 and 4 by Scorza.{ 

In a paper devoted to varieties whose plane sections are elliptic, Scorza || 
first referred to the variety given by (1) as the variety of Veronese and 
mentioned that the G;° is a double locus of a certain M,’°. In a generaliza- 
tion of an argument recorded by Bertini,** he showed that two Gs coincide 
if they have two hyperplane sections in common and that any variety whose 
general hyperplane section is a G,* is a cone. It is stated in a footnote that 
the argument could be generalized. This last property has also been given 
in a more general theorem by Tanturri.tt 

Cosserat {{ suggested a method for studying a certain type of surface 
as a hyperplane section of the G,* in S, He mentioned the special variety, 


* Veronese, Reale Accademia dei Lincei, Memorie (3), vol. 19 (1884), pp. 344-71. 

+ Reye, Journal fiir Mathematik, vol. 82 (1877), pp. 54-83. 

t Del Pezzo, Rendiconti di Palermo, vol. 1 (1887), pp. 261-71. 

§ Bertini, Introduzione alla geometria proiettiva degli iperspazi (Pisa, 1907), 


p. 315. 
{ Scorza, Rendiconti di Palermo, vol. 25 (1908), pp. 193-204; also, vol. 27 (1909), 
pp. 148-78. 


|| Seorza, Annali di Matematica (3), vol. 15 (1908), pp. 217-73. 

** Bertini, loc. cit., p. 342. 

+7 Tanturri, Giornale di Matematiche di Battaglini, vol. 45 (1907), pp. 291-7. 
(14° della 2° serie.) 
tt Cosserat, Comptes Rendus, vol. 124 (1897), pp. 1004-8. 
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F;8, in this connection and noted that his variety in that case is one of the 
“ ipersteineriana ” of Brambilla.* The F,°" of this paper is a special case, 
n = 2, of these “ ipersteineriana,” hypersurfaces of S,,, which can be repre- 
sented rationally by the n-th: powers of linear forms. Brambilla’s method is 
strictly analytic, while properties of the F*" are found in this paper by 
means of its projection from the Veronese variety. Segre ¢ made an applica- 
tion of a cubic variety, which is a particular case of the Veronese variety for 
r= 3, to a study of systems of lines in S; and surfaces in S;. Palatini { 
has defined a variety representable in S; by all the varieties of dimension 
*—1 of S; of a given order and considered some special cases in a study of 
forms (particularly ternary) which can be represented by sums of powers of 


linear forms. 


1. Properties of the G,?" in Sp. Let all the point hyperquadrics of 
of a linear «/! system correspond to the «- hyperplanes through a point 
of Sr. If one makes this point of Sz correspond to the hyperplane hyper- 
quadric of 7 apolar to the point hyperquadrics of the o-* system, by means 
of the (1,1) correspondence between the point hyperquadrics of and the 
hyperplanes of Sz given by values of A; in (2) and (3), one obtains a (1,1) 
correspondence between the hyperplane hyperquadrics of w and the points of 
Sr. It can be shown that this correspondence is unique in both directions. 
The conditions that a point of Sp lie on a hyperplane of Sp is that the cor- 
responding hyperplane hyperquadric and point hyperquadric of 7 be apolar. 
Requiring that the hyperquadrics of (2) pass through a point z in 7m is 
requiring that they be apolar to a hyperplane hyperquadric which consists of 
a point counted twice, the point z. Thus each point of G,*" corresponds to a 
point of z, considered as a hyperplane hyperquadric consisting of a point 
counted twice. The points of hyperplane sections of G,?" correspond to the 
points of x lying on a hyperquadric in z. The 2” points in which G;,?’ is met 
by an Sp-_, correspond to the 2” base points of a linear oo” system of point 
hyperquadrics. 

In S; are 7?" point pairs, so that to all point pairs of w correspond an 
M*,,, k = $(*r). The G,?" is double on the locus M*,,. The complete sys- 
tem of hyperplane hyperquadrics of + which consist of a pair of points is of 
dimension 2r; since by 2r hyperplanes are determined }(*) pairs of points, 


* Brambilla, Atti dell’Accademia delle scienze fisiche e matematische, Napoli (2), 
IX (1899), paper no. 14. Also other papers by the same author, the results of which 
have been combined and generalized in this paper. 

+ Segre, R. Accad. delle scienze di Torino, Memorie (2), vol. 39 (1888), pp. 1-48. 

t Palatini, R. Accad. dei Lincei, Rendiconti (5), vol. 12 (1903), pp. 378-84. 
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the degree of the system is (*). Consequently in any linear system of 
hyperplane hyperquadrics of dimension R—2r are 3( ) hyperquadrics 
which consist of a pair of points; or the variety M*., is met by an Sr¢r-1)/2 
in Sp in k points.* 

To an i-dimensional locus of order n in x corresponds one of dimension 
t and order 2‘n on G,?" in Sp. On G,?" the only loci of dimension 1 are of 
order 2'n. In Sp, a variety V;?'", is met by an Sr; in 2‘n points. These 
points in w correspond to the 2‘n points in which a locus V;" in + is met by i 


r 


hyperquadrics. By the correspondence an Sp-; corresponds to i hyperquadrics 
in w, since it is the intersection of i hyperplanes. Suppose on G,2" were a 
locus Vi", m  2'n. Then it is met by an Spr; in m points. But these points, 
since the correspondence is (1,1), correspond to the m points in which a 
variety of dimension 1 in 7 is met by 7 hyperquadrics. This variety is neces- 
sarily of order m/2‘, which is a contradiction. 

The system of hyperplane hyperquadrics consisting of a fixed point with 
every point of an S; is an o# linear system. On M*., are linear spaces Sj, 
(t=1,:--+, 7). From the correspondence in z, it is seen that each S, of 
M*,, has a point in common with G,’ at which it is tangent. Two S,’s of 
M*,, always have a point in common which is not a point of G,?’.+ There 
are two different types of planes on M*.,. Those already described are referred 
to as planes of the second species. A plane of the first species corresponds in 
m to a linear system of hyperplane hyperquadrics consisting of every point 
pair on a line. Such a plane of the first species does not meet any of the other 
linear spaces of M*,, in more than a line. Two planes of the first species may 
have a point in common, in which case it is a point of G,?”.. The planes of 
the first species meet G,?’ in a conic. On each point of M*., is a plane of the 
first species and two S,’s. The two S,’s through a point have only the one 
point in common, but the S.- determined by them contains the plane of the 
first species through the point. Each S, has a line in common with the plane. 
Through a point of G,?" are «** planes of the first species and just one S,. 

Two S,’s of M*., determine an S.,, which is met by a third in an S3r-1; 
r of the S,’s determine a hyperplane in Sr. This hyperplane is tangent to 
G,*" at r points and from the correspondence is seen also to contain the conics, 


*The order k of the variety may also be obtained from formulas given by Segre, 
Atti della Reale Accademia dei Lincei (5), vol. 9 (1900), p. 258; this case requires 
that a symmetric determinant of order r+ 1 be of rank 2. Scorza noted, Annali di 
Matematica, loc. cit., that properties of the Veronese variety could be determined with 
the aid of these formulas of Segre. 

+ Scorza stated that the tangent hyperplanes of the Veronese variety, for the cases 
r=3 and r= 4, meet in pairs in a point (see the introduction). 
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cut out by planes of the first species, joining these points in pairs. Such a 
hyperplane in general corresponds tv a hyperquadric of z with r double points, 
points of an S;,, and the lines on the hyperquadric joining these. Such a 
hyperquadric is necessarily a hyperplane squared, so that the hyperplane of 
Sr corresponding to this hyperquadric meets the Gr" in a V2""" counted twice, 
Ii is tangent along this variety, as is seen from the correspondence in 7; 
it contains all tangent hyperplanes to G,*" along this V?"". The G,?" has 
hyperplanes tangent along a V?"". 


2. Projection of G,*" from a general S:. The projection of the Veronese 
upon from a general S-, a in is represented by (1), where 
1=0,---,r+1; 7=0,---,r. The S, of projection meets the M*,, in a 
C*,_. corresponding to the locus of point pairs P,P’ which are hyperplane 
hyperquadrics in the linear system of «° hyperplane hyperquadrics corre- 
sponding to the 8... The conics of G,?" which lie in a plane of the first species 
on a point of C*,2 correspond to the lines PP’ in x Under the projection 
for each point of the C*,.2 is a double line on G,?’ in 8+; since on each point 
of C*,_2 is a plane of the first species which meets G,?" in a conic. This coiiic 
projects into a double line; every S.,, through the S, of projection and a 
point of the conic will necessarily meet the conic in two points. On G,”’ in 
Srii ts a double locus, _ Sieg which is a locus of double lines. 

The points of tangency of lines from a point of C*,_2 to the conic on its 
plane of the first species project into cuspidal points on G,?" (in S;.,) with 
the properties of cuspidal points of a Steiner surface. On G,?" there is a cus- 
pidal locus V,_2, which corresponds in z to the locus of points P, P’. These 
multiple loci and others, arising from the intersections of the double V?"s may 
always be determined by a consideration of the properties of a linear «'*? sys- 
tem of point hyperquadrics. Triple loci on G,?’ in S,,; correspond to loci of 
intersections of two lines PP” as is the case on the Steiner surface; and k-fold 
loci correspond to loci of intersections of k —1 lines PP’. If two lines PP’ 
ef w intersect, the corresponding conics in planes of the first species associated 
with points of C*,_, intersect in a point; an S,,, determined by the S- of pro- 
jection and a point of intersection of two of these conics meets each of the 
conics in a second point, and, as the S.,; meets the G,?” in Sr in three points, 
the projection of G,?" upon S;,1 will have a triple point. 

Since part of the projection in this general case may be discussed in 
terms of the projection of the Veronese surface to obtain the Steiner surface, 
it might seem possible that the projection of the Veronese G,”’, for a given ', 
from a general S- could be described in terms of that for the preceding value 
of r as is precisely the situation for the special case to be considered in 


A GENERALIZATION OF VERONESE AND STEINER SURFACES. 377 


Article 3. This however is not the case. In the general linear system of ** 
point hyperquadrics in ~, for r > 3, there are no hyperquadrics which consist 
of two hyperplanes. The order of the system of hyperplane hyperquadrics 
apolar to o*** point hyperquadrics is c. [(r? + r—4)/2] + 1 ‘conditions 
must be satisfied by the coefficients of a hyperquadric apolar to this system. 
This is > 2r, for r > 3.* For the projection of the G,?’ from an Sc in Sr 
to be described in terms of the projection of the preceding case, that is as the 
projection of co? from an IN er-1y/2, it is neces- 
sary that some space of the space of projectivity meet the M*., in a locus like 
that in which the projection space meets the variety on which the Veronese 
variety is double of the preceding case. This is possible only if in a general 
linear system. of oo° hyperplane hyperquadrics there is a linear system of 
dimension [ (r—1)* + (r—1) —4]/2 which contains a locus of point pairs 
just like that in an 0 !r-1)*+(r-1)-41/2 linear system of hyperplane hyperquadrics 
of 8,1. If such a system existed there would be imposed upon the hyperplane 
which contains it conditions sufficient that another hyperplane could be deter- 
mined such that the product of the pair would be a hyperquadric of the system 
in r apolar to the «0° system. If a hyperquadric is composite, with a hyper- 
plane containing this configuration of pairs of points which are hyperplane 
hyperquadrics of a system of dimension ¢ as a component of it, it satisfies 
{[(r—1)*? + (r—1) —4]/2} +1 of the conditions that a hyperquadric 
must satisfy in order to be in the system apolar to a system of dimension c. 
A hyperquadric belonging to such a system must satisfy c+ 1 conditions. 
But [(r? + r—4)/2] +1— {[(r—1)?+ (r—1) —4]/72}—1=r. A 
unique hyperplane could be determined for the other component. But if this 
#° system is general, the system apolar to it is also and could not have a 
hyperquadric degenerated to a pair of hyperplanes. 
It follows that on G,*" of Sri: there is no G2" for r > 3. 


3. Projection of G,*" when the Sc is specially chosen. When the space 
of projection is chosen to meet the M*.,, on which G,?" is double, in such a 
way that the linear system of hyperplane hyperquadrics corresponding to it 
in is a linear system with an apolar (r + 2) — S;-1, the G,*’, which is the 
projection is denoted by F,?’.t The locus of point pairs P, P” of the system 


* Note that for r= 2, the number of conditions is two so that given any line in 
the plane another can be determined such that the pair form a conic of an oo® linear 
system of point conics. This accounts for the fact that each tangent plane to a Steiner 
surface meets the surface in a pair of conics. 

+A linear system of hyperplane hyperquadrics is said to have an apolar 
(r+ 2)—S,, if there is associated with the system r+ 2 hyperplanes such that . 
the 8,’s, (i <<r—l1), determined by r—i of the r+2 S,_,’s are apolar to the 
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of hyperplane hyperquadrics is the (r + 2) (r+ 1)/2 S;-2’s of intersection of 
the r + 2 hyperplanes of the (r+ 2) —S;1.. The points P, P’ in a pair are 
so arranged that each point of an S; determined by r—zi of the r + 2 hyper- 
planes, with every point on the S;-2-; determined by the remaining i + 2 of 
these hyperplanes is a point pair forming a hyperplane hyperquadric of the 
system. From the correspondence between the point pairs of 7 and the points 
ct M*., it is seen that the Sc of projection must be chosen to meet the M*2,, 
if r ts odd, in (r+2)(r+1)/2 linear spaces Sr-2 and beg Veo’s for 
p=1,-°-,(r—38)/2. If r is even the configuration in which the spuce 
of projection meets G,?" has (r+2)(r+1)/2 linear spaces Sr-2, hee 

Vie ’s for and for p =r — p—2. 
ky ts the order of the system, of hyperplane hyperquadrics made up of a pair 
of points, one from an Sy» of S;, and the other from an Sr-p-2 not meeting Sp. 

On each point of this composite C*,_2, as in the general case, there is a 
plane of the first species which meets @,*" in a conic and this conic will be 
projected into a double line. From the correspondence in z it is seen that 
all of the planes of the first species on a point of one of the (r + 2) (r + 1)/2 
S,2’s of C*,. meet in a point so that part of the locus of double lines on 
F,*" consists of (r+ 2)(r+1)/2V2"™s, [case r= 2, there are (r+ 2) 
xX (r+1)/2 X 2], on each of which there are «** lines through a point. 
Further the points of tangency of lines of a plane of the first species, from 
the point of the C*,.. to the conic on the plane, project into cuspidal points. 
Since these points correspond to P, P’ in =, the cuspidal locus will correspond 
to the S;_.’s of the (r+ 2) —S,.. Therefore there are (r+ 2)(r+1)/2 
Vers on F,”", the points of which have the properties of the cuspidal points 
of a Steiner surface. In fact, in the next article it will be shown that the 
are actually the loci of cuspidal points of the Steiner surfaces 
which are on F,*". It follows that the V2"? is an F2"~ from the fact that 
an S; of the (r + 2) —S;_, is met by the other spaces of the (7 + 2) —Sra 
in an ((+2)—Si,. By an S; of the (r+ 2) —S,. is meant an Si 
determined as the intersection of r —i of the r + 2 hyperplanes. 

As in the more general case, all the properties of the F,?” may be deter- 
mined by means of a consideration of the properties of an 0° linear system 
of hyperplane hyperquadrics with an apolar (r + 2) —S;r1. Where two lines, 
PP’, meet in two, or r in a point the conics on the planes of the first species 
cf M*., meet 2 or r in a point, and in the resulting projection triple or 
(r + 1)-fold points arise. 


8. ;.’8 determined by the remaining 8S, ,’s in regard to the point hyperquadrics of 
the system apolar to this system of hyperplane hyperquadrics. 
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4. F;?"sonF,*".. A consideration of the properties of an (r + 2) — Sy-1 
in S, is sufficient to show not only the existence of F;?s on F,?", but also 
how each projection may be described in terms of that of next lower dimension. 
In an (r+ 2) in Sy are Si’s, (t< 1). In each hyperplane of 
the (r-+ 2) are Si’s; in each (t<k <r) are Si’s. 
Through each S; are Si’s (r>i>k). In an (r+2) —S-, of S,, 
the configuration of spaces on any Sx is that of an (k + 2) — Sx. in an Sy. 
In the (m+ 2) —Sm1 of an Sm, belonging to an (r+ 2) —S,. in S,, 
the S;’s (t< m—1) of Sm, intersection of Sm with an Symi of the 
(r+ 2) in Sy, are opposite in the (m +2) of Sm to the 
Sm-i-2 In the (m+ 2) —Sm-1 of Sm, which are opposite to the Srmsi in the 
(r+ 2) —S,, of S,. Thus, in the configuration of a (k + 2) — Sx-1 of an 
S;, which is an S; of an (r+ 2) —S;-, of S;, (k <r), the point pairs which 
are on opposite spaces, are also on opposite spaces in the (r+ 2) —Sr-1. 
These properties may be used to prove the theorem on hyperquadrics: The 
o*? point pairs consisting of the pairs made up of a point of an S; of an 
(kK +2) (i< k—1), of with a point from the opposite Sx-2-i 
are hyperplane hyperquadrics in a linear o*-*)/2 system of hyperplane 
hyperquadrics in (r=k). 

Any S;_, through an S;-2 of the (r+ 2) —S;. is met by the spaces of 
the 2) in an (r+ 1) —S/-2, and points of the (r+ 1) —S;-2 
of 5, on opposite spaces are on opposite spaces on the (r+ 2) —Sy.1. 
By these theorems it is seen that the components of C”;-2 meeting any of the 
linear components of it, are met by 01 S¢¢r-1)%scr-1)-43/2’8 in the points corre- 
sponding to an (r +1) —S,-2. The projection of the Gr?" from an Sc, for 
this special case, actually reduces to the projection from 
All of the multiple loci on the projection of the Veronese variety arise 
from the manner in which the conics on G,?" intersect; but the conics on 
G," intersect as they do on al On F,?" are (r+2)(r+1)/2 sets of 
co! Per™’s with a cuspidal F*"* common to all of one pencil, which is a trope 
for each of the F2"™'s of the pencil. On F,*" are varieties, 

On F,*" are oo” V2",’s corresponding to the hyperplanes of S,. For 
r=2, any V,? is an Ff,” so that on the Steiner surface are «* conics. The 
existence of the pencils of re * follows from the property of the S,_,’s 
through an S,. of the (r+2)—<S,. just stated. The cuspidal property 
of the locus corresponding to the S,-2 itself is shown below. 

The F*"’s on correspond to hyperplanes on an of the 
(r+ 2) —S,., but a pair of these hyperplanes form a hyperquadric of the 
system corresponding to the S, of projection. A necessary condition for an 
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S,. tm Sr to correspond to an F*" is that it be one of a pair whose product 
is a hyperquadric of the system corresponding to the Sc of projection. This 
follows from the same argument used in the general case of Article 2. The 
condition is sufficient for all but those (r+ 2)(r+1)/2 exceptional hyper- 
planes, joining an of the (r+ 2) to the opposite vertex, which 
correspond to double 

In a linear system of «”*? point hyperquadrics which is apolar to a linear 
system of o° hyperplane hyperquadrics with an apolar (r+ 2) —Sr-1, are 
+ 2 hyperplanes squared. If the space of projection, S-, corresponds to 
such a system of hyperplane hyperquadrics, through S- are r + 2 hyperplanes 
in Sp, each tangent to Gr" along a V*". These appear on F,”" after pro- 
jection, as V2""s with properties similar to those of a conic trope of a Steiner 
surface. Also since hyperquadrics of the system which consist of a pair of 
hyperplanes or hyperplanes counted twice, are hyperplanes through an 3;-. 
of the (r + 2) —S,.1, these V?"""’s are F?""s. On are r + 2 with 
properties of a conic trope for a Steiner surface. They are the locus of conic 
tropes for the 0’ F.”s of F,?".. The class of F,*" ts r + 2, and tts hyperplane 
equation ts = 0. 
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LINEARLY CONNECTED SPACES AND ENNUPLES OF CURVES. 


By Harry Levy. 


1. Ina Riemannian space with a positive definite fundamental form 
(1.1) ds? == 
n mutually orthogonal unit congruences of curves defined by 
(1.2) da} / qd? = dx?/gd? + = dz"/_r" 
and consequently satisfying the conditions 


0 a-~B, 


determine a set of invariants, which we denote by y%gy defined by 
(1. 4) "By = Ai 


It is immaterial whether we adopt the customary definition 


"hi = Jij 
or whether we define “A; to be the cofactor of ,A‘ in the determinant A = | pA/ | 
divided by A itself. gd‘; is the covariant derivative of gA‘ with respect to the 
form (1.1) 
(1.5) pr! = + 


Here {,‘;} are the Christoffel symbols of the second kind formed with respect 
to the form (1.1). 

It is readily seen that it is not necessary in the formulation of these ideas 
to restrict ourselves to Riemannian geometry as did Ricci when he first intro- 
duced the y’s.* For example, in a linearly connected space, that is one in 
which parallelism is defined by means of n* arbitrary functions I+; instead 
of $n?(n-+ 1) functions which are the Christoffel symbols of a quadratic 


*L. P. Eisenhart in his Riemannian Geometry, Princeton University Press (1926), 
gives a detailed treatment of ennuples and their coefficients of rotation, the name intro- 
duced by Ricci of the functions 1g," We shall refer to this book with the notation R. G. 
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form, we can readily define invariants of an ennuple essentially by the above 


process.* 

In the development of both Riemannian geometry and the geometry of a 
linearly connected space ennuples of curves and their invariants have played 
an important réle. It seems to the writer however that the possibilities in this 
direction have not been fully exploited, partially because the methods applied 
depend on Ricci’s absolute calculus rather than on a calculus in which the 
ennuples themselves play the fundamental part. One result of this is that 
in the main the invariants y%g, have been utilized in the study of properties 
of configurations within the given space rather than those of the space itself. 
We shall develop and apply a theory in which the ennuple and its invariants 
are fundamental, in which for example, our process of differentiation, analo- 
gous to covariant differentiation, enables us to obtain from a given intrinsic 
tensor (see § 3) a new intrinsic tensor. 

From another point of view our work will tie up with Graustein’s study 
of invariant methods in classical differential geometry in which he points out 
that a powerful theory may possibly be built by combining the methods of 
Ricci and the intrinsic methods of Cesaro.t 


2. We begin with a space V, of n dimensions, to every point of 
which is assigned codrdinates z',x?,- m independent but otherwise 
arbitrary contravariant vector fields are given by a set of functions ,A‘ where 
a%,t==1,2,---,mn and a is fixed for a fixed vector field. We associate with 
the ennuple ,A‘ a set of n* arbitrary functions y4,, which we postulate to be 
invariant under transformations of codrdinates. We shall speak of these y’s 
as the invariants of the ennuple ,A‘. 

If in place of the n given vector fields we introduce n others we can 
express their components aA! linearly in terms of the components of the 
given fields { 

(2.1) av! = tg? pri 


and we postulate that the invariants of the new ennuple are obtained from 
those of the old by means of the equations 


* See the author’s “ Congruences of curves in the geometry of paths,” Rendiconti 
del circolo Mathematico di Palermo, vol. 51 (1927), pp. 304-311, for the case of a 
symmetric linear connection, and Eisenhart’s “ Non-Riemannian geometry,” American 
Mathematical Society Colloquium Publications, vol. 8 (1927), for the general case. 
We shall use the abbreviation N-R.G. to refer to the latter work. 

+ Bulletin of the American Mathematical Society, vol. 36 (1930), pp. 489-521. 

t As usual an index repeated, once as a subscript and once as a superscript. is 
summed from 1 to n. 
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(2. 2) Pay = yactatty + TePty? 


Here 7% is the cofactor of tg? in t, the determinant | tg* |, divided by ¢ itself, 
so that 


(2. 3) T oP tg? = T Pty = 
where 8,7 is Kronecker’s delta 

0 

We define the associate covariant vector fields “A; by 
(2. 5) prt = 
so that 
(2. 6) gd) == 


It is readily verified that the transformation (2.1) induces on %A; the 


transformation 
(2. 7) = 


We shall denote by 0/0sq the operator ,A‘ 0/dx‘ so that 
(2. 8) 0/08, = 0/dx* 0/058q. 


Through differentiation we find that integrability conditions take the form 


Osp \ 08a 0Sq Asp J 


From (2.6) we obtain by differentiation 


(2.10) (0 gd*/dsg) + ad* 0 = 0, 
whence 
(2. 11) 0 gd*/0sg = — (07d; yA* 


Equations (2.9) may be rewritten by means of (2.11) 


2.1 — 


It will be useful to insert here also the equations obtained from (2. 10) 
by solving for %A;/dsg 


(2. 18) 0%; /0sg = — (0 yA*/dsB) VA; 


In a similar manner we obtain from (2.3) that 
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(2. 14) OT = — Ta*T 
Equations (2.2) may be written 

(2. 15) py = Y vel’ + (Otg°/0s-) Tatty’. 
If we solve these for the derivatives of t,4 we obtain 

(2. 16) Oty? = — 
From (2.14) we obtain by means of (2.16) that 

(2.17) OT = — Yvel'p’T' 4° + 
If we denote by I'4;, the functions defined by 

(2. 18) = pr! Aj — (0 aA‘ 


and by Ij the corresponding functions for the ennuple defined by (2.1), 
we find by virtue of (2.15) together with (2.1), (2.3), and (2.7) that 
Tj, = I‘, so that these are independent of the choice of ennuple; moreover, 
we obtain from (2.8) that with respect to arbitrary transformations of 
coordinates 


the functions I‘; undergo the following transformations 


(2. 20) Tlie Oar | Oar 


so that they may be taken as the components of a linear connection.* 


a . a is a set of functions on which the transformation (2.1) 


induces the transformation 


We say that the functions A}: :: pA are the components of an intrinsic tensor 
of order A + p, covariant in the subscripts b,- - - by and contravariant in the 
superscripts a,° - ‘ay. A tensor of order zero will, as usual, be said to be an 
invariant, and one of order one a vector. In particular (#=1,2,° 
are components of an intrinsic covariant vector, while “A; («= 1, 2,° ° 


*Hessenberg in his paper “Vektorielle Begrundung der Differentialgeometrie,” 
Mathematische Annalen, vol. 78 (1917-18), pp. 187-217, defined a connection in terms 
of an ennuple in such a way that = 0. 
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are components of an intrinsic contravariant vector. When necessary to em- 
phasize the difference we shall refer to a set of functions which undergo the 
ordinary tensor laws of transformation with respect to transformations of 
coordinates as the components of a scalar tensor. 

If we express the components wt (1=—1,2,:- +n) of a scalar contra- 
variant vector linearly in terms of the components of a given ennuple 


(3. 2) pt == 


the coefficients A* are scalar invariants and the components of an intrinsic 
contravariant vector. 

Clearly the algebraic results of ordinary tensor analysis may be extended 
to include the theory of intrinsic tensors.* 

Just as an algorithm for obtaining scalar tensors from scalar tensors may 
be established by differentiation and through the specification of a set of 
functions (for example, the components of a linear connection) so can we 
establish a similar algorithm. If we differentiate (3.1) and eliminate the 
derivatives of the ¢’s by means of (2.16) and (2.17), we find that 


(3. 3) Buy By a @) 
where 
( ) by. + bu Tie 
a a) h 
2 A “< h bu Y bie 


and A ee is obtained from At: er by similar equations in § and the 
ys. We shall speak of Ay = the intrinsic covariant derivative of 
se — Again it is clear that intrinsic covariant differentiation of the sum, 
difference, or product of tensors obeys the same laws as does ordinary dif- 
ferentiation. + 

We shall obtain in section 7 the analogues of Ricci’s identities for the 
interchange of the order of differentiation in the case of a second covariant 
derivative. 

We may observe here that if the components of an intrinsic tensor are 
scalar invariants its intrinsic covariant derivatives are also scalar invariants. 


4. If we subject an ennuple ,A‘ with invariants y“g, to a transformation 
(2.1) we obtain a new ennuple A‘ whose invariants 7%gy are given by (2.15). 
Under a general transformation of codrdinates given by (2.19) we obtain 


*Cf. R.G., pp. 1-17. 
+ Cf. R.G., pp. 26-30. 
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and 
(4. 2) py = 


where the primes denote the analogous functions in the 2’ codrdinate system. 


If we eliminate the )’s and 7’s from (4.1) and (4.2) by means of (2. 15) 
the resulting equations are reducible to 


(4. 3) /Osg = 
and 
(4. 4) — y*nytp”. 


If we differentiate (4.3) with respect to s, eliminate the derivatives of 
x’*, tg* and T’s* by means of (2.17), (4.2), (4.3), and (4.4), interchange 
B and y, subtract and make use of (2.12) we obtain 


(4. 5) Ly ty? 
where 
(4. 6) + vat 0 /08¢ cAt 0 


and L’%, is the same expression in the y”s, A”s and s’. For reasons which 
will appear later we shall call L%,- the torsion invariant of the space. 

Under the transformations of codrdinates (2.19), the A’s transform in 
accordance with (4.1). By differentiation it follows that 


If we multiply on the left by gd” and on the right by its equal ,d/ a’*/dz! 


and sum on k we obtain 


dad’? On" 


From this it follows that 


is a scalar invariant. Consequently L%, is a scalar invariant and an intrinsic 
tensor. 

Similarly we can differentiate (4.4) and apply the integrability condi- 
tions (2.12), after having eliminated the derivatives of the 2”s, the ?’s, and 
the T’s by means of (4.3) and (4.4). We obtain that 


(4. 10) = Pe ycaT 


ic 


nd 
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where 
(4. 11) P% = OY vc/08a — OY + 
— ney" ba + yop (cA* 0 08a — 


and P’gys is a similar expression in y’, \’, and s’. As was the case with L%z 
the P’s are scalar invariants and intrinsic tensors. We shall designate them 
briefly as the curvature invariants. 

By intrinsic covariant differentiation of (4.5) and (4.6) we obtain the 
intrinsic tensors of orders four and five respectively, invariants with respect 
to transformations of codrdinates, 


(4. 12) 5 = a%t 

and 

(4. 13) = P% yea, eT pty tate’ 

where 

(4.14) = OL /08a + vey" pa — — 


(4. 15) OP + P¥ycay pe PY ucay"ve P% 


and L/%%_q and P’yca,¢ are the same expressions in y’, L’, P’, and s’. 
If we denote the intrinsic covariant derivative of “A, by *A«),g so that 


(4. 16) = 9 “Ay /Osg + “Avy 
it follows from (4.5) that 
(4.17) gy = ry — A 


5. In a linearly connected space there does not exist, in general, a 
coérdinate system in which the coefficients of the linear connection are zero 
at a given point.* Only if the connection is symmetric can such a codrdinate 
system be established. This condition arises from the fact that the law of 
transformation of the coefficients of the linear connection involves the second 


derivatives. Since, the law of transformation of the y’s involves only the first 


derivatives of tg* and since in ty* unlike 
B and y we expect and we shall proceed to prove that there exist (infinitely 
many) ennuples which at a gwen point have gwen directions and whose 
invariants at that point are zero. For if we impose on the functions fg? the 


following conditions to be satisfied at a preassigned point Po: 


need not be symmetric in 


(5. 1) (ta®)o = 


* Cf. N-R.G., p. 53. 
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(5. 2) /0x*) = — (yFap o 
so that 
(5. 3) tp* = 86% — MAi)o (xt — ont) 


we find that the invariants of the new ennuple are zero at Py. Because of 
(5.1) the directions of the two ennuples coincide at Py. We shall say an 
ennuple is a canonical ennuple at a point if its invariants vanish at that point. 

Fermi’s extension of local Riemannian codrdinates to local codrdi- 
nates along a curve* is valid here too. For let a curve C be given by 


We define functions dg* of by the differential 
equations 
(5. 4) (d/dx*) dg* = — (y%pv "A1) ¢ dg" 


in which the y’s and )’s are evaluated along C. We now define ¢’s as functions 
of the z’s by means of a power series in 2°, x*,- - - 2" whose coefficients are 
functions of 2’, 

(5. 5) = dg* — (yan dgt at +- 


The index 7 in (5.5) is summed from 2 to n. If we differentiate (5.5) and 
apply (5.4) we obtain 


(5. 6) )c = — (y%an "Ar)o 
(5. 7) = — (y%an dp 


and by substitution of these values in (2.2) we find that yg, is zero along C. 
Along C, tg* = dg* and the two ennuples are related by the equations 


(5. 8) def pat 
so that 
(5. 9) d = — ad* 


It then follows by virtue of (2.18) that 
(5. 10) d + = 0. 


The directions ,’* accordingly are parallel along C in the space whose coeffi- 
cients of linear connection are given by (2.18). Conversely starting from 
(5.10) we can retrace our steps so that if a canonical ennuple is displaced by 
infinitesimal parallelism along a curve its invariants are zero along the curve. 

In general it will not be possible to select an ennuple whose invariants 


* Cf. N-R. G., pp. 64-67. 
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are zero at all points of a surface for in that case we must have in place of 
(5.4) a set of partial differential equations which do not necessarily admit 
solutions. 


6. The functions y%g,5 defined by 


(6.1) = Oy%py/085 — — — + "us — poy wy 


are in the case of an orthogonal ennuple in a Riemannian space with a positive 
definite form identical with Ricci’s four index symbols.* We take (6.1) as 
their definition in every case. If we compare (6.1) with (4.6) and (4.11) 
we find that 


(6. 2) = + 


Since the P’s and L’s are intrinsic tensors but y“gy is not, it is clear that in 
general y%g,5 is not an intrinsic tensor. 

When the y’s are the invariants of an ennuple in a linearly connected 
space whose coefficients of connection are given by (2.18) it follows from 
(4.6) and (2.10) that 


If we denote by B‘jx: the curvature tensor of the space t¢ 


it follows by substitution in (6.4) of the values of I‘, and of their deriva- 
tives as obtained from (2.18) and simplification by means of (2.5) that 


O°; 


We see then that in general the invariants determined by the curvature tensor 
are not intrinsic tensors. 


7. From equations (4.6) and (4.11) it follows at once that L*,s and 
P55 are skew symmetric in y and 6, so that 


In terms of a canonical ennuple with origin at a fixed point Po, y%gy will 
be zero at P, and from (4.6) and (4.11) it follows that at Po 


* CE. R.G,, p. 98. 
+ Cf. N-R.G., p. 5. 


| 
by 
its _ 
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and 
(7. 3) = (0/085) y"py — (8/08y) 


From (4.14) and (7.1) we obtain 


a 
(7. 4) L = ase — 085 085 


0 0 (9%; 
— 
+ BA O85 08x ) Ass ( Asp ) 
Let us denote by C the sum of the terms obtained by cyclic permutation 
of the subscripts B, y, 6 so that, for example, 


(7. 5) + + 
We observe moreover that the relations 
C Apys=C Ayop=C Aopy 


hold for any set of functions Ags. By virtue of (2.11) and this cyclic 
property we find that 


0%; 4 j 0 4 


Similarly by means of (2. 12) 


Osg 085 OSy 08, O85 


0%; 0%; 


Making use of these values in (7.4) we find by virtue of (7.1) and (7. 2) that 
CL%gy,5 = CP%pys — CL 


Since these are tensor equations they hold for every ennuple and at every 
point, so that 


(7.6) P&pys + + = + + 


+ TA ppl ys + yp Leg + Lp py. 


We shall see in the next section that the vanishing of L%g, is a necessary 


(7. 2) = 0 / 08, — 0 Ay, 
] 
| 
cc 
(7 


t 
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and sufficient condition that the linear connection be symmetric. In that case 
I*gy,5 is also zero, and (7.6) reduce to the well known relations 


(7.7) Y + + = 0. 


In a Riemannian space these equations are equivalent to the well known 
relations 
+ + = 0. 


By means of a canonical ennuple we can obtain another identity in the 
P’s and L’s, one which may be regarded as the generalization to an assymetric 
connection of the identity of Bianchi. In fact in terms of a canonical ennuple 


(dy Ay g5 


If we advance y, 3, « cyclically and if we here denote by C the resulting sum, 
we obtain 


0°y*By "By 
(7. 9) CP 085 085 


By means of (2.9) the first parenthesis on the right becomes 


“085 


Because of (2.6) this reduces to 


If we substitute in (7.9) and make a slight modification in the dummy indices 
of the second parenthesis we obtain 


@s Oss 


or 


consequently the relations 


(7. 10) + Po piey + Ppey,6 = P be + P pps LM ey + P* 75 


Oy" Bu j j 
| 
= 
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of Bianchi and Veblen,* 
(7. 11) Bi + + = 0. 


In a similar manner we can obtain the generalization of Ricci’s identity 
for covariant differentiation. For in terms of a canonical ennuple the second 
covariant derivatives of an intrinsic tensor A“ ---* are given by (cf. § 3) 


i=1 
0 h 
Consequently 


“ 


In particular, if A is an intrinsic invariant 
(7. 14) A,ap — A,fa = — 
and if A, is an intrinsic covariant vector 


(7. 15) Aa py Aa,vB AnPapy. 


8. In section 4 we found that under transformations of codrdinates and 
of ennuples the functions Lg, and P%g,s were transformed in accordance with 
(4.5) and (4.10). Conversely if we are given two spaces each defined by 1’ 
functions ,A‘ and n* functions y%g, of the corresponding codrdinates they 
determine the same space provided that equations (4.3) and (4.4) admit a 
solution. Consequently if (4.5) and (4.10) are identically satisfied equations 
(4.3) and (4.4) are completely integrable and the solution will contain 
n*? +n arbitrary constants. In particular for a Euclidean space in terms of 
n mutually orthogonal normal congruences of straight lines the y’s of Ricci 
are zero and Lg, and P%g,s are zero. Accordingly a necessary and sufficient 
condition that a space defined by an ennuple gd* and invariants yPay be 


Euclidean is that Ig, =0 and P%gy5 = 0. 


* Veblen, “ Normal coérdinates for the geometry of paths,” Proceedings of the 


National Academy of Sciences, vol. 8 (1922), pp. 192-197. 


are valid at any point in terms of a canonical ennuple and since they are 
intrinsic tensor equations they must hold throughout space for every ennuple. 
In the case of a symmetric connection they reduce to the well known identity 


h 


the 
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Clearly the n?-+ n constants of integration correspond to the fact that 
the coérdinate system and the ennuple may be subjected to a rigid motion, 
and that independently of each other. Hence it follows that if two ¢ inuples 
in Euclidean space have equal invariants, they are congruent, 

From (6.3) it follows that [%g, are zero if and only if Ij, are symmetric 
inj and k. Hence it follows that a necessary and sufficient condition that 
space defined by an ennuple gd‘ and invariants y“py be a space with a sym- 
metric linear connection is that the torsion invariants vamsh. 

We shall say that a space is pseudo-euclidean if P%gys—0. An example 
of such a space is one in which the coefficients of the linear connection are 
defined in terms of an ennuple by * 


(8. 1) = 0%, 


for it then follows from (2.18) that yay are zero, and consequently that 
P%,,5 are zero for all ennuples. We proceed to show that every space for 
which P%g,5 = 0 admits oo” ennuples whose invariants y“g , are zero through- 
out the space, and whose coefficients of connection consequently satisfy (8.1). 
Since the coefficients of connection are invariant under transformations of the 
ennuple we must show that the equations 


(8. 2) 0%’; = ad* — (8 


admit as solutions n? functions ,A’'. These equations may be solved for 
9*’;/dx* and it is readily found that the integrability conditions are identi- 
cally satisfied by virtue of the hypothesis that P%g,5—=0. Clearly if *\’; are 
solutions, Ag “A’; where the A’s are constants, is the general solution. Since 
the invariants of the ennuple ,d’* are zero, such an ennuple is analogous to 
the ennuple determined by a cartesian codrdinate system in euclidean space. 
We shall call such an ennuple a fundamental ennuple so that in a pseudo- 
euclidean space there exist «” fundamental ennuples, whose invariants are 
zero throughout the space, and the components of one fundamental ennuple 
are linearly dependent on the components of any other with coefficients of 
dependence which are constants. 

Since, under a transformation of codrdinates, the components of an 
ennuple are transformed in accordance with 


there exists a codrdinate system a’ in which the Ws are constants if and only 
if the equations obtained from (8.3) by differentiation, namely 


* Cf. Hessenberg, loc. cit., p. 190, or N-R.G., p. 48. 
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Ox) Oak dah 


(8. 4) 


admit a solution. One can verify easily that these equations admit a solution 
only if the coefficients of the connection are symmetric and then they are 
completely integrable. Accordingly a pseudo-euclidean space admits a codrdi- 
nate system in which the components of a fundamental ennuple are constants 
if and only if the space is euclidean. 

From another point of view the connection (8.1) is symmetric if and 
only if 
(8. 5) (0%; /da*) grt = (0 Az 


These equations are equivalent to 
(8. 6) 0%; = 0%); 


and hence there exist n functions, f*, such that 


If we put 
(8. 8) y* == f*(z', 


and regard these equations as defining the 2’s as functions of the y’s it 
follows that 
(8. 9) ad! = /dy* 


so that the curves of the congruences can be taken to be codrdinate curves. 
Accordingly with any n congruences of curves we can associate by means of 
the linear connection (8.1) a pseudo-euclidean geometry which is euclidean 
if and only if every set of congruences generate a family of hypersurfaces. 
This point of view may be of value in the study of Riemannian manifolds 
which admit n-tuply orthogonal systems of hypersurfaces. 


9. We recall that if the coefficients of two linear connections are related by 


(9. 1) = + 85 + + 

where yj; is an arbitrary covariant vector and N‘;, an arbitrary tensor, skew 
symmetric in 7 and k, 

(9. 2) = — Ny; 


contravariant in the index 1 and covariant in the indices 7 and & the two 
spaces have the same paths. Conversely if two linearly connected spaces have 
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the same paths there exist a vector y; and a tensor N*;, such that (9.1) hold.* 
If we define invariants *y%g, of an ennuple ,A‘ by 


(9.3) By = pr‘ 
where 
1 
(9. 4) abt = (aA! pr” + Px) 


and gA‘,; is the covariant derivative with respect to the I’s, and if we denote 
by *7%gy the corresponding functions determined by the I’s it follows that + 


Since *y%g, can be regarded as the invariants of an ennuple in a space 
whose coefficients of linear connection are 


—1 
it follows that with respect to transformations (2.1) *y%g, transforms in 
accordance with (2.2). Moreover since N*;, is an intrinsic invariant *y%g, 
does likewise. We shall normalize *y%g, by so selecting N‘* , that *y%g, is 
symmetric in 8 and y for a particular ennuple. Although in the main the 
results of the preceding sections are valid here, one important exception occurs 
in § 8, for in the consideration of the equivalence problem one must here take 
into consideration a change in the value of the invariants due to the arbi- 
trariness of N*;,. 


UNIVERSITY OF ILLINOIS. 


* Cf. N-R.G., p. 31. 
+ Cf. Levy, loc. cit., p. 310. 
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HEAT CONDUCTION IN A SEMI-INFINITE RADIOACTIVE SOLID. 


By Arnotp N. Lowan. 


The boundary z = 0 of a semi-infinite radioactive solid is assumed to be 
kept at, or to radiate into, a medium at variable temperature ¢(¢). If the 
temperature at time t 0 is f(z) what is the subsequent temperature dis- 
tribution in the solid? 

The above problem is the generalization of a problem treated in an earlier 
paper.* To solve it we shall first derive the solution for the case of a finite 
slab extending from z = 0 to x =a, and shall obtain the limit of the solution 
T (x,t) fora—>o. For the finite slab, the temperature 7'(z,¢) must satisfy 
the following differential equation initial and boundary conditions: 


(1) (0/dt) T (x, t) —k(#/dx*)T (x, t) = $(z, t) 
(2) Lim T(z, t) =f(«) 

(3) T (0, t) = $(t) 

(4) T (a, t) =0 


where k = Ratio between the thermal conductivity K and the product of the 
density d and the specific heat c; (x,t) = (1/cd) X heat generated per unit 
time per unit volume, and we have assumed that the boundary z = 0 is kept at 
temperature ¢(t). The function ¢(z,¢). will be referred to as the “ radio- 
activity function.” It is clear from physical considerations that f(x) may be 
assumed to be bounded, piecewise continuous and twice differentiable. It is 
also clear that ¢(2,t) and ¢(¢) are bounded, and that $(t) is differentiable. 
To solve the system (1) to (5) we make the substitution 


(5) T(x, t) o(t) + t). 


The function u(z,¢) must then satisfy the system 


(?) Lim u(2, t) = =F(2) (say) 

(8) u(0,t) =0 

(9) u(a,t) =0. 


* Arnold N. Lowan, “On the cooling of a radioactive sphere,” Physical Review, 
November 1, 1933. 
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The system (6) to (9) is formally similar to the system (1) to (4), and 
may be said to characterize the thermal history of a finite slab initially at 
temperature F(x), the boundaries of which are permanently at 0°, and for 
which the radioactivity function is y(z, t). 

The solution of the latter system may be obtained by the method presented 
in the paper above mentioned, and may be written down at once in the form 


where 


(11) = yn(x) yn(€) 


the summation extending over the characteristic values, and the corresponding 
normalized characteristic functions of the system 


(x) + (x) = 0 


y(0) =y(a) =0. 


Clearly 
(13) An = = (2/a)” sin 


In view of the significance of the functions F(2) and (2, ¢), our solu- 
tion (5) becomes 


— $(t) 


+ 6 —0(0) 


6 t 


(14) T (2, t) ro 


é, t) dé 


If the second integral in the third term is integrated by parts, and if we 
make use of the identity 


a 


our solution (14) becomes 
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where we have put 


2... 
G,(z,t) => An SIN An@ exp(— 


n=0 


the subscript a being a reminder that the functions Ga(z,t) and Tq(z, é, t) 


depend on a. 

The problem has now reduced to finding the limits of the functions 
Ga(z,t) and €,t), asa— 

Consider the identity * 


Replacing v by z/2a and + by kt/a* we get 
exp{— [ (a + 2an)*/4kt]} 


whence evidently 
(20) Lim { } exp [— ] 
and 
1 1 1 
(21) {> t) wie [| ~~ (x /Akt) |. 


In view of (21) it is clear that 
(22) G(x, t) = Lim t) = [x/2t(akt)*] exp [— (2?/4kt) ]. 


For the function Ty(z, é,¢) we may write successively 


(23) Ta(a, é,t) = (2/a) sin sin (nwé/a) exp [— k(n?x?/a?) t] 


(1/a) cos (2nx/a) (2 [—k(n*x*/a*) ] 


— (1/a) cos (2nx/a) (x + €) exp [— k(n?x?/a’) t] 


— (1/2a) exp [ (2nm/a) (2 


— (1/2a) exp [2n/a) (2 + €)i— k(n?x*/a’)t]. 


In view of (20), the latter equation yields 


*G. Doetsch, Mathematische Zeitschrift, vol. 22 (1925), p. 290. 
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(24) = Lim I, (2, é, t) 
— [1/2(akt)*] [exp{—f €)*/4kt]} — exp{— + €)2/4kt]}1. 


In view of (22) and (24) our solution (16) finally becomes 


(25) (x,t) — [1/2 f™ 
x Lexp(— —exp(— [(x + £)2/4kt]}] a 


00 t 
+ [1/2(nk)*] 
X Lexp{— [ — £)?/4k (t — 9) ]} — exp{— + £)?/4k(t — 9) 
X dy. 
For t) = 0 (non-radioactive solid), (25) yields a well-known result.* 
It is evident that the third term of (25), say 7;(2,t) satisfies the 


condition 
(26) T;(0, t) = 0. 


In view of the boundedness of ¢(2, t), it may be shown, without difficulty, 
that T(z, ¢) may be differentiated termwise, once with respect to ¢ and twice 
with respect to x, that it satisfies the differential equation (1) and the initial 
condition 
(27) Lim t) = 0. 


Thus (25) satisfies all the conditions (1) to (4), and, therefore, repre- 
sents the complete solution of our problem for the case where the boundary 
t= 0 is kept at temperature $(t). 


Case where radiation takes place at the boundary « = 0 into a medium 
at temperature (t). 


The temperature 7'(z,¢) must then satisfy the system: 
(28) ap #) — k(@T/dz*) (2,t) = 


(29) Lim (a, t) 


(30) (2,1) + hT (x,t) =hd(t) 
*See Carslaw, Art. 81. 
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Let us make the substitution 
(31) v(z, t) = T(z, t) ap 


The function v(z,¢) must then satisfy the system 


(33) Lim v(2, t) — f(2) 
(34) »(0, t) = $(1). 


It is clear that the solution of (32) to (34) may be obtained at once from 
(25) by replacing ¢(z,¢) and f(z) by ¢(z,t) $(2, t) and f(z) 
f(z), respectively. Furthermore (31) yields 
(35) T(z, t) f exp(—hp)dp. 


The complete solution of the system (28) to (30) is, therefore 


x + p)exp{— [(x + p)?/4k(t — ]} dp 


x + } 
—exp(—[(@ +p + £)*/4k(t —) ]} dp. 


For ¢$(z,t) 0, (36) yields, after some simple transformations, the 
result obtained by Carslaw in Article 83. 


INSTITUTE FOR ADVANCED STUDY, 
PRINCETON, N. J. 
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ON THE ASYMPTOTIC DIFFERENTIAL DISTRIBUTION OF 
ALMOST-PERIODIC AND RELATED FUNCTIONS. 


By AurEL WINTNER. 


Let H denote the class of those real-valued continuous bounded functions 
a(t), <t< o, for which the time-averages 


(1) M(2) — lim at/er (n =0,1,2,--*) 


exist. The most important particular cases of these H-functions are the almost- 
periodic functions of Bohr on the one hand and the functions representable as 
Fourier-Stieltjes transforms of continuous functions of bounded variation on 
the other hand. For a given H-function z(7), let [7;&] denote the set of 
those values ¢ in the interval —7 =tZT for which z(t) < é where é is a 
real number so that 


or(&) = meas [7'; é] : meas | (meas [7'; + co] = 27) 


is for every 7’ a monotone function of £, — 0 < é< + o, and represents the 
probability of the inequality z(t) < é when ¢ is restricted to the range 
—TS=tST. It has been proven + that there exists a monotone function 
o(€), <E< + such that o7(é) ~o(é), at every con- 
tinuity point € of «(€), and that this o is a solution of the momentum problem 


(2) = M(x") (n =0,1,2,---), 
where 
(3) fer ap(é). 


It is clear from oy +o that o(€) may be termed the asymptotic distribution 
function of the H-function x(t), describing the repartition of the values é 
attained by = a(t) when t>+ o. 

In the present note there will be proven the existence of another kind of 
distribution function, which also will be associated with every time-function 
a(t) of class H. Whereas o(€), <&< + describes the asymptotic 
distribution of the possible values of a(t), — «0 <t< + o, the distribution 
function to be considered, which will be denoted by p(€), +0, 
describes the asymptotic distribution of the fluctuations of x(t). In some 


7 VII, VIII. The Roman numbers refer to the list of papers at the end of the 
article. 
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applications, for instance from the point of view of the Einstein theory of the 
Brownian movement, not ¢ but p is of interest. There is, however, an essential 
diiference between our problem and the Wiener theory of “ differential space,” + 


inasmuch as in the theory of the Brownian movement the Gaussian distribution 
is a priori the distribution function of the differentials or rather fluctuations, 
whereas we shall associate with every given x(t) of class H a distribution 
function p(é) describing the actual asymptotic distribution of the fluctuations 
of z(t). Thus if x(t) = cost, the function p(€) is built up by a direct con- 
sideration of arc cos and has therefore nothing to do with a priori or 
Gaussian probabilities in the function space. The proof for the existence of 
p(€) yields also a rather simple relation between the asymptotic distribution 
function p(€é) of the differentials of z(¢) and the asymptotic distribution func- 
tion o(€) of the values of z(t) as defined by (2). It turns out that o(€) is 
of a more fundamental character than p(é) in that p may be expressed ex- 
plicitly in terms of o whereas on starting with p the determination of o would 
depend upon the treatment of a quadratic integral equation of the Runge- 
Polya type. 

The boundedness of x(t) implied by the H-condition is not a necessary 
restriction and is introduced only for sake of simplicity. In fact, due to the 
Chebyshev appraisal of the contribution of the vicinity of = + o to the 
momenta (3), our method is valid in the case of a non-bounded x(t), provided 
that the Hamburger momentum problem (2) is a determined one, as it is in 
the Gaussian case.{ Also, there seems to be no essential difficulty in extending 
the following considerations to multidimensional cases.§ 

Without reference to a given time-function z(t), a function ¢(é), 
—ao<é< + o, is called a distribution function if it is monotone and such 
that ¢(— 0) =—0, ©) —1. Two distribution functions are not con- 
sidered as distinct if they are identical save at the set of their discontinuity 
points, which is at most denumerable. For every pair ¢,, $2 of distribution 
functions there exists exactly one distribution function represented at all its 
continuity points by the integral 


(4) f 


usually denoted by * $2 = $1 * ¢2(€), and one has 
(5) L(u3 $1 * $2) = L(u3 $1) $2), where L(u; y) — f (ind) 


+ Cf. V where further references also are given. 
¢ Cf. VI, I. § Cf. II. q Cf. III. 
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so that ¢: * ¢2 = ¢2* ¢, in virtue of the Lévy uniqueness theorem of Fourier- 
Stieltjes transforms. It is easy to see that if ¢, and ¢2 are such that their 
momenta defined by (3) exist, then the momenta of ¢, * ¢2 also exist and 


(6) (a * 2) (2) (n=0,1,2,- +), 


The formula (6) follows by the Leibniz rule if one differentiates the product 
(5) with respect to u at w= 0, the differentiation behind the integral sign 
being readily legalized. @ will be termed a damped distribution function if 
the integrals (3) are, in reality, not improper integrals but there exists an 
R > Osuch that = 0if— 0 <é< CEC +o. 
A set of damped distribution functions will be termed uniformly damped if 
there exists a common F for all elements of the set. We shall need (6) only 
in the case where both ¢,, ¢2 are damped. Then ¢,;*¢, also is damped in 
virtue of (4), and (6) follows from (5) still more easily than in the gen- 
eral case. 

We shall need the following theorem ¢: If ¢r(é),0 < 7 < + o, is a set 
of uniformly damped distribution functions depending upon a parameter 7 
and if 


(7) lim pn(¢r) (n = 0, 1,2,°° 
T=+00 
exists, then { there exists a distribution function ¢(é) such that 
(7a) lim $r(€) = $(€) 
T=+00 
holds at all continuity points é of the limit function ¢; furthermore, 


(7b) bn( or) = (n =0,1,2,- *). 


In what follows, we have to consider together with a distribution function 
¢ a “transposed ” function ¢ defined by 


(8) ¢(€) =1— ¢(—&) 


so that ¢ also is a distribution function. ¢ is obtained from ¢ by a reflection 
at £0 so that y—¢ implies 6=y and ¢=—¢ holds if and only if the 
distribution of the probabilities represented by ¢ depends only upon | €|. Our 
considerations regarding the connection between the two distribution functions 
o and p of a time-function x(t) will lead to the expression ¢ * , which is, in 
virtue of the theorem mentioned in connection with (4), a distribution func- 


¢ Cf. VI. 
t And only in this case. 
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tion. Furthermore, if x —=¢*¢, where ¢ is arbitrary, then y =x in virtue 
of * = * that any distribution function representable in the form 
* is symmetric with respec. to the origin 0. An equivalent definition 
of the distribution function $*¢ is L(u;¢*¢) =| L(u;¢)|?, a relation im- 
plied by (5) and (8), the numbers L(u;¢), L(u; $) being conjugated com- 
plex for all values of u(— ow CUu<+o). 

Let now z(t), <t<-+ denote an H-function, T a positive 
number and Q,7 the square | ¢, | = 7, | ¢2| ST of area 47? in a real (4, t)- 
plane. For a given real number é, let {7’; €} denote the set of those points 
(41, t2) in for which 
(9a) < é. 

Put 
(9b)  pr(€) =meas {7;€} : meas{7';-+ (meas 0} 47") 


where meas { } is a two-dimensional Lebesgue measure. Thus 


pr(é), 


is for every 7 a distribution function representing the repartition of the fluc- 
tuation states of x(t) when ¢ is restricted to the finite range |¢|=7. In 
cases where the use of differentials is permissible, dpr(é) represents the proba- 
bility that a given fluctuation state é x(t,) — (tz) of x(t) changes between 
the dates { =— T and tT by the amount dé. It may be mentioned that 
pr = pr inasmuch as (9a) does not discriminate between “ past ” and “ future,” 
i. e., between t, < t, and t, > te, as is required by the viewpoint of independent 
fluctuations, for instance. 

Such probability interpretations have, however, an interest only if there 
exists an asymptotic distribution of the fluctuations, i.e., if pr approaches a 
limit function’ when T—-++ o. In order to prove the existence of a limit 
distribution, we notice first that on placing ¢7 = pr our criterion (7) for the 
existence of (Ya) is applicable. In fact, the set pr(€é), 0< T<+%, of 
distribution functions is uniformly damped. For it is clear from (9a) and 
(9b) that for the number F occurring in the definition of uniform dampedness 
one may choose any number RF satisfying the inequality | x(t)| < R/2, 
—o <t<-++o, and there do exist numbers RF satisfying this inequality 
inasmuch as z(t) is an H-function. Hence if we prove that 


(10) lim pn (pr) (n=0,1,2,° 
T=+00 


exists, it will be proven that there exists a distribution function p(é) such that 
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(10a) lim pr(é) = p(é) 
T=+00 
at all continuity points é of p(€) and that 
(10b) bn (pr) = pn(p) (n = 0, 1, 2,° *). 
=+00 


Now from (3), (9a) and (9b) 


the approximating sums of the latter Lebesgue double integral being precisely 
the approximating sums of the simple Stieltjes integral un(pr). Moreover, the 
double integral may be evaluated as an iterated integral. Hence it approaches 
a limit when T > + o, viz. 


T 
(12) Lim ff (A) 
T=+00 
inasmuch as x(t) is an H-function so that the time-averages (1) exist. It 
follows therefore from (11) that the limits (10) also exist. This completes 
the proof of the existence of the asymptotic distribution function (10a) of the 
fluctuations of x(t). 
Moreover, from (10b), (11) and (12), 


pn(p) => (erm) M((—2)™), 


where = pnm(o) and 


(6a) M((— 2x)™) = pm(e) (m = 0,1,2,- 
in virtue of (2), (3) and (8). Hence from (6) 
(p) = &) (n =0,1,2,- 


Since p and o *¢ are damped distribution functions, the so-called Lerch theorem 
regarding momentum determinateness is applicable. Consequently, 


This is the integral relation between p and o mentioned in the introduction. 
The asymptotic distribution function o of x(t) has been investigated in 
detail in the case where w(t) is almost-periodic with linearly independent 
frequencies ¢ and also in the case where z is the Fourier-Stieltjes transform 
of a continuous function of bounded variation.{ The relation p —o*« permits 
of obtaining the same sharp results regarding p. Besides, ¢ =o in both cases.§ 


7 IX. PIV. § Ibid. 
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In particular,t on considering the non-differentiable function of Weier- 
strass as an almost-periodic function z(t) with linearly independent fre- 
quencies, it follows that its p(é), —«0 <é< + o, everywhere possesses 
derivatives of arbitrarily high order and that in a more precise manuer 


L(u3p) Jo(au))? (0<a< 1). 


This product of Bessel functions has nothing to do with the Fourier-Stieltjes 
transform « exp(— Bu’), a—a2(), of a Gaussian distribution function so 
that the infinitesimal fluctuations of z(t) can hardly be considered as hap- 
hazard or as independent of each other. Thus a remark of Perrin f{ as to the 
analogy between the Brownian movement and the Weierstrass function is not 
a very fortunate one. Correspondingly, our p does not concern a “ general ” 
x(t), chosen in the function space at random, but it concerns, in the present 
case, precisely the Weierstrass z(t). 

THE JOHNS HopkKINS UNIVERSITY. 
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ON THE DISTRIBUTION OF SUCCESSIVE IMAGES IN THE 
POINCARE TRANSFORMATION PROBLEM OF A 
CIRCLE INTO ITSELF. 


By D. C. Lewis, Jr.* AND AUREL WINTNER. 


We consider the points on a circle C of radius 1/(27) and denote by z 
the distance, measured in a certain sense along the circumference, from a fixed 
point O on C to a variable point P. Since the circumference is of unit length, 
we agree that two values of x which differ by an integer shall correspond to the 
same point P on C. 

An equation of the form = f(a), where f(z) is continuous, monotonic 
and nowhere constant and satisfies the functional relation f(a + 1)=f(x)+ 1, 
obviously defines a one-to-one order preserving transformation 7 of the points 
of C into themselves. Let us take x arbitrarily and let a —f(@mn-1), 
(n=1,2,---). Then it is well known that z—an-+0(1) as n>, 
where # is a number independent of n or 2. It is also well known that a 
necessary and sufficient condition that a be irrational is that neither 7’ nor 
any of its iterates have a fixed point on C. We shall assume that such is the 
case. The set S of the cluster points of the sequence {z,} is then independent 
of z) and is either the whole circumference C or a nowhere dense perfect subset 


of C. If S =, the transformation <= f(z) may be transformed by a one- 
to-one order preserving transformation <= G(x) [=G(«—1) +1] of C 
into a rotation of C through the irrational angle 2x, so that G{f[G"(x) ]} 
=2-+ 4, where G'! denotes the inverse of G. A similar result holds in the 
case S =4 C' by introducing a proper convention regarding the asymptotically 
empty set S — C.+ 

Let. ¢(2) be an arbitrary continuous periodic function with the period 1. 


* National Research Fellow. 

+ Cf. H. Poincaré, Oeuvres complétes, t. 1, pp. 137-158; H. Kneser, “ Reguliirer 
Kurvenscharen auf den Ringfliichen,’ Mathematische Annalen, Bd. 91 (1924), pp. 135- 
154; and J. Nielsen, “Om topologiske Afbildninger af en Jordankurve paa sig selv.,” 
Matematisk Tidsskrift, B (1928), pp. 39-46. Also G. D. Birkhoff implicitly treated 
the case § ~ C in his construction of an example of a discontinuously recurrent motion. 
“Quelques théorémes sur le mouvement des systémes dynamiques,” Bulletin de la 
Société Mathématique de France, t. 40 (1912), pp. 305-323. 

¢T. Carleman, “Sur les caractéristiques du tore,” O. R. Acad, Sci., Paris, t. 195 
(1932), pp. 478-481. His proof is based on the F. Riesz theory of linear functional 
transformations. 
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Then Carleman showed that lim (1/n) > (zx) exists.[ Since we may take 
n=00 k=1 

p(x) = where i= (—1)% and m=0,1,2,- - -, it follows that the 

sequence of points, P,, P2, P3,- corresponding to 21, * * possesses a 

distribution function g(x). What we mean by this is clarified in the following 

definition : 


Let v(n, Z) represent the number of the n points P;, Pn which 
lie on the open interval O0<a<@ (1); then the sequence of points 
P;, P2, possesses the distribution function = lim [v(n, @)/n], 

n=00 


if this limit exists for all <, except possibly for a denumerable set. 


Concerning this definition we remark that, if + 0) = g(a —0), then 
x does not belong to the above mentioned exceptional denumerable set.* 

It should also be noted that, conversely, the validity of Carleman’s theorem 
can be deduced from the existence of a distribution function. This is obvious, 
since one can approximate to ¢(xz) uniformly by means of step functions chosen 
in such a way that the values of x corresponding to the end points of the steps 
do not coincide with the discontinuity points of g(z). 

In this note we give a direct proof of the existence of a distribution func- 
tion with the help of the Kronecker-Weyl theorem.+ Besides being more ele- 
mentary than Carleman’s method, the present proof gives a new interpretation 
of the function G which turns out to be simply the distribution function and 
hence shows automatically that the latter is continuous throughout so that the 
limit of y(n, Z) /n exists everywhere. Moreover we obtain an additional result, 
expressing the fact that the P,’s are clustering very strongly at each of their 
limit points. We enunciate the precise theorem as follows: 


g(x) exists and is everywhere continuous on 0 < 41, is independent 
of x and is not a constant on any open interval containing a point of 8. 
Furthermore, on placing g(x +1)=g(x) +1,—0 o, the func- 
tion g is identical with the function designated above by G. 


For the sake of definiteness take first x) = 0. 
Consider another circle C’ of unit circumference and denote by y the 
distance measured in a certain sense along the circumference from a fixed 


*g(a+-0) and g(a#—0O) must both exist since g(#) is obviously monotonic. 
Cf. also E, K. Haviland and A. Wintner, “A note on the Kronecker-Weyl theorem,” 
American Journal of Mathematics, vol. 56 (1934), pp. 17-24. 

+ H. Weyl, Ueber die Gleichverteilung von Zahlen mod. Eins. Math. Ann., Bd. 77; 


pp. 313-352. 
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point on C” to a variable point Q. Here, again, two values of y differing by 
an integer correspond to the same @. Consider the sequence of points 
Qo, Q1, corresponding respectively to y=0, a, 2a,---. We now 
define a point function G(P) on the denumerable set Po, P:, P2,: - + as fol- 
lows: G(Pn) = Qn (n =0,1,2,-- -). 

Now O and an arbitrary point P of C divide the points P,, P2,Ps,° - 
into two sets, in such a manner that every point of one set precedes all the 
points of the other set as, starting from O, we traverse C in the positive sense. 
But it is known that the geometrical order of the Q2, on C” is the 
same as that of the P,, P., Ps,- - - on C.* Hence the Qn’s are also divided 
into two sets such that every point of one set precedes all the points of the 
other and such that a particular Q, = G(P,,) belongs to the first or second 
set of the Q’s according as the corresponding P,, belongs to the first or second 
set of the P’s. This division into sets gives us a Dedekind cut of the de- 
numerable everywhere dense set of the Qn’s. This cut defines a point Q which 
we make to correspond with the point P by writing Q = G(P), thus defining 
the function G(P) for all points of C. Or, upon writing x and y instead of 
P and Q, we have a mapping of C upon C’ by means of the equation, y = G(z), 
where G(x) is continuous, monotonic, and such that G (4 +1) =G(z) +1, 
G(0) =0. 

If ¥=G(z), it is obvious, since geometrical order is preserved in 
this mapping, that the number of points Q,,Q2,--*,Qn in the interval 
0<y¥ < is equal to the number of points P;, - Py in the interval 
0<2< €S1, namely y(n, Z). Hence, by Weyl’s theorem of equidistribution, 
lim y(n, Z)/n exists and is equal to the length of the interval 0<y < J, 
n=00 


which is simply 7 or G(#). Thus we see that the distribution function exists 
and is none other than G(z) as just defined: g(r) =G@(zx),0< 271. 

Let I be an open interval containing a point P of 8. Since P is a limit 
point of the denumerable set P,, P2,- - -, there must be at least two of these 
points in J, say P; and P;. But Qi =—G(Pi) and Qj; = G(P;) are distinct 
points since & is irrational. Hence G, or g, can not be a constant in any open 
interval containing a point of S. On the other hand, G(z) is a constant on 
any interval not containing a point of S, as it is easy to prove directly but is 
obvious a priori since G(x) is the distribution function. 


*Cf. Arnaud Denjoy, “Sur les courbes définies par les équations différentielles 
4 la surface du tore,” Journal de Mathématiques, 9¢ série, vol. 11 (1932), pp. 333-375. 
Also Poincaré, Kneser, and Nielsen, loc. cit. 


e 

a 
g 
h 

|, 
"9 
n 
n 

d 

t, 
ir 

t 

e 
d 

Cc. 

| 

’ 

7, 


410 D. C. LEWIS, JR. AND AUREL WINTNER. 


From the definition and properties of G(x) above given it follows that 
G[f(x)]=G(«z) +. Thus the distribution function and the set § is the 
same for all sequences of points represented by 2%, 71, %2,° - - for % not neces- 
sarily zero as supposed above. 

If C=S, a single valued inverse G' of G@ exists so that x = G""(y), 
Hence the above functional relation may be written in the form, 


G{f[G"(y) ]} =y +4, 


thus showing that the transformation = f(x) can in this case be transformed 
into a pure rotation through the angle 27a. According to a fundamental result 
of Denjoy this is always the case if f(z) possesses a continuous derivative 
of bounded variation which nowhere vanishes. 


THE JOHNS HOPKINS UNIVERSITY. 
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FORMAL SOLUTIONS OF IRREGULAR LINEAR DIFFERENTIAL 
EQUATIONS. PART I. 


By FRANCES THORNDIKE COPE. 


1, Introduction. A complete formal solution of the general homo- 
geneous linear differential equation with rational coefficients was first obtained 
by Fabry * in 1885. He found that for an arbitrary point 2) there exist 
always n distinct, that is, linearly independent, formal solutions of the general 


type 
= [so (x) log*(a— a) + +: + + %(z)], 


where Q(x) is a polynomial in (4 — and the si(z) (1=0,1,- 
are formal series in ascending powers of («—42%,)‘/”", m being a positive 
integer, and k a positive integer or zero. This result is of importance in the 
theory of equations with irregular singular points, for it serves as a basis for 
the study of the character of the actual, that is, analytic, solutions in the 
neighborhood of such a singular point. A new and simpler method of estab- 
lishing it, analogous to that developed by Birkhoff + for the study of linear 
difference equations, is given below. 

For the sake of simplicity in the expressions involved we shall consider 
solutions relative to the point o. This is no real restriction, for any singular 
point v7 can be taken into the point « by a transformation which does not 
alter the rational character of the coefficients. It is then convenient to let the 
coefficients be expanded as series in descending powers of z. In fact, instead 
of requiring that the coefficients be rational functions, we shall require only 
that they be expressible as formal series, convergent or divergent, in descending 
powers of x'/?, where p is a positive integer. 

The choice of the basic integer p in any particular case is arbitrary to a 
certain extent, for a series in powers of x'/? can equally well be regarded as a 
series in powers of x!/”"?, where m is any positive integer. This possibility 
of replacing the original basic integer by an integral multiple of it is essential 
to our proof, which depends upon the fact (to be proved later) that any equa- 


*C. E. Fabry, Thése (Faculté des Sciences, Paris, 1885). 
+G. D. Birkhoff, “ Formal theory of irregular linear difference equations,” Acta 
Mathematica, vol. 54 (1930), pp. 205-246. 
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tion of this type is reducible * if the basic integer is properly chosen. For 
the present, however, we suppose one of the admissible values of the basic 
integer to have been arbitrarily chosen, and also a particular determination 
of x/?, 

Then our principal result is the following theorem: 


THEOREM I. A linear homogeneous differential equation of the n-th 
order, 1. ¢€., an equation of the form 


(1) do(a)y™ (x) + (x) =0 == 0) 
in which the coefficients a;(~) are formal serves in descending powers of x'/?, 
p being a positive integer, has always n linearly independent formal solutions 


of the general type 
(2) y(xz) = 8(xz)log* z+ 


where k is a positive integer or zero, and the s;(x) have the form 
(3) (by _, gt /mp + /mp + ), 


in which m is a positive integer = n and Q(x) ts a polynomial in x/™? which 
is not expressible as a polynomial in x*/™?, x*/™®, or any higher integral power 
of z\/™», The complete set of n solutions consists of one. or more subsets of 
the form 

j i! 

It is understood that the same determination of log x is taken in all the 
solutions of any subset. Which determination is chosen is immaterial, for 
replacing log x by log + hr(— 1)” (h an integer) in the subset (4) replaces 
the original solutions by a new set ¥i(z) (t=—1,---,k-+1) of the same 
character, and such that the 9;(z) are linear combinations of y;(2z), y2(2), 
(2). 

A resumé of the principal definitions and theorems of the algebra and 
differential calculus of these formal solutions is given in §2. The proof of 
Theorem I is given in § 3, and further properties of the complete set of formal 
solutions, analogous to those of a complete set of analytic solutions, are given 
in § 4. 

The second part of the paper will include the proof of the converse of 


*A linear homogeneous differential equation L(y) =0 is said to be reducible 
if there exist linear differential operators M and N, of lower order than that of L, 
and with coefficients subject to the same conditions as those of JL, such that 
M(N(y)) =L(y) identically in y. 
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Theorem I and of the equivalence of a single equation of the form (1) 
to the most general system of simultaneous linear differential equations 
with rational coefficients, as well as some applications of Theorem I. 


2. Formal solutions and linear dependence. We shall be concerned 
with certain formal operations on quantities of one of the following types: 

(a) formal series in descending powers of x’/?, that is, series, either 
convergent or divergent, of the form a_-a"/? + a,,¢-)/» +--+, where the 
coefficients a_,,d@,-r,: * * are constants and a is a complex variable; 

(b) expressions of the more general non-logarithmic form 


(5) a, (x) +. ag(x) 4+ am (a) 


in which the aj(z) (t=1,2,--+,m) are formal series (we shall hence- 
forth mean “formal series in descending powers of 2'/?” by the term 
“formal series”), and the Qi(z) (t=—1,2,---,m) are of the form 
Qi(x) = + ++ + ++ and are all different; 

(c) expressions of the still more general form 


(6) So(x) log * + 8,(x)log*1 +++ ++ 


in which the coefficients S;(z) are of the non-logarithmic form (5). 
Throughout this section we shall use the notation a(x), b(x), c(x) to 
represent formal series, R(x), S(x), T(x) to represent expressions of the 
general non-logarithmic type (5), and U(r), V(x), W(x), and Z(zx) to 
represent expressions of the general type (6). 

The fundamental formal properties which we assume for these expres- 
sions are given by the following definitions: 


DEFINITION 1. The two formal series 


are said to be formally equal if and only if a_; = b_; (j =r, r—1, r—2,-°°). 
In particular, a(x) is said to be formally equal to zero if and only if a.; =0 
(j=r, r—1, r—2,---°). 


The two expressions of non-logarithmic form, 


S(r) =a,(x)e%@ an (x) 
and 


T(x) 4. Bm (x) , 


are said to be formally equal if and only if ai(x) = (i 
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In particular, S(a) is said to be formally equal to zero if and only if a;(x)=0 
(i= 1, 2,- 


The two expressions of general form, 
U(r)= 8,(x)log* x + ---+ and V(x)= 


are said to be formally equal if and only if Si(z) = (1 =0,1,-- -,k), 
and, in particular, U(x) 1s said to be formally equal to zero if and only if 
Si(z) =0 (1 =0,1,-- -,k). 


DEFINITION 2. The sum a(x) + b(x) and the difference a(x) —b(z) 
of the series a(x) and b(x) are defined as the formal series 


-0O 
j=r j=r 

respectively. 


The sum S(x) +T(x) and the difference S(x) —T(x) of the non- 
logarithmic expressions S(x) and T(x) are defined as the non-logarithmic 
expressions 
i= i=1 


~ 


respectively. 
The sum U(x) + V(x) and the difference U(x) —V(2) are defined as 
the expressions 


> (Si(z) + Ti(x))log**zx and (Si(x) —Ti(z) )log* 
i=0 i=0 


respectively. 


DEFINITION 3. The product a(x)b(x) of the formal series a(a) and 
b(x) is defined as the formal series 


j=2r 
where it is understood that a, fori>r; the product S(x)T(z) 
of the non-logarithmic expressions S(x) and T(x) 1s defined as the non- 
logarithmic expression 


Ms 


ai (2) bj (x) +Qs (a) 

and the product U(x)V(a) of the two expressions U(x) and V(a), of the 
general form (6), is defined as the expression 


4 


nd 


he 


SOLUTIONS OF IRREGULAR LINEAR DIFFERENTIAL EQUATIONS. PART I. 415 


k ok 
i=0 j=0 


THEOREM A. If a(x) and b(x) are formal series, and b(x) ~0, then 
there 1s a unique formal series c(x), of the same type, such that 
b(x)c(x) =a(a).* 

DEFINITION 4. The series c(x) of the preceding theorem is called the 
quotient of a(x) by b(x), and is denoted by a(x) /b(z). 


If T(x) is of the form 
(7) (b(x) 


then the quotient S(x)/T (x) 1s defined as the non-logarithmic expression 


m 


(ai (x) /b(a) ) 


i=1 


and the quotient U(x)/T (x) 1s defined as 


> (Si (x) /T (x) )log** x. 


(For our purposes a definition of division by an expression of the general form 
(6) is not necessary. ) 


DEFINITION 5. The derivative of the formal series a(x) is defined as 
the serves” 


> (ja-5/p) ; 
j=r 


the derivative of the non-logarithmic expression S(x) is defined as 
and the derivative of the expression U(x) is defined as 
log + ta Jlog ** a. 


From these definitions it is easy vo verify that the ordinary formal 
algebraic laws and formal rules of differentiation apply to these expres- 
sions, and if we generalize the ordinary definitions of determinant and of 
matrix by letting the elements be expressions of the form (6) then the ele- 


“Proved directly by substituting c(#) ,a(s-l)/p4+... #0) 


and evaluating s, c_,, successively. 
8 
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mentary theorems on determinants and the theory of linear equations are still 
valid, since their proof depends only on the algebraic operations defined above. 
Only when division is involved will slight modifications be necessary, as in the 
case of the following theorems: 


THEOREM B. (Cramer’s Rule). Jf in the equations 


UinYn = V; 
UnnYn = V, 
the coefficients Uij (1,7 and the right-hand terms 
(1 =1,2,- - -,n) are expressions of the form (6), and the determinant of the 
coefficients, U =| U4; |, is of the non-logarithmic form (7) and is different 
from zero, then the system of equations has one and only one solution (of the 
form (6)), namely where is the n-rowed 
determinant obtained from U by replacing the elements of the 1-th column 
by the elements V;, Vo,- -, Van. 


THEOREM C. A sufficient condition that the equations: 


+° Uinyn = 0 

+ +- UnnYn = 0 
in which the Ui; (1,7 =1,2,:--+,) are expressions of the form (6), have 
a solution other than = ts that the rank r of the 
matric (Ui;) (i,j =1,2,:--,n) be less than n, and that at least one of 
the non-vanishing r-rowed determinants of the matrix be of the non-logarithmic 
form (7). 

The condition that the determinant U be zero is also necessary for the 

existence of a solution other than y, = =Yn=0. 


The theory of linear dependence of expressions of this form is based on 


DEFINITION 6. If y™!, y!1,---,y'™] are expressions of the general type 
(6), they are said to be linearly dependent if they satisfy formally some linear 
homogeneous relation, 


(9) Py) + Fay?! - + 0, 


in which F,, F.,- - +, Fm are constants, not all zero. Otherwise the expres- 
sions are said to be linearly independent, or distinct. 


pe 
ar 
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Likewise the m sets of n expressions each, y,"), yl, +--+, 
(i=1,2,---,m), are said to be linearly dependent if and only if m con- 
stants, not all zero, exist such that 


Pyy;"! + = 0 (j = 1, 2,° 


The elementary theorems on linear dependence of sets of constants then 
apply also to expressions of the form (6), as can readily be verified. 

The formal solutions of Theorem I, and those formal expressions which 
we shall be especially interested in, may be regarded as expressions of the form 
(6) in which m 1. When it is necessary to consider solutions of the more 
general form (6) as well as those of this simpler type, we shall distinguish 
between them by calling the latter elementary, the former composite, formal 
solutions. In the remainder of this section, and elsewhere when no qualifying 
adjective is used, we shall mean elementary formal solutions. 

For these formal solutions y;'/)(2) certain additional theorems on linear 
dependence are true which have no analogues in the case in which the y;!](z) 
are constants. Two of these may be stated as follows: 


THEOREM D. A necessary and sufficient condition for the linear de- 
pendence of the set --,y'™ (x), where 


and the (1 1,2,- ++, m) are non-logarithmic, is 
that there exist constants F,,- - +, Fm, not all zero, such that 
F,s,0) + +- = 0 (1 = 0, 1,- -,k). 


THEOREM E. A necessary and sufficient condition that the set 


yi (x) = (x) 
Yi(x) = (zx) (i = +, ma) 
where the (x) (i= 1,2,- ++, ma) are of the form (2) but contain no ex- 


ponential factors, be linearly independent is that each of the sets Ym,.+1(2), 
Ym,(@) (7 =1,2,° +,h) be linearly independent. 


From the definitions of the algebraic operations and differentiation for 
expressions of the form (6) it is clear that the following theorems regarding 
the solutions of linear differential equations are true of such formal solutions 
as well as of analytic solutions: 
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THEOREM F. If y:(2), Yn(x) are solutions of a linear homo- 
geneous differential equation, then any linear combination of these solutions 


with constant coefficients is also a solution. 


THEOREM G. If Y(x) is a particular solution of a non-homogeneous 
linear differential equation L(y) =r(«), and y(x) is the general solution of 
the corresponding homogeneous equation, then y(x) + Y (a) is the general 
solution of the non-homogeneous equation. 


Additional theorems on the linear dependence of formal solutions of the 
equation (1) will be given in § 4. 

In the remainder of this paper only formal series and formal solutions 
will be dealt with, and the unqualified terms series and solution are to be taken 
in this sense. Thus equations involving the independent variable z are to be 
interpreted as formal equations, i.e., identities in z, and the symbol = will 
in general be reserved for those cases in which we have an identity in the 
dependent variable. 

When no ambiguity is caused by doing so, the term series will occasionally 
be applied to the whole expression (2) or (3). It will be convenient to use 
the term non-logarithmic solution for a solution of the form (3), and we shall 
also use a generalization of the terms normal, and anormal, series. A solution 
(2) will be said to be of normal form, or a normal series, with respect to the 
basic integer p, if it is expressible in terms of integral powers of 21/?, that is, 
if we have m = 1 in the expression (2). On the other hand, a solution which 
is expressible in the form (2) only if m is greater than unity, will be said 
to be of anormal form, or an anormal series, with respect to the basic integer p. 
The terms normal and anormal will be used in this sense, referring, unless 
otherwise specified, to the basic integer which has been used in expressing the 
coefficients of the differential equation in question. If the basic integer is 
unity this definition reduces to the usual one. 


8. Proof of the fundamental theorem. In proving Theorem I, it is 
convenient to take equation (1) in the form 


(1’) y™ (x) + (x) ++ (x) = 0. 


This can always be done, for, since a)(z) 40, we may divide the original 
equation through by and obtain new coefficients d;(x) = ai (x) /do(2) 
(i=1,2,---+,n) which are subject to all the conditions imposed on the 


original coefficients. 
The method of proof is to reduce the original question to that of the 
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reducibility of the general equation (1’) of order n > 1 by establishing the 
following facts: 


(1) that in the case n =1 the equation (1’) has a non-logarithmic solu- 
tion of normal form; 

(2) that if there is a non-logarithmic solution for every equation (1’), 
then there is a complete set of n linearly independent solutions of type (2), 
consisting of subsets of type (4), for every such equation; 

(3) that there is at least one non-logarithmic solution (3) if only every 
such equation of order n > 1 1s reducible ; 
and then prove 

(4) that every equation (1’) of order n > 1 is reducible when the basic 
integer p 1s properly chosen. 


3.1. Proof of Part 1. The proof of Part 1 is by direct computation 
as follows: 

We have given the equation 
(10) y' (x) + a(x)y(x) =0. 
where 
= 29/? (do + 4+ (o, an integer; ao 0). 
Let 


(11) s(x) = (b_, + + +°° 
where b_,4 0, and 
(12) Q(x) + (s, an integer), 


that is, let s(~) be of type (3) with m1. Then assume that s(x) is a 
solution of the equation (10) and obtain conditions on the constants s, ¢1, C2, 
The equation (10) becomes, after substituting y(z) = s(a) and dividing 
through by 


[Q’(a) + a(x) | + by 


Since b_,4 0, this equation can be satisfied only if the leading term of the 
factor Q’(x) + a(x) is of degree —1, or less, in a. This requirement can 
be met when « > — p by taking 


+4} pF 0, = —(p/s) C2 =[— p/(s—1) ]a1-0, Cg == — 


In the case when o is S — p we let Q(x) =0. 
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Then in either case the equation to be satisfied takes the form 


rb-+ itr/p bir git (r-1)/p +-:---=0. 

p 

By multiplying out, collecting terms, and equating to zero the coefficient of 
each power of x, we find that b_, may be chosen arbitrarily and the remaining 
constants 7, b,-,, are then uniquely determined by the equations 


pap, = (p/t) + Ap (t= 1,2,3,° °°). 
Thus we have proved 


THEOREM II. Every differential equation of the first order of type (1’) 
has a non-logarithmic solution of normal form. 


3.2. Proof of Part 2. Part 2 is proved indirectly as follows: 

If we assume the statement (2) to be false, then there must exist equa- 
tions of form (1’) which have at least one non-logarithmic solution but do not 
have a complete set of n linearly independent solutions of the general type (2), 
made up of subsets of type (4), and there must be a least order for which such 
equations exist. 

Let 
(14) L(y) =0 


be such en equation of this least order n, where L(y) denotes the left-hand 
member of an equation (1’). Then we must have n > 1, since in the case 
of an equation of the first order the one non-logarithmic solution assumed 
constitutes the required complete set of solutions. 

Now if we let s(x) be one of the non-logarithmic solutions of equation 
(14) and substitute y(x) —s(x)¥(x), the equation (14) is transformed into 
a new equation of the same type in #(z). Also the new equation must be 
satisfied by ¥7(x) —1, since y(x) —s(z) is a solution of the original equation. 
But a linear homogeneous equation, 


can have the solution 7 =a constant only if d,(z) =0, in which case the 
equation may be regarded as one of (n —1)-st order in 7’. 

This equation of (n— 1)-st order in 9 will have a complete set of n—1 
distinct solutions 5,(%), 5.(@),- of the type (2), which can be 


of 


the 


be 
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divided into sets of type (4), for this has been assumed the case for all equa- 
tions (1’) of order less than n. 
At this point we need the following 


Lemma. An equation of the form 


(15) (x) =s(2), 


where s(z) is a formal series of type (2), has always a formal solution of type 
(2), of normal form.* 


The proof of this lemma is simple in the case when s(x) is non-logarithmic. 
In this case we have = e@ + -), where 0, 
ris an integer, p is a positive integer, and Q(x) +: - -+ 
s being a positive integer. If, in particular, Q(z) 0, then the solution 


can be obtained directly by term by term integration. Otherwise the equation 
(15) can be transformed by the substitution y(z) = e2g(z) into 


(x) + G(x) = + 


Then, on assuming a solution of the form = + +--- 
(m an integer; y.m>40) for this equation and substituting, we find that the 
left-hand member becomes 


> Y-j + | wile, 
j=m-pts 

where it is understood that y,—0O if k <<—m. In particular, the leading 
term on the left is (sc,/p)ym2z\”"*®/®, where s and c, are known and are 
different from zero, and ym is to be different from zero. In order that this 
term shall be equal to the leading term on the right we must have m— p +s 
=rand (s¢;/p)y-m =b. Hence m =r -+ p—S, = pb-_+/sc;, and the first 
term of y(z) is completely determined. The remaining coefficients 4;-m, 


Y2-m,* * * can now be found successively from the equations, 
Y-p-r+j +2 Y-p-r+j+i 
Where j is taken equal to 1, 2,3,- - - successively. Thus a series 7(x) can 


*It is to be noted that the basic integer here is not necessarily the same as in the 
original equation (14). 


g 
) 
a- 
ot 
), 
h 
nd 
ise 
ed 
on 
ito 
be 
on. 


422 FRANCES THORNDIKE COPE. 


be found such that y(x) =e? (x) is a solution of the original equation 
y' (x) =s(c). 

It remains to consider the case in which s(x) involves log z. In this case 
the highest power of log x which occurs in the equation to be solved can he 
reduced step by step until we reach an equation of the simpler form just con- 
sidered, in which s(x) is non-logarithmic. In fact when s(x) has the general 
form (2) it may be written as s(x) = 8)(x)log* x + sy_1(@), where s(x) is 
free from logarithms and s,_,(2) involves at most the (4 —1)-st power of 
log z. Now consider the transformation 


(16) y(x) = 5o(x)log*x + 


where §,(z) is a solution of type (2) for the equation y’(x) = s(x). Since 
8)(z) is non-logarithmic, such a solution is known to exist. Also it is clear 
from the actual computation of the preceding paragraph that this solution is 
non-logarithmic except when. s)(z) contains a term in a, By this trans- 
formation equation (15) becomes 


(17) (x) = 4 (x) — log ** z, 


in which log x appears to the (k —1)-st power at most when §,(a) is non- 
logarithmic. In the case when s)(z) contains a term Aa", so that 5)(2) 
contains a term in log z, we may let s)(x) = Az + Soo(x) and use instead 
of (16) the transformation 


(18) y(x) = {[A/(k + 1) ] log + So0(x)} loge + 


where 5o9(z) is a solution (of type (2)) of the equation y’(z) = 890(z) 
and is therefore non-logarithmic. This transforms equation (15) into 


(19) = — ka *S8o9(x) log * a, 


and, since §o9(@) is non-logarithmic, this equation involves at most the 
(4 —1)-st power of log z. Consequently we can always, by a transformation 
of the form (16) or (18), reduce by at least one the highest power of log z 
which occurs, and by repeating the process at most k& times we can obtain an 
equation which has a non-logarithmic right-hand term and hence a solution 
of the desired type. From the form of (16) and (18) it is clear that this leads 
to a solution of the desired type for the original equation (15). This com- 
pletes the proof of the lemma. 

By following through the details of the transformations used in proving 
the lemma above it can be seen that, each subset (of the type (4) ) of solutions 
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of the equation of order n — 1 in y’(z) leads to a similar subset for the equa- 
tion of order n in ¥(x). In some cases the solution 7(2) —C must be in- 
cluded in one of these subsets; in some cases it will constitute a distinct 
additional subset. In any case the solutions of the equation in %(x) are of 
the desired type and the complete set of solutions is made up of subsets of the 
type (4). The solutions of the original equation in y(x) are obtained from 
these by multiplying them by the non-logarithmic factor s(x), and hence are 
also of the required type and can be grouped in subsets of the type (4). Con- 
sequently the assumption made at the beginning of this section is untenable, 


and the second part of our proof is complete. 


3.3. Proof of Part 3. Part 3 is also proved indirectly. If this state- 
ment is not true, then we may assume that every equation (1’) of order greater 
than 1 is reducible, and also that there exist equations of this form which have 
no non-logarithmic solutions. In this case there is a least order n for which 
such equations exist and, as a consequence of part (1) of this proof, n is at 
least 2. Then let L(y) =O be such an equation, of order n. Since n is 
greater than 1, it follows from the first of our two assumptions that this 
equation is reducible, that is, that L(y) = Mn-,(ZL,r(y)), where the equations, 
Mi-r(y) =0 and L,(y) =0 are also of form (1’) and of order less than n. 
Any solution of L,(y) =O is then a solution of L(y) =O also. But the 
equation L,(y) —0 has at least one non-logarithmic solution, since 7 is less 
than n and n was taken as the least order for which an equation of this form 
could fail to have a non-logarithmic solution. This contradicts the assumption 
that L(y) 0 has no non-logarithmic solution, and hence proves the state- 
ment (3). 


3.4. Proof of Part 4. It remains now to show that every equation 
of the form (1’) and of order greater than 1 is reducible if the basic integer p 
is properly chosen. This will be done by considering three special cases and 
then showing that any equation (1’) can be brought under one or another 
of these cases by a suitable transformation. First, however, we observe that 
if G(x) = 0 a factorization L(y) = Mn4(Li(y)) with L,(y) is always 
possible, and exclude this case from the discussion which follows. 

The equation to be considered then is 


L(y) =y™ (x) + a,(x) y(t) ++ =O 0), 
Where a; (1) = dj,-0,2°/? + (t= 1,2,---,m), 


9; being an integer, and ai,-0, ~ 0. 
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The three special cases to be considered are characterized by the following 
conditions : 
Case I. (t=1,2,---,n), 


Case II. For some positive integer r, less than n, 


So,/r 
Case III. on/n > —p, oi/tSaon/n 


and the equation p" + ++ dn-c, =0 has at least two dis- 
tinct roots. 


3.41. Proof of reducibility in Case I. In this case the equation has 
a regular singular point at = o, and a solution of the form 


g(t) = 2° (go + giz’? + 0) 


can always be found. 
In fact the equation can be written in the form 


(20) (x) + a" "bi (x) ++ + bn(x)y (x) = 0, 


where = bin + +--+ On substituting the 
series for g(x) in this equation we have 


golr(r—1)- - $1) + bier (r—n + bn] 


as the coefficient of the leading term. This is a polynomial of degree n inr 
and may be denoted by F(r). Then the coefficient of z*/? can be written 
in the form 


(r — k/p) + [Soins (r—lI/p) (r—lV/p—n+it+ 1)+ 


If we choose for r the least root of the equation F(r) =0, then F(r—k/p) 
does not vanish for any positive value of k and the condition that the coefficient 
of 2*-*/? shall be zero for k = 1, 2, 3,- - - gives us equations which can be solved 
successively for the ratios g:/go, g2/go,’ °°. Thus it is always possible to find 
a solution g(x) of the equation (20) or (1’). 

The differential expression y’(z) — g’(x)y(z)/g(x) is of the same type 
as L(y), and if it is denoted by L,(y) then L(y) can be expressed as 


L(y (x) ) = Mna(Li(y(x))) + G(x)y(2) 


he 
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where M,_; is a differential expression of the required type, of order n —1, 
and G(x) is a formal series. Then since the equations L(y) —0 and 
=0 are both satisfied by y(z) = g(a), we must have G(r) 0, and 
the equation L(y) = 0 is reducible. 


3.42. Proof of reducibility in Case II. In this case, for some positive 
integer r less than n, the following conditions are satisfied : 


(i) 
(21) (ii) oi/tSo,/r for i<r, 
(ili) oi/t <or/r for i> 
We let 


(22a) Lr(y) = (@) + (@) pr(@)y (2) 
(22b) Mn+(y) =y" + ++ Aner (2) (2), 


where the coefficients pi(x) and A;(x) are required to be of the same form as 
the original a;(x), but are otherwise arbitrary. Then we wish to show that 
these coefficients can be determined so as to make the symbolic product 
Mn-r(Lr(y)) identically equal to L(y). 

From equation (22a) we have, by successive differentiation, 


r+k 


where it is understood that po(z) =1, and pi(x) —0 if 1 is negative or is 
greater than r. 
On substituting these values in the identity 


Mnr(Lr(y)) = Lr? (y) + (y) (y), 


(r) 


we reduce this to the form 


Mn-r(Lr(y)) =y™ + Any, 
where 


A, = p; + linear terms in p’i-1, pi-2,° pwr 


i-1 
+ Ai[pi-i + linear terms in +, 


i-ntr 


(1 = 1, 2,- 


where it is understood that A»(z) = 1, and Ai (xz) if is negative or 
greater than n —r. Then, in order that L(y) =Mn-r(Lr(y) ), it is necessary 
that = A;(x) (i This gives usm equations of the form 
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(23) a;(x) = pi + linear terms in p’i4,- -, 


i-n+r 


+ Ai[pi-i + linear terms in p’j-1-4,°- -, 
i=1 


-ntr 


(1=1,2,---,n) 


to be satisfied formally. This condition can always be satisfied by a proper 
choice of the coefficients piz and Aix, where we denote by pix the coefficient of 
a*/? in the series p;(x), and by Aix the coefficient of 2*/” in the series \;(z). 
The determination of these coefficients is as follows: 

Denote by e; the greatest integer not greater than io,/7r, and take 


0, if k<—eéi, 


(24) An=0, 1fkKS—ei; pix if k = 


Then the leading terms in the right-hand member of the equation are 


4-1 
l=1 


but from the definition of e; it is readily seen that (ei-1 + e;—1) is less than 
e;, so that the highest power of x'/? which occurs on the right of equation (23) 
is the e;-th and its coefficient is pi,c, = 4i,-e,, On the other hand the condi- 
tions (211i) and (21 iii) ensure that the leading term of a;(a) is of at most 
the e;-th degree in x'/?, and its coefficient is ai,_-,. Thus conditions (24) ensure 
that the leading terms in the right and left members of equation (23) are the 
same. The requirement that the coefficient of x‘¢'/” shall be the same on 
both sides of equation (23) gives us equations of the form 


i-1 
(25) = + Ain-e, + (1 = 1,2,-°:,0), 
I=1 


where Fz is a known polynomial in the coefficients 


(26) { Ni,1-¢49 Ai,2-e45 Ai,k-1-€; (1 i, 2, r), 


Pi,1-e4) > Pi,k-1-e; (2 1, 2, r). 


Since e; —e; is less than k —e;, the factor pi-i,e,-c, is one of the set (26), 
so that for each value of & we have a set of n equations linear in the n quantities 


(27) 


5 


P1,k-e19 P2,k-eo)° 


and by taking « = 1, 2,- - - successively we can solve the corresponding sets 
of equations successively for piz-¢, and Ain-e, in terms of the previously de- 
termined coefficients (26). . 


); 


/ 
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To show that the set of equations (25) actually determines the n coeffi- 
cients (27) uniquely in terms of the coefficients (26) we reed only inspect 
this set of equations somewhat more closely. They may be written as follows: 


Pik = P1,k-e1 


rk Dr k= 65 + + + 


where the left-hand terms are known. From the definition of e; it follows that 
— Crs, = — oy (1 = 1, So that pr,e,-c,,, = Pr,-0, = Mr,-0, 0, 
and the last n — r equations can be solved successively, beginning with the last, 
for Then * pre-e, Obviously can be deter- 
mined successively from the first + equations of the set. 

Thus the series p;(z) and A;(x) can always be determined so that 
ai(z) = A; (x), and hence L(y) =M,-,(LZ,(y)), and the reducibility of equa- 
tion (1’) in Case IT is established. 


3.48. Proof of reducibility in Case III. In this case we have 


f (i) oi/iSon/n for all values of 1, 


(28) 
| (iii) at least two distinct roots of the equation 


(29) p” + + + * + + An,-o, 0. 


Here it is assumed, as indicated by the notation ai,-ic,/n in the above equation, 
that the basic integer p in the equation (1’) has been so chosen that on/n 
isan integer. This is always possible. 

We let p,; be a root of equation (29), of multiplicity r. Then the equation 
can be put in the form 


where + ++ and, since Gn,c, 0, pi and Gn-r 
are both different from zero. 

Then we define L,(y) and Mn-,(y) by equations (22) as in Case II, 
except that r is now the multiplicity of the root p,. Then, as in Case II, 
we have to satisfy equations (23). This time, however, we let the leading 
term of pi(x) (or Ai(x)) be of degree io,/n in x/?, that is, let 
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(30) 
and take 


Dix for k<—ton/n, 


(31 Xi,-i0,/n = Gi, 
) Pi,-io,/n = the (i + 1)-th coefficient in the expansion of (p— p,)’. 
This gives us, as the leading term in the right-hand member of equation (23), 
i-1 
[ pi,-ig + + where g =o,/n. The coefficient, enclosed 
g=1 


in brackets, is precisely the coefficient of p"* in the left-hand member of 
equation (29’), which is equal to aj,-i0,/n, since (29’) is identical with (29). 
Hence the leading terms of the right and left members of equation (23) have 
been made the same by conditions (30) and (31). 

As in Case II, the remaining coefficients 


Pik-ig 7; k == 1,2,---), Ni,k-ig (t= k = 1, 


can be determined for successive values of & from the equations obtained by 
requiring that the coefficient of x‘49")/? be the same in both members of equa- 
tion (23). In this case these equations have the form 


i-1 
(32) = Pin-ig + D + + + Gam 


(1 = 1, 
where Gz is a known polynomial in the coefficients 


Ni,-igy * * (4==1,2,---,n—r); 


Pi,-igs Pi,r-ig* » Pi,k-r-ig 1,2,---,1r). 
These n equations, linear in the n quantities 
are the same as the conditions imposed on these quantities by requiring that 


the identity in u, 


= A, + Bnr(t) Dy-a(u), 


4=1 


exist, where = ix-ig— Gi, and A,(u) and By,(u) are the known 
polynomials 


A,(u) = yr pi,-igu" 4. Pr,-r9s 
By-r(u) = yr + An-r,(7-n) 9) 


and Cn-r-1(u) and D;_,(u) are the polynomials 


. 
| 


at 
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in which the coefficients are to be determined. The known polynomials A,r(p) 
and Bn-r(p) are, as a consequence of the choice of pi,-ig and Aj,-ig (equations 
(31) ), the first and second factors respectively of the left-hand term of equa- 
tion (29’), and hence A, and Bn_r are relatively prime. Consequently we may 
apply the theorem of algebra that if P», Ar, Bnr are known polynomials of 
degrees indicated by the subscripts, and Ay and By, are relatively prime, then 
there exists one, and only one, pair of polynomials Cy-r-1 and Dr-1, of degrees 
n—r—1 and r—1 respectively, which satisfy the identity 


ArCn-r-1 + Bu-rDy-1. 


This ensures the existence of a unique set of coefficients (33) which satisfy 
the equations (32). 

Thus by taking & == 1, 2, 3,- - - successively, it is always possible to de- 
termine the sets of coefficients, 


Ni,1-ig (4 = 1, 2,- Pi,1-i9 (1 = 1, 2,- 


successively, so that equations (23) are satisfied, that is, so that 
L(y) =Mn+(Lr(y)), 
and the reducibility of equation (1’) is established in Case III. 


3.44, Conclusion of proof of Part 4. Now any equation (1’) which 
does not belong to Case I, II, or III must satisfy the following conditions: 


(i) oi/t1Son/n (t= 
(34) (ii) —p<on/n, 
This requires that a;,-i0,/n (1 =1,2,: be different from zero, that is, 
that (i and, in particular —on/n, and 
also that np, = — dy,-0,/n = — dh, 


In this case we substitute 
(35) y = eG, 


where Q(z) = ppiv'?**)/?/(p + p,). The equation (1’) will then be trans- 
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formed into an equation of the same type in the new variable ¥, which we may 


denote by 
where dj = +-- - -, and, in particular, a,(7) = nQ’(r) + a,(2). 


Moreover a sufficient condition for the reducibility of the original equation (1’) 
is the reducibility of the transformed equation (36). 

Consequently if equation (36) comes under Case I, II, or III the equation 
(1’) is reducible. Otherwise equation (36) must satisfy conditions of the 
form (34) and another transformation, y = e2@)q leads to another equation 
of the same type, which is reducible only if equation (36) is reducible. The 
transformation (35) however, makes ¢, = o, — 1, since from the equations 


= nQ’(x) + a,(2), Q’ (x) = Np, = — 
we have 


Hence if the equation (1’) does not belong to Case I, II, or III, we must have 
Gn/n S (on —1)/n, and after a second transformation, if the new equation 
in ¥ does not belong to Case I, II, or III, we must have Gn/n = (on — 2)/n. 
Thus as long as the equation does not fall under Case I, II, or III, it may be 
transformed in this way, so that the value of the ratio on/n is each time 
decreased by at least 1/n. This can occur only a finite number of times before 
we have an equation in which on/n < — p, which necessarily belongs to Case I, 
and is therefore reducible. Consequently we can always transform the original 
equation into one which is reducible by a finite number of transformations 
of type (35), and the reducibility of the original equation follows from the 
reducibility of the new one. This completes the proof of 


TueoreM III. Every equation of the form (1’) is reducible if the basic 
integer is properly chosen. 


This is the last step of the proof of Theorem I, for we have shown that 
the reducibility of all equations of the type (1’) insures the existence of a non- 
logarithmic solution, and hence of a complete set of solutions, for each such 
equation. 


4, Properties of the complete set of solutions. In the first place we 
observe that, although the formal solutions (6) may be multiple-valued and 
each one may go over into another one when the point z in the complex 2-plane 


ay 


sic 
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describes a closed curve encircling the origin p times, nevertheless the linear 
dependence or independence of any set of solutions remains unaltered. This 
follows from the fact that the equation (9), by means of which linear de- 
pendence is defined, is an identity in z. 

Next we shall verify, for the case of formal solutions of the type (6), 
the two following theorems: 


THEOREM IV. A necessary and sufficient condition for the linear de- 


pendence of the set of formal solutions y;(r),-- +, Yyn(v) of a linear homo- 
geneous differential equation of the form (1) is that their Wronskian, the 
determinant A(y:,° +, Yn) =| Yn% | be formally equal to zero. 


THEOREM V. Any formal solution of a linear differential equation of 
the form (1) can be expressed as a linear combination, with constant coeffi- 
cients, of any set of n linearly independent formal solutions. 


We first prove the condition, A(4:, y2,° Yn) = 0, to be necessary for 
the linear dependence of the set 41, Y2,:*+,Yn. If there exist constants 
P,, +, Fn, not all zero, such that + Poy, +--+ +--+ = 0, then 
we have 


Fry + Foye +--+ ++ =0 (i=0,1,---,n—1). 


This set of equations can be satisfied by a set of constants not all zero only 
if the determinant of the coefficients of F,,F2,:--,Fn is zero, and this 
determinant is precisely A(y1, Y2,° Yn). 

If the set y:, y2,° * +, Yn-1 is of the type described in Theorem I, that is, 
if 1, Y2,° * *, Yn-1 are elementary formal solutions and the set is made up 
entirely of subsets of the form (4), the sufficiency of the condition can be 
proved by much the same method as is used for analytic solutions. In this 
case we denote by Ai; the cofactor of the element in the i-th row and j-th 
column of A. Then it can be shown * that An» is of the non-logarithmic form 
(7) for which division has been defined. Consequently, if A= 0 and 0, 
we have 


from the expanded form A= y, An, +: + Anna + Ann of 
the determinant. Then if F,,F2,- - +, Fn, are required to be expressions of 


the general form (6) and subject to the conditions 


* By the method used in Part II, § 5, to prove equation (40) free from logarithms 
and exponential factors. 
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(38) yn? = — - (i=0,1,---,n—2), 


we have, solving the set of simultaneous equations (38) by Cramer’s rule, 
Fi = Ani/Ann (i =1,2,- -,m—1), so that equation (37) becomes 


On differentiating each equation of the set (38) and subtracting the result 
for the i-th equation from the (1 — 1)-st equation (considering equation (37’) 
as the last of the set) we have 


Then this set of simultaneous linear equations in the variables , 
has the unique solution = 0 (i = 1, 2,- - -,m—1), since the determinant 
of the coefficients is Ann. 

We now need the 


Lemma. If y(x) is of the form (6), and y/(x) =0, then y(z) is a 
constant. 

The proof for the special case in which y(z) is an elementary non- 
logarithmic solution is obtained from the computation of § 3.1 by taking 
a(x) = 0 in the equation (10). If y(zx) is of the general form y(x) = S,(z) 
+-:+++8,(x), where S,(x),---,Sq(x) are of type (2) and each involve 
a different exponential factor, then y’(xz) +---+ 8’q(x), and 
y'(x) can be zero only if =0. But if 


Si(xz) = s(x) log* a+ +--+ 
where +, are of elementary non-logarithmic form, then 


S’;(x) (x)log*a + - (2) + —j) (x) Jlog*4* 


Then §S’;(z) can be zero only if s’)(2) —0, that is, since s(x) is non- 


logarithmic, only if so(x) is a constant In this case s’;(x) = — 
but this equation can be satisfied by a formal series of type (3) only if co = 9, 
in which case we have s,(2) equal to a constant. Thus s9(x),° °°, Sx-1(2) 


successively can be proved equal to zero, so that S;(2) must be non-logarithmic 
and a constant, and the lemma is proved for the general case. 

By applying this lemma we find that the coefficients F;(az) are constants, 
so that the first of the equations (38) establishes the linear dependence of the 
set of solutions Yn. 
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If the cofactor Ann is zero, we observe that it is precisely the Wronskian 
of 1," °°, Yn-1 and hence, by the above argument, this set of solutions is 
linearly dependent unless the first principal minor of Ann is zero. By repeating 
this argument we work back until we reach a set of k (< n) solutions which 


is linearly dependent. Then, since this subset y,,- - -, yx is linearly dependent, 
so is the original set Yn. 
In order to establish the sufficiency of the condition when y,,- - -, Yn is 


any set of solutions of the form (6), we need to use Theorem V for the special 
case in which the given set of distinct solutions consists (with the possible 
exception of one solution) of subsets, of type (4), of elementary solutions. 
We therefore proceed to prove Theorem V for this special case. 

Let Ynsi be any solution of the differential equation (1) and let 4, %, 
‘++, %, be a set of linearly independent solutions made up of subsets, of the 
form (4), of elementary solutions, Then the n + 1 equations ayi™ + ayi”” 
must be satisfied simultaneously. 
Since these equations are linear in dp, @,,° - -,@n, they can have a set of solu- 
tions other than 0,0,- - -,0 only if the determinant of the coefficients is equal 
tozero. This determinant is simply the Wronskian of the set 91, Yo,°** 5 Yns Ynit, 
and this set is of the special type for which Theorem IV. has already been 
proved. Hence this set is linearly dependent, that is, there exists a relation 
+ + = 0, in which the are constants, 
not all zero, and F’,,, is certainly not zero, since Yn are linearly 
independent. Consequently we have Gnu = (1/Fni) [Pigs + 

Then any set of solutions y;, y2,° - *, Yn of equation (1) can be expressed 


as D> (1 the coefficients cj; being constants and 
j=l 


Yn being a linearly independent set of elementary solutions which 
can be grouped in subsets of type (4). Then 


yn) | | ome | | =| | cry | A(G1,°° 
so that if A(y,,- Yn) =0 we must have | ci; | and hence, from the 
equations = > (t= the set 41, °°, Yn must be 
j=1 


linearly dependent. 
Now that the proof of Theorem IV has been completed, the proof given 
for Theorem V in the special case applies in the general case also. 
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APPENDIX. 


Note on Formal Solutions of Linear Difference Equations. 


The results of § 2 apply, with only slight modifications, to the formal 
solutions of the linear homogeneous difference equation discussed by Birkhoff,* 
and have been implicitly assumed by him. The formal solutions of such an 
equation are of the form (6), except that the exponential factor e@“ is re- 
placed by 2#*e2, » being a constant. We therefore replace the non-logarithmic 
expressions of type (5) by expressions of the form 


in which the factors are of the form = 
(1 =1,2,---,m) and are all different, and the factors a;(x),- 


are formal series. The most general formal expressions to be considered then 
are of the type 


(6’) S,(x)log*z + &(2), 


where S,(z),---,Sx(x) are of the form (5’). The definition of linear 
dependence (Definition 6) is modified by allowing the coefficients F'n 
in equation (9) to be of the form 


(a) 


where ¢,,° * *,¢m are constants, not all zero, and k,,- --,km are integers. 
Definition 5 is replaced by 


DEFINITION 5’. If a(x) is the formal series 


then a(x +n), n being any integer, is the formal series obtained by expanding 
each term of the series 


+ 


as a formal series by the binomial theorem and combining terms in like 


powers of 


* Loc. cit. 
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If is an expression of the non-logarithmic form (5’), then S(z +n), 
n being an integer, is the expression, of the form (5’), obtained from 


by expanding the factors e;(x + n) in the form (5’) by the rules which apply 
when these factors are regarded as analytic functions, and expanding the fac- 
tors ai(z +n) as formal series according to the preceding paragraph. 

If U(x) is an expression of the general form (6’), then U(a + n) ts the 
expression, of the form (6’), obtained from 


+ n)log** n) 


by expanding the coefficients Si(a-+-n) in the form (5’) according to the 
preceding paragraph and taking 


log (x +n) =logx + 


With these generalizations of the definitions, the ordinary formal algebraic 
laws are still valid, and formal equations in expressions of the form (6’) are 
to be regarded as identities in z Theorems B-E of § 2 remain unchanged and 
Theorems F, G, IV, and V are replaced by the following : 


THeorEM EY. If yi(&), +, Yn(x) are solutions of a linear homo- 
geneous difference equation, then any linear combination of them with coeffi- 
cients of the form (a), 1.e., any expression of the form (6’) which is linearly 
dependent on the set y:,° + -, Yn, 1s also a solution of the equation. 


THEOREM G’. If Y(x) is a particular solution of a non-homogeneous 
linear difference equation L(y) =r(x), and y(x) ts the general solution of 
the corresponding homogeneous equation L(y) =0, then y(x) + Y(z) is the 
general solution of the non-homogeneous equation. 


THEOREM IV’. A necessary and sufficient condition for the linear de- 
pendence of the n formal solutions y:,--*+,Yn of a@ homogeneous linear 
difference equation of the n-th order is that the determinant of Casorati, 
= y2(@+1),° n—1)|, be formally equal 
to zero. 


THEOREM V’. Any formal solution of a linear homogeneous difference 
equation of n-th order is linearly dependent on any set of n linearly independent 
formal solutions of the equation. 


The proof of Theorem IV’ follows the same lines as the proof of the 


corresponding theorem for analytic solutions. To prove the condition neces- 
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sary we assume that the solutions satisfy an equation + =0, 
where F,,- - -, F, are of the form (a). From this, since F;(a + 1) = Fi(z), 
we have Fyy,(@ + Fayn(a4 +1) =0 ((=0,1,-- -,n—1). This 
system of simultaneous equations in the n variables - -, can have 
a solution other than Ff, =- - - =F, = 0 only if the determinant of the coeffi- 
cients is zero, and this determinant is precisely the determinant of Casorati. 
In proving the condition sufficient we restrict ourselves at first to the case 
in which the set 4;,° - -,Yn-1 18 of the type described in the fundamental 
existence theorem.* In this case, if we denote by Di; the cofactor of the ele- 
ment in i-th row and j-th column of D, the determinant Dnn is of elementary 
non-logarithmic form. Then if we assume D = 0 and Dnn= 0 we have 


We let F,,:-+,Fn+ be expressions of the form (6’) determined by the 
conditions 


(c) =— [Fi(t)yi(@ +1) +° + + 


Then Fi = Dni/Dnn (1 -,m—1), and the equation (b) becomes 
(d) + + m—1)4 + + —1)} 
On substituting 2 + 1 for z in the i-th equation of the set (c) and subtracting 


from the result the (i+ 1)-st equation of the set (considering equation (d) 
as the n-th of the set) we obtain the equations 


which can be satisfied only by +1) —Fi(xz) = 0 ((—1,- -,n—1), 
since the determinant of the coefficients is Dyn. 
The next step depends on the 


Lemma. If y(x) is a formal solution of the equation y(« + 1) —y(2) 
= 0, then y(x) is of the form (a). 


This can be proved by considering first the case in which y(zx) is of the 
elementary non-logarithmic type, establishing the fact for this case by direct 
substitution and evaluation of constants, and then reducing the general case 
to this one, step by step. 

Applying the lemma, we find that Fy = * 


*TI.e., consists of elementary formal solutions which can be arranged in sets of 
the form (4). 
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so that the first equation of the set (c) establishes the linear dependence of 
the set of solutions Yn. 

If Dun = 0, then, since Dn, is the determinant of Casorati for the first 
n—1 solutions, these solutions are, by the preceding argument, linearly de- 
pendent unless the first principal minor of Dy» is zero. Thus we can work 
back step by step until a set of solutions y,,---,yx (k <n) is obtained 
which is linearly dependent. Then the whole set y,,- - -, yn must be linearly 
dependent. 

In order to prove the condition sufficient in the general case we require 
Theorem V’ for the case in which the given set of linearly independent solu- 
tions is of the special type just considered. To prove Theorem V’ for this 
special case, let ¥:,- - -,Y%n be such a set of linearly independent elementary 
solutions, consisting of subsets of type (4), for the equation 


nm) ++ =0 (do(#) == 0, == 0) 
and let y; be any solution of this equation. Then, by substituting 9,,°--, Yn, yi 
successively for y in this equation, we obtain a system of n+ 1 equations, 
linear in the n+ 1 coefficients a;(z). Since these must be satisfied simul- 
taneously by a set of values of the a;(z) not all zero, the determinant of the 
coefficients must vanish. Hence, since it is the determinant of Casorati for the 
n+ 1 solutions, they are linearly dependent, and, since the solutions %1,°--, Jn 
are linearly independent, y; must be expressible as a linear combination of 
Gn. 

The proof of Theorem IV’ for the general case can now be completed. 


Any set of solutions y,,° - *, Ym can be expressed as 

- . 
where ¥;,° - -, Ym is a set of solutions of the special form already considered 


and the coefficients /;; are of the form (a). Then 


yn) =| + §—1)| + j—1)| 
=| Fis |- Gn). 


Hence D(y,,* - -, yn) can be zero only if | Fi; | = 0, and in this case we have 
from the equations (e) a linear homogeneous equation of the form (9’), which 
establishes the linear dependence of the set of solutions y,,° * *, Yn: 

Thus Theorem IV’ has been proved for the most general case. The proof 
of Theorem V’ given for the special case is therefore valid in the general 
case also. 
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ON THE INVARIANCE OF A GENERALIZED GRAMIAN IN A 
RIEMANNIAN FUNCTION SPACE.* 


By Henry P. THIELMAN. 


In this paper we consider a special Riemannian function space manifold + 
in which the length of a vector y(s) is defined by means of a symmetric, 
properly positive, definite, integral, quadratic form of the following type: 


(1) (yy) = gapy’y® + galy*)? (Gap = ga ~O in (a, b)) 


for all real continuous functions y(s) which do not vanish identically in the 
interval (a,b). 
(1) stands for the expression 


ff + > 0. 


These conventions 

1) of representing the arguments of functions as continuous subscripts 
and superscripts, and 

2) of letting the repetition of a coniinuous index in the same term, once 
as a subscript and once as a superscript, signify Riemannian integration with 
respect to that index over the interval (a,b) will be used throughout this 
paper. Parentheses around any continuous index denote that the integration 
convention 2) does not apply to that index. All functions occurring in this 
paper are assumed to be real, and continuous in their closed regions of 
definition. 

It is easily shown that the Fredholm determinant D[gap/(gage) | of (1) 
does not vanish (i.e., unity is not a characteristic value of D[gap/(gage) |): 
In fact suppose 


D[gap/(gags)*| = 0. 


Then the homogeneous Fredholm integral equation 


* Presented to the American Mathematical Society, April 13, 1933. 
+ A. D. Michal, “ Affinely connected function space manifolds,” American Journal 
of Mathematics, vol. 50 (1928), pp. 473-517. 
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+ [gap/ (gage) |2° = 0 


will possess a continuous solution z* which does not vanish identically. Hence 
if we let y* = 2*/(g(a))* it follows from (4) that 


Ja?y™ (gap/ga”) y® == 0. 
Multiplying this by gay and integrating with respect to « we get 


ga(y*)* + gapy*y’ = 0 
which contradicts (1). 

If we define the inner product, the angle between vectors, and the outer 
product of m vectors in a way analagous to the one used in n-dimensional 
vector analysis, and in Euclidean function space geometry,* we are led to a 
geometrical interpretation of the following generalized Gramian 


(Yoyi)o (Y2¥2)9 (Y2Yn)o 


(Yn¥1)9 (YnY2)9 * (YnYn)o 
where 
(Yi¥i)o = gapyityi® + gayity;® 
(j= 1,8,” Jap = YBa; Ja ~ 0, in (a, b)). 


It can be interpreted as the square of the volume of the parallelepiped gen- 
erated by the vectors y:%, y2,: --,y™” having the same origin. If (yy), 
is of type (1) and the ys ({=1,2,--+,mn) are linearly independent then 
the Gramian in (2) is always greater than zero. For gag=0, ga=1,n=2, 
the statement that (2) is positive becomes Schwarz’s inequality.t 

Since we thus see that the generalized Gramian (2) plays an important 
part in Riemannian function space geometry, the question naturally arises, 
“What are the most general:transformations of a certain type that leave this 
Gramian invariant? ” 

In order to answer this question we consider the general linear functional 
transformation of the third kind 


*G. Kowalewski, “tber Functionenriiume,” Sitzungsberichte der Kaiserlichen 
Akademie der Wissenschaften, Naturwissenschaftliche Klaase, 120 Band, Abteilung II*, 
I. Mitteilung, pp. 77-109, II. Mitteilung, pp. 1435-1472 (1911). 

7 E. H. Moore gives a broader generalization of Schwarz’s inequality in “On the 
fundamental functional operation of a general theory of linear integral equations,” 
Proceedings of the Fifth International Congress of Mathematicians, Cambridge Uni- 
versity Press (1913), pp. 230-255. 
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(3) yt Key" + Kpty? 


where K*=0 in (a,b) and the Fredholm determinant D[K,g*/K*] 40. 
It is a well known fact that under these conditions the transformations (3) 
form a group.* An answer to the proposed question is given by the following 
theorem : 


THEOREM I. The subgroups of the group of linear functional trans- 
formations of the third kind which leave the integral quadratic form (yy)y, 
and hence (yiy;)9, invariant are identical with the subgroups of the group 
of transformations of the third kind that leave the generalized Gramian 
| (yiys)g | invariant. 


It is obvious that every transformation which leaves (yiy;) invariant 
will leave the Gramian | (yiy;) | invariant. We shall now prove the converse 
of this statement. 

Let us consider a Gramian which is invariant under the transformations 
(3). That is to say 


(GnY1)9 (YnY1)9 (YnY2)o * (YnYn)o 


Let us expand (4) to have it in the form 
9 (Yo¥n)g 
(YnY2)9 (GnYn) 
(5) | 
(Y2¥2)o °° * (Y2¥n)o 


(YnY2)o (YnYn)o 


where Qg%B[Yo, Yn], and QgaB[y2, °°, yn] are the coefficients 


* A. D. Michal and T. 8S. Peterson, “The invariant theory of functional forms 
under the group of linear functional transformations of the third kind,” Annals of 
Mathematics, vol. 32 (1931), pp. 431-450. 
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of a quadratic form in and y; respectively. Next keep 2, %s,° 


Jn) Yn constant and calculate the first variation of (5). Doing 
0. this we obtain 
} 
ig | 
| * (Yn¥n)o 
| (6) 
| (YnY2)o (Yn¥n)o 
nt 
where RgaB[ Yo, Yn] stands for 
ns (Yo, Yn)o 
2Jap + Qg%B[ Ye, Un] + Qg%B|Yy2, Y3,° Yn], 
and RgaB|y2, Ym| for the identical expression with replaced by 
Remembering that 
= + K* ~0 in (a,b) 
and hence 
by* = + 
we can rewrite (6) in the form 
/) 
(7) f {Q[ Ge, Bas Yo, * 5 Yn|yi* 
+ Aap[Y2, Ys," * 5 Ynys Yo, Yar" Yny K°K = 0, 
where 
* (Yotn)o (Yo¥2)9 (Y2Yn)o 
(8) = 29a | — (K*)’ 
of and ! 


| 
| 
| 
| 
| 
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— yn) — RgBo[ ys, yn] K Ka? + 
Y3,° Yn | Kp’ Ka? 
| (Yy2¥2)9 °° * (Y2Yn)o 


| (YnY2)o * (YnYn)o 
By the fundamental theorem of the calculus of variations it follows from 
(7) that 


p*K* + K® + goKa’K pg"). 


Go, Yn; Yo, ¥3,° * Yn] 
+ 2, Gus Yo, Y3,° 5 Yn, Ky] = 0. 


In order that this relation may be true it is necessary * that 
From (8) it now follows that if the generalized Gramian of order n is an 


absolute invariant then, since gg ~ 0, 


| (Y2tn)o (Y2¥2)9 °° (Y2¥n)o 


— (Ke)? 
| 


Applying the same method of reasoning to this equation as we did to (4), and 
repeating this process (n — 2) times we finally arrive at the equations 


(9) (Yn-1Yn-1) 9 (Yn-1Yn) (Ka) 200-2) (Yn-1Yn-1) 9 (Yn-14n) 9 
(YnYn-1) 9 (YnYn) 9 (YnYn-1) 9 (YnYn) 9 
and 
(10) (nin) o (yan) 
Since the y:*, y2%,- are cogredient variables under the transformations 
(3) it can be easily verified that as a consequence of (10) we have 
(11) (GiGi) = (K*)?"™ (4 1,2," 
Making use of (11) in (9) we obtain by an obvious calculation that 
= 1, 


and hence that 


*G. Kowalewski, loc. cit., pp. 1455, 1456. 
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(12) = (Yi¥s)o (j= 1, 


Equations (4) to (12) now state that if the generalized Gramian of order n 
is an absolute invariant under a certain transformation of the third kind, 
then each element of the Gramian is an absolute invariant under the same 
transformation, as was to be proven. 

The necessary and sufficient conditions that (yy) g and hence (yiy;)g, 
be an absolute invariant under a subgroup of the group of linear functional 
transformations of the third kind are, however, known. We state here a 
theorem which is a direct consequence of a result proven elsewhere.* 


THEOREM IJ. A necessary and sufficient condition that (yy) 9, and hence 
(yiy;)9 be an absolute invariant under a subgroup of the group of linear 
functional transformations of the third kind (3) with non-vanishing Fredholm 
determinant D|Kg*/K*]| is that the coefficient K* and Kg* satisfy the 
equations 

(kK)? =1 
(13) gopK Ka? + gacoK Kp? + gosKa’ Kp’ 
+ K*K + K’Ka® + = 0. 


It can be easily verified that the transformations of the third kind (3) whose 
coefficients K* and Kg* satisfy (13) form a group. In analogy with the 
situation in Euclidean function space,t (i.e., one for which gag=0, ga = 1) 
we will call this group the group of orthogonal transformations, and also 
speak of it as the orthogonal group in our function space. The orthogonal 
transformations for which K*=1 constitute a subgroup of this orthogonal 
group. 

Since the Fredholm determinant D[gag/(gagg)”| is a relative scalar 
invariant of weight two under the group of linear functional transformations 
of the third kind,{ it follows that the Fredholm determinant D[Kg*/K*] of 
on orthogonal transformation has the value of 1 or —1. 

Making use of the definition of an orthogonal group we can restate our 
Theorem I as follows: 


THEOREM Ia. A necessary and sufficient condition that the generalized 
Gramian | (yiy;)o | be an absolute invariant under a subgroup of the group 
of linear functional transformations of the third kind whose Fredholm deter- 


* A. D. Michal and T. S. Peterson, loc, cit., p. 442. 
+ G. Kowalewski, loc. cit., p. 101. 
tA. D. Michal and T. S. Peterson, loc, cit., p. 443. 
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minant D[ Kg*/K*] does not vanish, is that the subgroup be the orthogonal 
group of transformations of the third kind, or a subgroup of tt. 


If our special Riemannian function space is Euclidean we obtain as a 
corollary to Theorem Ia, a known result.* 


CoROLLARY. A necessary and sufficient condition that the Gramian 
| (yiy;) | be an absolute invariant under the Fredholm group of transforma- 
tions is that the group of transformations be orthogonal. 


Geometrically interpreted Theorem I states that every group of linear 
functional transformations of the third kind which leaves the volume of every 
parallelepiped unaltered in our function space, leaves also the distances and 
angles unaltered. By analogy with the situation in n-space and in Euclidean 
function space + such a group might be called a group of motions in our 
special Riemannian function space. 


OHIO STATE UNIVERSITY. 


*T. S. Peterson, “A class of invariant functionals of quadratic functional forms,” 
American Journal of Mathematics, vol. 51 (1929), pp. 417-430. 

+I. A. Barnett, “On a class of transformations in function space,” Annals of 
Mathematics, vol. 25 (1924), pp. 205-220. 
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ON CONVERGENCE AND OSCILLATION OF TRANSFORMS OF 
SEQUENCES OF VECTORS. 


By H. Eart SPENCER. 


1. Introduction. A set of real functions of a real variable, || ax(¢) |, 
defines a transformation that transforms a sequence of numbers, {zn}, into a 


function y(t), if y(t) = > ax(t)a,. The variable ¢ is restricted to range over 
k=1 


a point set having a limit point ¢, not belonging to the set; the limit point ty 
may be either an ordinary point or one of the symbolic limits, + o. Let 
D(t) =|t—t, | if t) is an ordinary point, but let D(t) =| 1/¢ | if t) is one 
of the symbolic limits, + o. 

The transformation || a,(¢) || is called regular if it has the property that 


lim y(t) = lim z, for every convergent sequence {Zn}. 
n->00 


The oscillation of a sequence of numbers, {z,}, is defined to be 
lim sup | m— 2» |, and will be represented by Q(z). The oscillation of the 


MN 


function y(t) is defined to be lim sup | y(t) —y(u)|. The transformation 
t,u—to 


| %(¢) || is said to be repressive if Q(y) S Q(z) for every bounded sequence 
{Xn}. 

It is the purpose of this paper to consider transformations, whose elements 
are square matrices of functions, acting upon sequences whose terms are vectors 
to produce a vector whose components are functions; and set forth conditions 
under which such transformations are regular and conditions under which 
such transformations are repressive. 


2. Regular and null coercive transformations. It has been shown * that 
for || a(t) || to be regular it is necessary and sufficient that 


(a) for some §> 0, & | ax(t)| converges for each ¢ and is bounded for 
k=1 
all ¢ for which D(t) < 8; 


(b) for each lim a(t) = 0; 


t—to 


(c) lim (t) —1. 


k=1 


*I. Schur, Journal fiir Mathematik, vol. 151 (1920), p. 82. 
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The transformation || ax,(¢)|| is called null if limy(t) =O for every 
t>to 


convergent sequence {2n}. For || a,(¢)|| to be null it is necessary and suffi- 
cient that * 


(2) (a) same as (la); (b) same as (1b); (c) lim 3 ae(t) = 0, 


The transformation || a(¢) || is called coercive if lim y(t) exists for every 


tto 


bounded sequence {2}. For || a(t) || to be simultaneously null and coercive 


it is necessary and sufficient that + 
fe 


(3) lim | | = 0. 


t—>to k=1 


We shall be concerned with a set of g-rowed square matrices, || Ax(t¢) |, 
for each of which the element in the i-th row and j-th column (i, 7 = 1, 2,---,q), 
is a real function of a real variable designated by a,“4/)(¢). Henceforth {2} 
instead of representing a sequence of numbers will represent a sequence of 
vectors of q real components each; Zz,‘ will be the i-th component of the 
vector Z,. The sum A,-+ A, is defined to be the matrix with elements 
a,“)) + a,“ ; and the sum z, + 2, is defined to be the vector with com- 
ponents z,‘” + 2,. The product Az, of matrix by vector will mean as 


qd 
usual that (Ar) = Salting, 
r=1 


It is necessary to define the modulus |z|, of a vector 2, and the 
modulus | A |, of a matrix A. We consider only definitions of | «| which 
satisfy 


(a) for any two vectors 2, v2, | |, 
q 
(4) (b) | (¢=1,2,---,9), (c) 
r= 
(d) if A is any scalar, |Ax|=]A|-| z|; 
and definitions of | A | which satisfy 
(a) for any two matrices A,, Az, | A: + Az| S| Ai | +| A2], 
(5) (b) | A | = (t,7 = (c) | A | =2 |, 
(d) if A is any scalar |AA|S]|A|-| A]. 


The further demand will be made upon the definitions of | A | and | «|, for 
any matrix A and vector z, that together they satisfy 


*T. Schur, loc. cit. 
7 I. Schur, loc. cit. 
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(6) | 2]. 


Three different definitions of | x | that satisfy (4) are: 


(a) (b) Py (p>); 
(c) maximum | 2 |, (r—1,2,---,q). 


Both (7a) and (7c) can be regarded as limiting cases of (7b), as p—>1 and 
as p—> oo respectively. 


Some definitions of | A | which satisfy (5) are: 


(a) ae (pB1); 
(8) 
(b) (pz). 


Here also the limiting cases as p—> oo may be included. 


Condition (6) is not necessarily satisfied if we select | z|, | A | at random 
from (7) and (8) respectively. For example (7c) and the limiting case of 
(8a) as p—> oo, where | A | = maximum | |, (i, 7 = 1, 2,- - -,q), do not 
necessarily satisfy (6). On the other hand, (7c) and (8b) do satisfy (6) 
whether we use a limiting case of (8b) or not. 


The meanings of limz,—z and lim A(t) =A will be respectively, | 
t>to 


lim | | and lim | A(t) —A|—0. From (4b) and (4c) it follows 
tto 
that lim 7, = 2 if and only if lim z,“” = 2 for each 1; and from (5b) and 
n->00 n->0o 
(5c) it follows that lim A(t) = A if and only if lim a“) (t) =a“ for each 
tto 
tand j. 


Henceforth y(¢) will represent a vector of g components, its i-th com- 
oo 

ponent y‘# (¢), being a real function of the real variable t. If y(t) = } Ax(t) ax, 
k=1 


then the sequence of vectors {n} is transformed into a vector y(t) by || Ax(t) ||. 
The transformation || || will be called regular if lim y(t) = lim zp 


for every convergent sequence {2n}. 


THEOREM 1. For || A,(t)|| to be regular it is necessary and sufficient 
that 


10 
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(a) for some 8>0, > | Ax(t)| converges for each t and is bounded for 


(9) all t for which D(t) <8; 
(b) for each k, lim Ax(t)=0; lim S Az (t) =I. 
t>to k=1 


The symbols 0 and J are used to represent respectively the null matrix having 
all its elements zero, and the identity matrix having each principal diagonal 
element 1, each other element 0. 

To prove that (9c) is necessary, let 1,7 be an arbitrary but fixed pair of 
integers, and consider the sequence {an}, such that for all n, an‘ = [1, if 
r=j; 0,if rj]. Then limz,” —[1, if r—j; 0, if rs4j7]. Since 


|| Ax(¢) || is regular, lim y(t) =limz,™, and since y(t) = > (t), 
tto k=1 


fo 
it must be that lim a,“ (t) = lim = [1 if 0 if from 


tto k=1 t 
which (9c) follows. 
To prove that (9b) is necessary consider the sequence {2} of vectors 
defined by an =—1, if r—j, n=k, but 2. —0 otherwise. Then 
lim z, =0, (r=1,2,---+,q). For this sequence, y(t) =a s(t), 


Since || A;(¢)|| is regular, lim (¢) = lim y(t) =0, and (9b) follows. 


t>to 
To prove (9a) necessary, fix j, let {a} be an arbitrary convergent 
sequence converging to 2%, and let a —0 for all k if rj. Here 


y(t) and lim = [0 if r Aj; if r= j], so that since 
k=1 k-00 


| Ay(¢) || is regular, lim S (t) =(0if iAj; cP ifi—7]. Since 
this holds for an dnitiveey convergent sequence {2;‘J)}, the transformation 
|| ax°4? (¢) || must be regular if ij or null if14j7. Then by either (1a) or 
(2a) as the case may be, >» | ax‘ (t)| is bounded for all ¢ for which 
D(t) < 8, for some § > 0. Let an upper bound be K‘‘/), Then on account 
of (5c), > | Ax(t)|S > 3 Ku for all ¢ for which D(t) is sufficiently near 


zero, and necessity of (9a) is established. 
To prove (9) sufficient, let lim z, 2; we show that lim y(t) = also. 


t—>to 


On account of (9) and (5b), || ax‘"* (¢) || satisfies (1) if s =r, or (2) ifs A 


co 
Consequently we have lim (t) a. = [2 ifs =r; 0ifs Ar]; hence 
k=1 


we may write for r—1,2,-- -,q, 


448 
if 
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CO 4 qd co 
lim y(t) =lim (t) lim DS ag" (t) a, — 2), 


for t>to tty k=1 8=1 t->to k=1 

and lim y(t) = z follows. 

tto 
The transformation || A(t) || will be called null if lim y(t) = 0 for every 

convergent sequence {xn}, and coercive if lim y(t) exists for every bounded 
t>to 
sequence {2p}. 
onal 
| THEOREM 2. For || Ax(t)|| to be simultaneously null and coercive it is 
ale d sufficient that 
- necessary and sufficient tha 
4 00 
ince (10) lim > | Ax(t)| =0. 

t>to k=1 
); To prove sufficiency let {a} be any bounded sequence of vectors. Let 
= | a | = K for all k. Then by (4a) and (6), 
ie, 
k=1 k=l 
ns and sufficiency follows. 
oh To prove necessity fix a pair of integers 1,7 and select a sequence {2x} 
lows. in which a;‘"? = 0 for all k if r4j, but {27} forms an arbitrary bounded 
fe 

gent sequence of numbers. Then y(t) = > a“) (t)a,9, from which it follows 
Here 


that || a.‘‘/)(¢) || is also null and coercive. Consequently (3) holds and (10) 
since follows from (5c). 


In Theorems 1 and 2, | x| and | A | may have any definitions satisfying 
since (4), (5) and (6). 


ation 
) ot 3. Repressive transformations. It has been shown that for a regular 
|| 4.(t) || to be repressive it is necessary and sufficient that * 
ount (11) lim | a(t) | = 1. 
tto k=1 
— For a sequence of vectors {tn}, we define the oscillation, Q(x), to be 
lim sup | a, — ap |. The oscillation of the function y(t) we define to be 
Iso 
‘ lim sup | y(t) —y(u)|. The transformation || A,(¢) || will be called repressive 


*W. A. Hurwitz, American Journal of Mathematics, vol. 52, no. 3, July 1930. 
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if Q(y) SQ(z). We shall develop conditions for repressiveness for three 
different definitions of | z |. 
The following is a list of conditions with which we shall be concerned: 


(13) lim | a“? = 0 (i, j= 1,2,- 
(15) lim | ae? (t) (i,j =1,2 but 
(16) lim >| (t)| = 1 (i, j =1,2 but 


TueorEM 3. If the definition of |x| is given by (%b), for a regular 
|| Ax (t) || to be represswe, (12), (13) and (14) are necessary and sufficient. 


We prove (12) necessary for repressiveness whenever | z | and | A | satisfy 
(4), (5) and (6). Select a sequence {z;,} in which 2‘ = 0 for all k if r 41, 


while is an arbitrary bounded sequence. Then (¢) = ay (t) ay, 
k=l 


For the sequence selected we have, from (4), Q(r%) =Q(2) and 
Q(y) Hence when || A;(t) || is repressive, SOQ(2™) from 
which it follows that || a,‘ (¢)|| is repressive. But || a,‘#(¢) || is regular by 
Theorem 1; therefore (11) holds and (12) is proved necessary. 

To prove that (13) is necessary we shall suppose that (13) fails to 
hold and exhibit a sequence {z,} for which Q(y) >Q(z). When (13) 
fails there is at least one fixed pair of integers 1,7, 14j, for which 


fe 
lim sup | a (t)| > « > 0 for some constant «<1. Choose such that 
t>to 
co 
(9a) holds, and let = 0. Choose t,, D(t,) < 8, such that > | (t,)| 
k=1 


co 
and then choose n, such that } | Ax(t:)| <1. Next choose t., D(t.) < 8/2, 


k=ny,+1 
such that > | ax (t2)| <4 and S| (t2)| >; and then choose n, such 
k=1 k=1 
oo 
that S | Ax(t.)| <4. We continue this process to obtain sequences {ta} 


and {t,} such that t, > t, and 


4 
| 
a 


ree 
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(17a) | Ax(ta)| 1/a; | Ax(ta)| <1/a; > | (ta) | > e— 2/a. 


Using these inequalities and (4) and (6), we see that for any bounded 
sequence {2x}, 


(17b) y(ta) =Oa-+ An(ta) 


k=na-1 


where the vector Og > 0 as a—> ©. 
We use the sequence {2,} defined by: 
=([0 if (—1)* if r—1; (—1)*e/?" - sgn a) (tg) if r— 7] 


for For this sequence, | and Q(z) 
< 2(1-+ 2’)? where p’ is as usual defined by the equation 1/p + 1/p’ = 1. 
The i-th component of the transform of this sequence is given by 


(Itc) (—1)*y (ta) = + (ta) | (ta 


k=nq- na- 


Here 0g is a number which +0 as «~— o. Using (9) and (1%a) we find, 
(—1)*y‘? (ta) > 0g + 1+ &’, from which it follows that 


| y (tar) — y (ta) | > 00 + 2 + Bet" 
This enables us to write 
Q(y) = lim sup | (tas) —y (ta) | 22 + 2" > 2(i 


and necessity of (13) is established. 


We next prove (14) necessary. When (14) does not hold there is at least 
one fixed pair of integers i and j and an e > 0 such that 


lim sup | (t) — a, (t)| >. 


tto 


Choose sequences {nq} and {ta} such that tg >t, and 


Au(ta)| <1/a, | Ae(te)| < 1/2, 
(18a) k=1 k=nq+1 


| ax (ta) — (te)| > 


k=nq-;t1 
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Since (13) has already been proved necessary, we can use (13) and (18a) to 
obtain for any bounded sequence {z;}, 


n 
(18b) (ta) = 0a + (ta)? — + (ta) 
k=1 


k=nq-1+1 


Let = sgn (ta) — and consider the sequence defined 
by = [0 if r £1, j; (—1)*: ifr=—1; (—- 1)*(1 + ona 
if r= j] for mg; < For this sequence 


We obtain after substitution in (18b) : 


(—1)*y (t) = > ax (ta) Cx,a3 


k=nq- 


k= 


Adding the last two equations and using the definition of ox,q and the last of 
relations (18a) we obtain, 


(—1)*{y (ta) + (ta)} > Og +2 
It follows that 


| y (tas1) — y (tq) | of | yD (tar) —yP (ta) | > 0g + 4 + 28. 


Using the fact that if |a@|-+ || > 2c, then | a |? + | b |? > 2c, we conclude 
that 


{| (tasr) —y (ta) |? + | y? (tas) —y (ta) > 0g + + 


and hence that Q(y) = 21/(2-+*). If now e be chosen so small that 
21/0(2 + > 2{(1—?)”? + (1 + then we shall have > Q(z) 
and necessity of (14) is established. 

We adapt the sufficiency proof given by Hurwitz* to prove that (12), 
(13), (14) are sufficient. To do so choose any value of i, use ax‘+#(t) as a 
scalar and set Ax(t) = (a%“4?(t))-I+ 0+. Due to (13) and (14) the 
vector O; > 0 as t->t). For any chosen « > 0 an integer « must exist such 
that | %—2:| << Q(x) +e whenk>a,1 >a. We have 


y(t) = > Ax (t) — (t) + Or (1) + 


*W. A. Hurwitz, loc. cit. 
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or since is fixed (9b) makes it possible to write, y(t) (t)) + 
k=a+1 
oo 
Hence y(t) —y(u) — (ai (u)) + Oe. But 
l=a+1 


k=a+1 


oo oo co 
l=a+1 k=a+1 k=a+1 l=a+1 


13 an (t) (u) (2% — 


l=a+1 k=a+1 

Let an upper bound of | a | be X. The modulus of the first vector on the 
co oo 

right of (19) [|1— a“ (u)|-X- | (t)| and has the limit 0 
l=a+1 k=a+1 


as U—> to, t-—> ty by (1a) and (1c), since || a,%‘*”(¢)|| is regular. Likewise 
for the modulus of the second vector on the right of (19). Hence 


y(t) —y(u) = (t) ar (w) (ae — 21) + Ot 


k=at+1 l=a+1 


so that 
= lim sup | y(t) —y(u)| 


<= lim sup ay | ar? (u)| | | SQ(z) +. 
k=a+1 l=a+ 

Therefore Q(y) [(zx) which proves that (12), (13), (14) are sufficient. 
This same proof of sufficiency, unaltered, shows that (12), (18), (14) are 
sufficient to make Q(y) [= Q(z) if | x | is given by either (7a), (%b) or (7c). 

The next theorem to be stated contains the result that necessary and 
sufficient conditions that || A,(t)|| be repressive, are different according as 
q=2orq > 2. The theorem is therefore stated in two parts. 


THEOREM 4a. If the definition of |x| is given by (Ya) and q=2, for 
a regular || A;(t)|| to be repressive, (14), (15) and (16) are necessary and 
sufficient. 


THEOREM 4b. If the definition of |x| is given by (Ya) and q > 2, for 
a regular || Ax(t)|| to be repressive, (12), (13) and (14) are necessary and 
sufficient. 


d 
i 
e 
L if 
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For any q=2 represent (t) + ag? (t) (t) (t) by 
gx? (t) and hy“? (t) respectively. As an aid to proving that (14) is neces- 
co 
sary we prove that lim | (t)| and lim | —0. If the 

first of these fails to hold there exist 5, so small that (9a) holds, and sequences 
{ta}, {ma} such that 


D(ta) <8/a; S| Ax(ta)| <1/a; | Ax(te)| < 1/2; 
(20) k=nq+1 

> | 9x? (ta)| > e—2/a. 
k=nq-y+1 


Proceeding as in the proof that (13) is necessary in Theorem 3, we obtain 


n 
—= Oat Ax(ta) 
Let ox,q denote sgn gx‘‘/)(t,), and consider the sequence {z,} for which 
rj, for all k, but [ay ; |—=[2 + on,a(—1)*+(— 1); 
2 + ox,a(—1)*— (—1)*] for m1<k Sq. For this sequence, | a | <6 
and (2) = 4. The i-th and j-th components of the transform of this sequence 
are given by: 


(—1)4y (te) (ta) + an (ta) 


(16) (ta) + (1) (ta) + 00 


+ (ta) — (ta) + (ta) + (ta) }] + 


Subtracting the last two equations and using the definition of ox,q and the last 
of relations (20) we obtain 


(—1)*(y (ta) (ta)) De +2 + Oa. 


It follows that | y“ (tas: )—y™ (ta) | + | y? (tars) —y (ta) | > 4 + 2e + 
Hence Q(y) > 4+ % > 4= Q(z), which proves that lim | (t)| =0 


tty k=1 
is necessary. 


If we define a sequence such that —0, rj, bul 
5 + ona(—1)*+ (—1)%; + fo 


co 
Ma-1 < k S ng, it can be proved in a similar manner that lim > | hy“*#’ (¢) | =. 
k=1 


We now note that 
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2S | — (t)| SS | ge? +S | 
k=1 k=1 k=1 
so that by taking superior limits as to, lim sup | (¢) —a,4? (¢)| =0, 


which proves that (14) is necessary for any g=2. Also since 


| a(t) — SS | ge? (t)| +E | 
k=1 k=1 k=1 


it follows that (15) is necessary when g = 2. No mention of (15) is required 
in Theorem 4b since it is a consequence of (13) which is to be proved necessary. 

For any g = 2 it has already been shown in the proof of Theorem 3 that 
(12) is a necessary condition for both Theorems 4a and 4b. In the statement 
of Theorem 4a, (12) is omitted since it can be obtained as a consequence 


of (16). 
| To prove that (16) is necessary when g = 2 define a sequence {2} such 
that a‘ = 0, r41, but {a;‘"} is an arbitrary bounded sequence of numbers. 


Since || Ax (7) || is repressive 


= lim sup {| (t) — (w) | 
k=1 
|S (ag 9? (4) — ag 9? ) |} S = A(x), 
k=l 
Then certainly, 4 


co 
lim sup | (t) ay 4” (t) 
t,u—>to k=1 


| (u) + (u)) | 
Due to the fact that the transformations || ax“ (t) + a,” (t)|| are both 
regular, (11) can be used to obtain, lim | (t) a9 (t) | = 1. 
To prove that (13) is necessary ae > 2 suppose (13) fails. Then 
for some pair of integers 1, j, i j, lien: eup >| ay? (t)| > for some > 0. 
Choose sequences {1a}, {ta} such that tag—> to, Ma > Ma-1 and 
00 na 
(21) Ar(ta)| <1/aj Ae(ta)| < | (ta)| > 


Use to represent sgn (tg) and define a sequence {2;} such that 


_<$<__ 
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[tu 5 ; [3 + + o%,a(— 1)*— (—1)*; 
2+ 2(—1)*31 + + o%a(—1)* + (—1)%] 
for << S mq but = 0 for r > 3 and all k. By (7a), | | S12 and 


Q(z) = 8. Since (14) and (15) have been proved necessary we can use them 
together with (21) to obtain 


(— 1)*{— y (ta) + y (ta) + (ta)} > 4+ + 04. 


It follows that 


| y (tas) —y (ta) | + | (tars) —y (ta) | 
+ | y (tas) —y™ (ta) | > 8 + + Oa. 


Hence Q(y) > (zx) and this contradiction that || Ag, (t)|| is not repressive 
proves that (13) is necessary when q > 2. 

As remarked in the proof of Theorem 3, (12), (13), (14) are sufficient 
to make Q(y) =(z) for any one of the definitions (7) of || for any 
q=2. The sufficiency of (14), (15), (16) when g = 2 remains to be proved. 
To do so note that because of (14) and (15), 


u(t) () ()] = LE (ae? (than + ax 
(¢) ay + (t) ary + 0. 


We have taken i = 1, j = 2, which is no restriction. Since for any two real 
numbers 2,8, || is either or |a—B| and |a+8| 


= |«|-+ ||, we have for either upper or lower signs, 


(22) |y(t)—y(u)| S| (1) (t) )— (ay? (w) ay 2? (u)) | 


for any pair of values t, uw which satisfy (9a). On account of (16) we see that 
the two transformations, || Ax(¢) ||, in which (t) = ax (¢) 
(t) = 0, (t) = 0, Ax? (t) = (t) + (t), satisfy (12), 
(13), (14) which have been proved sufficient for repressiveness. Therefore 
the superior limit as t,u— t) of the right member of (22) [Q(z). Using 
(22), Q(y) SQ(x), which proves that (14), (15), (16), are sufficient. 
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THEOREM 5. If the definition of |x| is given by (%c), for a regular 
|| Ax(t) || to be repressive, (12) and (13) are necessary and sufficient. 


The proof that (12) is necessary has already been given in proving 
Theorem 3. 

To prove (13) necessary we assume (13) fails to hold and obtain (17a) 
and (17b) as in proving (13) necessary for Theorem 3. In this case use 
the sequence defined by, 0, r 41, rj, for all k, but ; 
= [(—1)*; (—1)*sgn a? (ta) ] when <kS mg, so that | 
and Q(x) = 2. For this sequence we obtain, 


(ta) 1+ | (ta)| + 04 > 1+ 


from which it follows that | y (tas) —y™(ta)| >2+ 2% +04. But 
2(y)= lim sup | (tas) — y (ta) | 2 + % > 2 —(z), and this proves 


that (13) is necessary. 
To prove (12) and (13) sufficient we note that 


q 
y(t) —y (u) = ay (t) ay” > a” (w) ay” ), 
r=1 k=1 k=1 
or because of (13) 
—y"(u) >» (a, (¢) — a,” (w) ) ay,” Ot. 
k=1 


Since (12) is to hold, the regular transformation || a,‘‘#(¢) || satisfies (11) 
and is therefore a repressive transformation. For this reason 


lim sup | — ) a? | 
t,u—>to k=1 


and consequently 
—lim sup | y(t) —y (u)| SO(2). 
t,u—>to 


For the definition of | «| being considered this implies Q(y) [S Q(x) and 
sufficiency is established. 


4. Extensions. An examination of our criteria which determine whether 
a transformation || A;(¢)|| is regular, or regular and repressive, shows the 
following remarks to be true. Although the matrix-vector product is non- 


a->0o 
i 
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commutative the same criteria determine a transformation to be regular, or 
regular and repressive, if the product is taken in the other order, namely 


y(t) = > 2Ax(t). Otherwise stated, if the transformation || Az(t) |] is regular, 


or regular and repressive, the transformation || A%,(t)|| is also regular, or 
regular and repressive, if A’,(t) is the conjugate matrix of Ax(t). 

If (7%) be replaced by the corresponding definitions of the modulus of a 
matrix our theorems are true without change for the type of transformation 
in which a sequence of square matrices {X;} is transformed into a matrix 


Y(t) either by Y(t) —3S or by Y(t) —S Xeda(t). Only minor 
k=1 k=1 


changes in the proofs are needed to establish this. The same remarks apply 
here as in the case of transforming a sequence of vectors, . 
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CREMONA’S DIOPHANTINE EQUATIONS. 


By ArtHuR B. CoBLe. 


Introduction. The purpose of this article is to present some rather 
specific results, as well as some general points of view, with respect to the 
solutions in terms of integers, positive, negative, or zero, of the two dio- 
phantine equations connected with the determination of a complete and regular 
linear system, %p,2, of plane curves of dimension d, the generic curve of the 
system having the genus p. The literature is covered in the N. R. C. Report,° 
Chaps. III, Let 
(1) © == Lp} 


be the characteristic of %, where x is the order, 2,: - -, Zp the multiplicities 
of the generic curve of & at the prescribed base points. The diophantine equa- 
tions are then 
(2) a? +1—d—p, 

—1—d+p. 


These equations were given by Cremona for the case, %o,2 of homaloidal nets. 
However, in connection with such nets the cases Xoo and %o,-,, of respectively 
P-curves and D-conditions, are important. 

A particular linear system has infinitely many conjugate linear systems 
under Cremona transformation of the plane. Thus the effect of a quadratic 
transformation with F-points at the first three base points of the system Xpa 
with characteristic x is to transform it into a system 3’p,4 with characteristic 2’ 
where 


= 2% — — -— 23, 
= (j =1,° ‘,;p—3). 


In order to allow for the various ways in which the Q. T. may be applied to the 
base points and for the various orders in which the base points themselves may 
be arranged, we add to the transformation A,,; in (3) the permutation group 


(4) II (2, ° Zp) 
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of 2,:°*,2p. Then Aj; and II generate a group of linear transformations 
of determinant + 1 whose generic element, 


= NXy —- 1101" *— pLp, 

(5) 
p = — * AppLp, 


gives the effect upon a characteristic + of a C. T. whose F-points (p or less in 
number) are found at the basis points of Spa. If some of the F-points of C. T. 
are not included in the set of base points of %, the set must be enlarged by the 
inclusion of points of zero multiplicity. 
In this generic element, (5), the first row and column furnish the 

characteristics, 

(%5 °°, Tp); 


of homaloidal nets, the inverse and direct nets of the Cremona transformation 
C.T. The simplest net of this character is the net of straight lines with 
characteristic {1; 90-- -} — {15 0°}, the exponent p indicating repetition 
p times. The other rows and columns furnish the characteristics, 


of P-curves of the direct and inverse transformation. The simplest P-curve 
has the characteristic {0; —100- - -} = {0; —10°"}, this indicating the 
set of directions about the first basis point, which passes by the C. T. into the 
P-curve with characteristic *%pi:}. The conditions on the coeffi- 
cients n, ri, 8;, %ij Of (5) are all comprised by the statement that the linear 
group has the absolute invariants, 


2? 


The linear group generated by II and A,.; contains a conjugate set of 
generating involutions. In this set there are found the transpositions contained 
in II as well as Aj. itself. If the base points are subject to a D-condition, 
the effect of the corresponding generating involution can be realized by 4 
collineation rather than a C.T. Thus if the first two base points coincide in 
some direction, there is a collineation—the identity—which interchanges these 
two and leaves the other base points fixed. If the three F-points of the 
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quadratic transformation A,2, are on a line, the transformation becomes a 
collineation. The characteristic of this D-condition is 


{1;11100- - -} (1; 


the characteristic of the coincidence condition is {0; 1, —1, 0*?}. Thus the 
aggregate of D-conditions on the p base points is isomorphic with the aggregate 
of generating involutions of the linear group [cf. +, pp. 15-17]. 

The general range of problems with which we are concerned may be 
formulated as follows: Given integer values of d, p, and p, to obtain all the 
solutions of the two diophantine equations (2), to divide these solutions into 
sets conjugate under the linear group generated by II and Aj23, to seek for 
each conjugate set its simplest representative, and finally to determine arith- 
metical criteria that a particular solution may belong to a given conjugate set. 
Since the linear group is infinite when p= 9, the number of solutions in a 
conjugate set is in general infinite. The given integer p is necessarily positive, 
but d and p may be positive, negative, or zero. For example, d is —1 in the 
case of a D-condition. 

In the case of homaloidal nets, or linear systems %o,2, de Jonquiéres has 
classified the solutions of (2) into geometric, arithmetic, or algebraic according 
as the integers {xz are (a) all positive or zero, defining a geo- 
metrically existent homaloidal net; (b) all positive or zero, but defining no 
existent net; or (c) partly or altogether negative. This classification is not in 
accord with our present purpose. For example the algebraic characteristic, 
{0;— 10°}, the set of directions about a point, is in the same conjugate set 
as {1; 1° 0°}, a line on two points. Each has a geometric existence. We shall 
rather find three classes of solutions, which we shall distinguish as proper, 
degenerate, or virtual, according as the generic curve of the system is 
(a) existent and irreducible; (b) existent but reducible; or (c) non-existent. 


1. A canonical form of the characteristic of a linear system. We 
shall take the characteristic represented in (1) in the following form, pre- 
pared for the case of a set of 8 + 7 base points, say the set P*,,; in the plane: 


(7) {3(y + 8)—v; y + — 41, y + — y + 89 — Ss, Ko, 


For the case j = 1 this canonical form has appeared in theses of Dr. Taylor ? 
and Dr. Barber.* We apply it here more extensively. 

It is now easy to verify that the diophantine equations (2) are satisfied 
if the integer parameters introduced in (7) satisfy the following conditions: 


q 
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8 + 6, +: “+ 8, = 3y (v=—1,0,1), =y—1 + p—d, 
( ) +8,2 48,2 + 2c, = y? — +1—p—d, 


The restriction of the value of v to 0, + 1 is not material, since the canonical 
form (7) is not affected when each 8 is increased by k& and when » is increased 
by 3k. We observe also that ¢ is an integer equal to or greater than 0. 

The equations in the second column (8) may be replaced by the following: 


(8. 1) = *,«j,A), 
€ = 02(ki,° "Kj, A) (92) (3) 


where a, o2 are the first and second elementary symmetric polynomials in the 
indicated arguments. 

To apply these equations to the determination of a characteristic for a 
given system 3p, and thus for given A, we first select a v= 0,1, —1, select 
at random, and then determine 6) and from the equations (8). 
For this ¢ it is then necessary to select x,,: - -,«; subject to the last of equa- 
tions (8.1). Finally y is obtained from the second of equations (8.1), and 
the characteristic (7) is fixed. As an alternative one might select x; 
at random and thus determine «. It would then be necessary to determine the 
sets $),- - -,8s which fit this «. The tentative character of this process of 
fitting the «, either on the side of the x’s, or on the side of the 8’s, may be 
removed in great measure by a new procedure. Let 


(9) 01(ks,° *,«j,A), 


Then the last equation (8.1) reads: 
(xr + €) (we + = = ho. 


Thus 

(10) ky = ho 

Hence 

(11) very ordered characteristic of a system Xpa is given by the canonical 
form for arbitrary integral choice of 8s, * *,«j, and selection 
of v from —1, 0,1, and for an arbitrary factorization of the integer 
tie = hy he. 


Indeed, for given 8,,- - -, 8s, the equations (8) define 5) and «. For given 


ks," *,«j, the equations (9) define A, and ho. Then xe are 


OSS 
A=1—p+d, 
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determined by equations (10), and finally y is obtained from (8.1). Thus 
every ordered solution of the diophantine equations (2) is determined explicitly 
except to within an arbitrary factorization of a determinate integer. 

The procedure just outlined applies specifically to cases 7 > 2 but it 
specializes readily to sets of base points P,? and Py. We give two examples, 
the first being the determination of homaloidal nets with 8 or fewer F-points. 
Then p=0, d=2,A=3. Since in (10) x, hy Then, 
due to the last equation (9), 10; and, due to the first equation (9), «= 4. 
From (8.1) we find y= 3. For e=4, the sets of 8’s which satisfy (8) are 


[ef. (19)]: 


v= 0 v=—1 
—2 0 1’ —2 1 — 3 08 
(—2 07 2) (— 1? 1°) — 2? Oe 1 
— —1? 0? 1% 2 —2 —1* 0° 1? 
— —1 0° 2? (—1° 
0° 3 —1° 


In each of these sets {v; 5} we select one of the integers as 5, and, recalling 
that y = 3, write down as in (7) the resulting characteristic. If we apply 
this to the 11 sets 6 not enclosed above in parentheses, we obtain the 35 types 
of proper homaloidal nets with eight or fewer F-points as usually tabulated 
[cf.1, p. 17]. If however we apply it to the three sets § in parentheses (these 
being characterized by 8;—8;==0 mod.2), we get the following sets of 
characteristics : 

{3; iY == BY, {5; 3? 1°}, {7; 3° 1°}, 
(13) {9; 5 8° 1}, {11; 5°35}, 37}, 

{15; 757}. 


It is easy to verify that these characteristics form a complete conjugate set 
under the Q. T.’s (3). We see also that they are degenerate, but still geo- 
metrically constructible. Thus they can be exhibited as 


{3; 170} {0; O07 —1}, 271°} {1; 170°}, {5; 2° 1%} {2; 1° 0%}, 
(14) {6; 32°1} {3; 21°O}, {75 3° 2°} 291°}, {8; 3°27} {5; 2°17}, 
{9; 437} {6; 327}. 


Each of these Cremona nets is composed of an elliptic net taken with a fixed 
P-curve which is the common canonical adjoint of the elliptic curves. The 
P-curve has no variable points in common with the generic elliptic curve of the 
net. The net {3; 17—1} has the same constitution, being composed of the 
elliptic net {3; 170} and the P-curve {0; 07— 1}, the directions about the 


= 
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point ps. Thus this type of net, characterized by de Jonquiéres as algebraic, 
is in the same conjugate set as the other types which he calls arithmetic. We 
prefer to say that 


(15) For p= 8, the equations (2) have, when p, d = 0, 2, 35 solutions which 
yield proper homaloidal nets and 7% solutions which yield degenerate homa- 
loidal nets. 


As a second example, we consider the D-conditions for P,?, i.e., 


ko p=0, d=—1,A=0. Then in (9) in (10) 
he =0, in (9) =0, whence and In (8) y=x;. When 
e=1, 


(v; 8) =—=(0;—1071), (1; 0°1%), (—1;—1°0°). 
Selecting a 5, in each of these we get three distinct solutions 


(16) {3x15 K1 — 1, 1°, + 1}, — 13 (x: —1)*, «1°}, 
{8«, + 15 «1°, («i + 1)*}. 


the various 6)’s in a (v; 8) giving only one solution due to the various 
multiplicities which can be chosen as y—«,. That these constitute a single 
conjugate set has already been proved [cf. *, pp. 16-17]. We observe that 
these are all geometrically existent in the sense that only a single condition 
(d =—1) on the base points of %»,-, must be satisfied in order to ensure 
the existence of the rational curve indicated. In the case of a D-condition 
the linear diophantine equation (2) is homogeneous, and the characteristics 
x and —~z are paired. Hither member of the pair indicates the same con- 
dition, since the original D-condition, {0;1— 410°}, which indicates the 
coincidence of pz is identical with {0;— 11 0°-*}. 


2. Lemmas concerning the canonical form in 1. We shall say that 
a characteristic = {2%}; is in the natural order when, for 2 > 0, 
if +<j; or when, for <0, if 7. Thus any char- 
acteristic with 2) 4 0 which is in the natural order determines, in (7), (8.1), 
and (9), unique values of v, - -, 3s, €, y, *,«j. We determine first 
some properties of the solutions (v;5) of the equations 38 = 3v (v = 0, 1, — 1) 
= + 2e for given «. 


(17) Lemna. [If the solutions 8 of 


(a) = 3p 


1=0 


| 
| 
| (v= 0,1,—1) 
| 
| 


CREMONA’S DIOPHANTINE EQUATIONS. 


are so arranged that 


then either 

(c) e=0 and (v;8) = (0; 0°) 
or 


8 + 6 + < 0, 
(d) 8 +8: +8 —v <0, 
& +36,+6.—v< 0. 


The last two inequalities are immediate consequences of the first and of (b). 
If 5) > 0, every 6 > 0, and (a) is not satisfied. If 5,5 —0, and v= 0, every 8 
must be zero due to (a) and (b). This is the alternative case (c). If 5 —0, 
and vy = —1, (a) cannot be satisfied. If 8 —0, and v1, (a) can be satis- 
fied only by (v; 8) = (1; 0°18), (1;0712), (1; 088), all of which satisfy (d). 
We may therefore assume that 8 < 0, and will divide the proof into 
four cases: 
> 0, & > 0, 
In case (A) also 6. = 0. If either of 8, and 8; is < 0, then (d) is satisfied 
since 85 < 0 and —v=1. If —6 —0 and v—0,1, (d) is satisfied; if 
however v = — 1, we have & < 0,8, = 0, and 6 + 6,+6,+:---+8;—=—83. 
But, since 6; = 0, 5,,- - -, 8 are zero or positive, and & + 6, =—3. Hence 
8) = — 2, and (d) is satisfied. 


(D) 8 >0. 


In case (B) we write (a) in the form 
— —8, —8, (kS6). 
Then —& Sk/3—v, —8 S—k/6, —&S0 
and — 8; = k/6—»v. 
Hence +8 +6—v=—k/6, or & +82+8—rv< 0. 


The cases (C) and (D) are treated in the same way as the case (B) to 
complete the proof of the lemma. 


(18) Lemma. For given the maximum value of | is 2(e)%. 
This maximum is attained only in the cases « = 7’, (v;8) = (0; —7 07). 


Proof. Case I: v=0. Unless the maximal case mentioned occurs, 
+ 2. When 5; are of opposite sign, + 8;? — 28,8), since 
(6; + 8;)?>0. Hence 8;? + 8;? — < 4e, o7 | 8; — 3; | 
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Case Il: Since 38? + 2c, then + 3;? < 2c, except in the 
two cases (v;5) = (137+ 3,0’, (137+ 2,1, 0°,—~y), and the con- 
clusion follows as before. In these two cases « is 9? + 37+ 4, 7? + 27+2 
respectively, and the maximum value of | 6; —8;| is 27 + 3, 27+ 2 respec- 
tively. ‘T'he squares of these are respectively less than 4e. 


Case III: v——1. The proof of this is the same as for Case II, since 
= 


We shall indicate the canonical form (7%) of the characteristic 
Zp} by the notation {v, (8))8,- the y which determines the 
order of the characteristic, and the « which with v determines the 8’s, being 
obtained from the formulae (8.1). The isolation of a particular 4, say 6, 
in the canonical form is indicated by the parenthesis (6). 

It will be convenient to have a table of values (v; 8) for early values of «. 
This, for e=0,- - -,7% is: 


€ v= 0 : € v=0 
0 0° 6 —30°13 —2—1071*2 
1 —10'1 — 27 14 — 20°12? 
2 —170°1? —10*1* —2—1°1' — 1° 0? 1? 2? 
0712 —1?70*173 
— 1° 0° 1 —10°172 % — 30? 1° 
— 30°12 — 2?1' 

(19) 4 —2—10*1®% —20°1° — 2?—101° — 2— 17152 
—2072 — 1°1° — 2? 0* 172 —2—10° 1??? 
—1*01* — 170° 1° 2 —2—1°01°2 —20°173 

0° 3 — 1? 0° 2° 

5 —2—170?1* —2—101* — 1° 07 

—2—10°12 —20*1°2 — 170°23 
—1°01*2 
— 1? 04 1 2? 
—10°13 


In this table the values 6 for y = — 1 are to be obtained by changing the signs 
of the 8’s for y= 1; furthermore the values 8 for v = 0 are to be supplemented 
by changing the signs of those values given. 

Since there are only a finite number of types of C.T.’s with 8 or fewer 


| 
| 
| 
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F-points, one would naturally inquire as to the effect upon the canonical char- 
acteristic {v; 5,x} of a C. T. with F-points at the first 8 base points isolated 
by the 8’s. Since the «’s are not changed, the y and « are unaltered by such a 
C.T. The Bertini transformation, Bi2...s, defined by the first eight points, 
has the description, 


i=8 
4=1 


i=8 
62) — > 244 — =1,---,8). 
If we apply this to (7), we find that the (v; 6) is changed in sign. The Geiser 
transformation, G..,.s, defined by the base points p2,---, ps has the de- 


scription, 

i=8 

= 825 = 32; 
4=2 

i=8 

By — — (k = 2,---,8). 
=2 


If this is applied to (7), it appears that the (v; 8) is changed in sign, and in 
addition 5, and 6, are interchanged. Hence 


(20) The characteristic {v; (8))8:82° x} ts transformed by the Bertin 
transformation 3 mto {—v; 4s x}; by the Geiser trans- 
formation into {—v; — (8) and by the 
product B,...s {v3 (81) 882° x}. 


The product BG which occurs in (20) is noteworthy as being the fourth 
type of C.T. which is included among the generating involutions mentioned 
in the introduction [also cf. +, p. 253 (6)], the first three types being the 
transposition (a;x;), the Q. T., A123, and the quintic transformation with six 
double /’-points. These four types of involutions are connected respectively 
with the D-conditions: {0; 1—10*?}, {1; 1°0**}, {2; 1°0*}, and 
{3;2170°*}. They are the only generating involutions with less than 9 
F-points. 

We examine the effect upon the characteristic {v; 8x} of the other two 
types of generating involutions, the quintic transformation Q;... . with double 
F-points at the last six of the first eight points of the characteristic, and the 
quadratic transformation A,,., with simple F-points at the first three points of 


the characteristic. The results are as follows: 
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(21) The characteristic {v; 8x} is transformed by Q3,...,8 into the char- 
acteristic ; x} where 


+812 (t= 0,1, 2), = 8) + (70, 1,2), 
and where 8o:2 and v¥” are so adjusted in 
= +8, + 8,—v) — B8o12 
that v =v-+ vy” takes values 0, 1, —1. 


(22) The characteristic {v; 8x} is transformed by A123 into the characteristic 
{v’; x} where 


= + S128 (tA 1, 2,3), = 8; + 8123 — (j = 1,2, 3), 


7 


and where 8,2, and v” are so adjusted in p=8, + 8 + 83; —v = 38), —V 
that v =v-+v” takes values 0, 1, —1. 


The order of the group generated by the transpositions in.a characteristic, 
and by the quadratic transformations, when applied to the first eight points 
alone, is finite, and has the value 10! 96 [cf. *, p. 373]. When « is given, the 
number of solutions (v;8) increases with increasing « and must eventually 
exceed the order of this group. Hence in general the solutions (v;8) for 
given e must divide into a number of conjugate sets under the operations (22), 
as well as under the operations (21) and (20), which can be expressed as 
products of operations (22). Some numerical properties which separate con- 
jugate sets of (v;6) are as follows: 


(23) For gwen « the sets (v;8) for which 8; —v=0 mod 2 constitute one 
or more conjugate sets. 


(24) For given « the sets (0;8) for which 8; —8;=0 mod 8 constitute one 
or more conjugate sets. 


Indeed it is clear that each one of these two properties is invariant 
under (22). An example of (23) is found in the table (19) for «=—4, 
(v;8) = (0; —2 072), (1;—1° 1°), (—1;—1° 15), these forming one con- 
jugate set under (22). An exemple of (24) occurs when 


e=9, (v38) =(0;—3073), (0;—271%), (0;—1°28), 


these also forming one conjugate set. 
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A criterion of a different sort is the following: 


(25) For given « the sets (v;8) which reduce mod 3 to one of the following 
types (1,7, k being any cyclic advance of 0, 1, —1), 


7h), (—150°h*) 
constitute one or more conjugate sets; while those which reduce to 
(O;aj*k*), PR), (+151) 
also constitute one or more conjugate sets. 


This may be verified by applying the operation (22) reduced mod 3. An 
example of this is found in (19) for «7, all of the sets (v;8) dividing into 
two conjugate sets according to the criterion (25). 

The conjugate sets (v;8) may be exhibited from another point of view. 
With the « given in the characteristic {v;8x}, y and e« are known when 
p and d are known [cf. (8.1)]. Let (v;8) be a solution attached to this « 
with 8, 6:,° °°, 8s, arranged in ascending order and therefore with the first 
eight multiplicities z,,- - +, , arranged in descending order. The order, 
= 3(y + 8) —»v, of the characteristic for the given (vy; 8) will be a mini- 
mum if 8) is taken to be the least 6. If 8) is any other 8, then the order 2» 
(if positive) of the characteristic can be reduced by Q. T. at the three first 
base points [cf. (17)]. Even if 8 is the least 8, the positive order can be 
reduced by Q. T. if 8, + 6. + 8,—v< 0. Hence 


(26) If the order x» of a characteristic {v;8,x} is positive the order 
ty = 3(y + 8) —v can be reduced by Cremona transformation with F-points 
at the first eight points unless 8 is the least § and also 8, + 8, +8—3 50 
(& = 8 = = 8s). 


Thus we can obtain the types of characteristics for given x, p, d (and 
thereby given y, «), which are irreducible under Q.T. or C.'T. at the first 
eight points by tabulating only those sets (v; 8) for which 8, + 8, + 8; —v 5S 0. 
This much restricted set of solutions (v;8) for e—0 up toe= 15 follows: 
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€ y=(0 y=1 y= — 
0 0° 
1 —10'1 
2 
3 — 20° 1? 
4 —20°2 — 3 0° 
5 —3—10°1 
6 — 30° 1° 
(27) 7 —30°12 — 30? 1° 
8 —3—I11' —4071 
9 —3073 —4—10°1? 
10 1* —4—10%2 
11 —40°172 —401' 
12 — 4 0° 2? —40?1°2 
13 —40°31 —4—11°2 — 50° 1? 
14 —5072 
— 5—10*1*. 
15 —5—10°12 


The criterion (23) distinguishes between the two solutions for « = 4, 8, 12; 
the criterion (24) distinguishes between the two solutions for «9; and the 
criterion (25) distinguishes between the two solutions for «7%, 10, and 
partially distinguishes among the three solutions for e—13. None of them 
distinguishes between the two solutions for e = 11, though each of these solu- 
tions gives rise to a conjugate set of solutions (v;8). As « increases the 
number of these restricted solutions (v;8) also increases. However the in- 
crease is much less rapid than that of all the solutions (v;8). 
By changing the sign of a characteristic we prove similarly that 


(28) If the order x» of a characteristic {v;8,«} is negative this order can be 
increased by C.T. with F-points at the first eight points unless 8 is the 
greatest § and also 8, + 8 +8:—v= 0 (8 S 6, S 82° S 8s). 


Assuming that the given characteristic has a positive order, and positive 
or zero multiplicities, we would normally select «,,- --,«; to be the least 
multiplicities, so as to have a minimum « and a minimum y for the char- 
acteristic [cf. (8.1)]. Then v and 8 are determined from the order, and 
8,,: °°, 8s from the first eight multiplicities. If we interchange the eighth 
and ninth points of multiplicities, y+ 8— 8s, and «:, respectively, then 


CREMONA’S DIOPHANTINE EQUATIONS. 471 


v, 815° *,«j are unaltered while y, 8), 5s, «x, are replaced by 
7, 8s, Where 


=y + Co, (— =(— 80) + = 8s + Ces, = + Crp, 
Cso ds on =(y do — §s)— «1. 


This is the transformation (3) on the four arguments y, — 8o, 83, xi. The 
additive constant Czy is the difference of the orders of the two points inter- 
changed. We find that & ~e-+ (y—x«:)(7/—y). Thus if y is reduced, 
«is also reduced since y — x, is positive. 

We shall later carry out the reduction of characteristics to those of lower 
order by first reducing the order as far as possible by C. T. at the first eight 
points, and then, if possible, lower the e by the interchange just mentioned. 


(29) 


3. The addition of characteristics. We readily find from the equations 
(2) that the sum, 


of the characteristics x and 2’ of dimension d, d’ and genus p, p’ respectively 
is a characteristic 7” of dimension d” and genus p”, where 


ai” =a, + —d+d' + D, p” (p—1) + —1) + D, 
(31) 
i=p 
D = — > 
i=1 
Thus D is the number of intersections of a member of the one system with a 
member of the other outside the p common base points of the two systems. 
Again, if the given characteristic z has dimension d and genus p, the 
multiple ka = {ka );kx,- -kxp} has dimension d’ and genus p’, where 


(32) 
In particular, the value k ——1 yields for the characteristic — a the 
values, 
(33) d=p—i1, p'—1=d. 


An especially notable characteristic is [== {3;1°} which is invariant 
under the quadratic transformation (3). If the characteristic 2 with given 
p,d be added to kL, a characteristic « + kL with p’,d’ is obtained such that 


(34) d’ = (k + 1)d—k(p—1) — (*)(p—9), 


ti 
| 
{ 
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Combining this with (33), we find that p’ and d’ for the characteristic 
—xz+kL are 


df ——kd + (k +1) (p—1) — (p—9), 
py —1=—— (k—1)d+ k(p-—1) — (5) (p—9). 


It is evident from the derivation that the substitutions (34) on d, p—1 
of determinant + 1 constitute for all integer values of k& an infinite cyclic 
group which is amplified by the substitutions (35) of determinant —1 and 
period two into an infinite dihedral group. 

An interesting application of (35) arises from the question as to when a 
Cremona net p= 0, d = 2 is converted into a Cremona net p’ —0, d’ =2. 
After factoring out k + 1 and k —1 respectively, which cannot vanish simul- 
taneously, we are left with a single condition, 


(35) 


k(p—9) =—6. 
This yields eight solutions 
p= 10; 11; 12; 15; 8; 7; 6; 3 
<9) k=—6; —3; —2; —1; 6; 3; 2; 1. 


The cases in which & is positive are those cases p < 9 for which a symmetric 
C. T. exists. Multiplication by this symmetric transformation pairs the Cre- 
mona nets. This pairing is also effected by a change of sign of the char- 
acteristic and the addition of kL. But we shall also find all the Cremona 
characteristics, whose order is negative for p = 10, by changing the sign of the 
characteristics of positive order and subtracting 6£. A similar procedure is 
evidently possible for p11, 12, and 15. We find in section 10 virtual 
Cremona transformations corresponding to these symmetric cases p = 10 and 


p=11. 

It is clear that, with the notion of addition of characteristics in mind, 
any characteristic 2 with positive order positive multiplicities - -, %, 
and negative multiplicities 2;,:,- - -,2%p will give rise to a degenerate linear 
system, if there exists a linear system of curves with characteristic 
{2%;2,° - *a}. In fact this latter system, taken with the sets of directions 
at the base points °°, Pp taken 2%,, times,- - -,2p times respectively, 


represents the original system. The original characteristic can be transformed 
into purely positive characteristics which define linear systems which de- 
generate into precisely the transforms of these components. An example of 
this is found in the nets (13). On the other hand any characteristic with 
negative x» is necessarily not constructible, and therefore is virtual. 
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We proceed .to apply the ideas and results above to the determination of 
D-conditions, P-curves, and C-nets, for p—=9 and p—10, the D-conditions 
for Py? having already been obtained. For these cases we shall find only a 
small number of conjugate sets, whereas for P,,? we shall find that even the 
number of conjugate sets under C. T. is infinite. 


4, P-curves for P,*. In this case, p—=d—0O, and [cf. (8.1)] 


ko = Kz; ‘= 0, whence 


A=1, y=uitl, «=n+1. 


If the P-characteristic has ordered multiplicities, then y + 89 — 83 S «:, and 
8; = 8, gee ds. Thus 
(37) — 1. 


Subject to this limitation, we find for e—0O and e=1 the following types 
of P-curves: 


e=0: (v;8) = (0; 0°): P{0; 1}; 
98 e=1: (v;8) (0;—10'1): P{3;21°0?7}, P{6;3 27 07}; 
== (1;0°1°): Pit; Oh, P{5; 2°17 0}; 


=(—1;—1°0°):  P{1; 1707}, P{4; 2° 1° 0}. 


We observe first that the order of the characteristic is zero as in 
P{0; 0% — 1}, or it is positive. This is true for y =e = 0, 1, as in the above 
table. We examine therefore only the cases y= 2%. The generic order is 
3(y +8) —v. Since in (37) 8, is either the greatest 8, or the greatest after 
then 6, 0. Thus S>—1. Also —vS—1. Hence 


3(y +5) —vyS6—3—1. 


We observe secondly that, unless « = 0, (v;8) = (0; 0°), the order of the 
characteristic can be reduced by Q.T. This follows immediately from (26) 
and (17) if & is not the smallest 6. Let then 8 be the smallest 6, whence 385 
is the largest. Then 5) < 0 except for (v; 8) = (0; 0°), (1; 0° 1°), (1; 0712); 
and 8, > 0 except for (v;8) = (0;0°), (—1;—1° 0°), (—1;—2— 107°). 
Two of these cases are eliminated by (37). For two others 8, + 8, + 8;—v < 0 
and the corresponding P-characteristics are reducible. Hence the order of every 
P-characteristic is reducible except that formed from = 0, (v;8) = (0; 0°), 
which is P{0; 0® — 1}, the set of directions about the point py. 

When the order is reduced, the reduction can be carried out by Q. T. 
at the first eight points until one at least of the first eight multiplicities is 
less than the ninth multiplicity «,, unless x, is already —1 and e—0. When 


| 
‘ 
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this reduced characteristic is rearranged into the natural order, x; is replaced 
by a x’ < x«,, and therefore « is replaced by an <«. This reduction of « 
can be continued until «= 0: Hence every P-characteristic can be reduced 
by Q. T. to the type P{0; 0*—1}, and therefore it defines a P-curve which 
can be transformed by C. T. into the directions about a point. Hence 


(39) very P-characteristic for Ps? has the form, 
P{3(e 8o) e+ 8) — 4,, e+ 8o — 82, ° + 8 — 8s, 1} 


where v 1s chosen from 0,1, —1; where eight of the 8s are arbitrary, and the 
ninth is determined from 38=—3v; and where « 1s determined from 
35? = y? + 2. Hvery such P-characteristic defines a geometrically existent 
P-curve. The P-curves all are in a single conjugate set being reducible by 
C.T. to the unique type P{0;0*—1} of zero order. All other types have 
positive order and positive or zero multiplicities. 

If the 8s are so arranged that 


then each characteristic is arranged in the natural order, and has a unique 
representation. 
5. C-nets for P,?. For these homaloidal nets p—0, d = 2, and 
A=3, yout+3, 


Since « = 0, the lowest multiplicity which can occur in the C-characteristic is 
k, = —1 for which e —1 and 


(v;8) =(0;—1071), (1;0°1%), (—1;—1°0°). 
The corresponding nets are 


C{5;2518—1}, C{4;221°—1}, C{3;170—1}. 


These are all equivalent to the last under C. T. at the first eight points. 

If the lowest multiplicity is x, 0, then e—4. These, being C-char- 
acteristics for P,*, have been determined in (15). There are 35 proper (i.e. 
geometrically existent and non-degenerate) nets which are reducible by Q. T. 
to the type C'{1; 0°}, the net of lines; and 6 degenerate (i.e. also geometrically 
existent) nets which are reducible by Q. T. to the last type (40). 

The order of the C-characteristic is always positive. For, 3(y + 8) —v 
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is zero or negative only if y +8 =0, or if y=xn, +3=|8]|. But 
<< 38° =v? + %. Hence only if («, +3)? << v4 2%, or if 
(x, + 3)? << 1+ 2(3«, + 4), or if < 0, which is impossible. 

The order of the C-characteristic is always reducible except in the two 
cases C'{1; 0°}, C{3;170—1}. For, if the characteristic is arranged in the 
natural order, 6; = 8°: = 68s, and y+ Sx, 85 —8s S —3. 
According to (26) and (17), the order and three of the multiplicities can be 
reduced unless both 6 is the smallest § and 8, + 6.-+6,—vS0. Solutions 
(v;6) of this latter type (in which 8, is the largest 8) are tabulated in (27), 
and 6, — 6, = — 3 is valid only whene = 4. But these values of « have been 
considered above, and found to yield reducible types except in the two cases 
mentioned. Hence the order and three of the multiplicities can be reduced 
step by step until either a multiplicity 0 or —1 is reached as above, or until 
a multiplicity less than x, is obtained. Then a rearrangement of the char- 
acteristic yields an « <e. Eventually then an e—1,4 must be obtained. 
Hence 


(41) All C-characteristics for Ps? have a positive order and lie in two sets 
conjugate under Q.T. The one conjugate set consists of PRopER homaloidal 
nets reducible by Q.'T. to the net of lines C{1;0°}. The other conjugate set 
consists of DEGENERATE nels, each made up of a proper elliptic net and the 
fixed canonical adjoint of the net. These nets are reducible by Q.'T. to the 
net C{3; 17 0 —1}, consisting of an elliptic net on seven points and the set of 
directions about some eighth point. 


A criterion which determines the conjugate set to which a given C-char- 
acteristic belongs is the following: 


(42) A given C-characteristic for Ps’, x= +, defines a proper 
homaloidal net if the integers in x reduce modulo 3 to one of the following sets: 


(a) ij*h*}, {15 {— 1517}, {150°} 


(t,j,k being any cyclic advance of 0, 1,—1); tt defines a degenerate net if 
t reduces mod 3 to one of 


(b) {O;a7 ph}, {15 {— 150° 


For, it is easily verified that the Q. T., Aiss, in (3), when reduced mod 3, 
transforms these two sets of reduced characteristics each into itself. Since 
C{1; 0°} is in one set, and C{3; 170 —1} is the other, their conjugates under 
Q. T. must reduce mod 3 to members of the one set, or of the other, respectively. 
2 


i 
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We now seek to determine the conditions on the (v;8) which ensure that 
the C-characteristic derived from the 8s may yield a proper homaloidal net. 
We reduce the 8’s, e, and y mod 3. Then «=1, and y—x«, +3=kx,. How- 
ever x, in «= 3x, +4 remains as a parameter. The conditions on the 8’s 
reduce to 

3°—2(v—0), +1). 


Then the canonical characteristic reduces to 
{—v3K, 8) — 4,, Ky — 82, + 8) — dz, Ky + 8) — 


This distribution of {29;a,° - - 2g} arises from (v;.6) by changing the sign 
of the {v; 8} and by adding the {0 ; (x; + 8 )°}, where x, + 8)=0, 1,—1mod3. 
If then from any one of the set of reduced characteristics in (42a) we 
subtract {0; (x, + 8))°}, and change the sign, we get a reduced set of {v; 8}, 
which will determine the reduced characteristics. But this subtraction and 
change of sign leaves the list (42 a) as a whole unaltered. Hence 


(43) Given any partition of 3v (v=0,1,—1) into &,---,83 for which 
(v;8) ts congruent mod 3 to any of the sels in (42a), then this partition 


defines a proper homaloidal net 
{3(y + 8) —v3 y+ y +8 
where «, y are defined by 38° = v? + 2c, = 8x, + 4, y= +3. 


To obtain such a characteristic once and only once it is sufficient to ensure 
that the multiplicities are given in the natural descending order. For selected 
8 this requires that 6; =8& =---:=6,. Furthermore y + &—8& Sx, or 
3. Hence 


— S 


(44) If, in the partition (v;8)-in (43), 8 is so selected that 8) — 6 = — 3, 
8: being the largest remaining 8, and if 8,,--+,8 are so selected that 
8, Sb, then each homaloidal net is obtained once and only once 


in the natural order. 


According to (42 a) all proper C-nets for P,? are comprised under seven 
classes according as they reduce mod 3 to one or another of the seven types in 
(42a). These are the seven types found by Dr. Taylor.? In particular, the 
reduced types {1;7°}, {—1;7°} yield Dr. Taylor’s types I, II, respectively. 


Her remaining five types are given as products 


I A103, II A123, I 456, I] A 123A 456, I A 145 
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That this enumeration is complete follows almost immediately from the 
verification that the reduced types (+ 1;7°) yield, under multiplication by 
the Q. T.’s indicated, the five remaining reduced types in the set (42 a). Some 
corrections of the values given for the n, ri, sj, i; of these seven types are 
given by Dr. Barber.’ 


6. D-conditions for P,.°. With p—0, d=—1, the equations (2), 
when satisfied by {x ;a:}, are also satisfied by {—2);— 2}, so that any 
D-characteristic can be expressed in positive or negative form. This indeed 
was a property of the original D-condition {0;1,—1,0*?}, which expresses 
the coincidence of p, and p.. The equations (8.1) and (9) yield 

=(0, 
When « (v;8) = (0; 0°), «, =1, we find only one D-char- 
acteristic, {0;0°1—1}. When e=1, and 


(v;8) =(0;—1071), (1;0%1%), (—1;—1°0°), 


we find that x. 0, x; =«,, and obtain the D-characteristics given in (16). 
These are positive or zero throughout if x; => 1; negative or zero throughout 


if x, = —1. 


(45) LHvery positive factorization of (e > 1) yields a D-char- 
acteristic which is positive or zero throughout; every negative factorization 
one which is negative or zero throughout. 


For, if we examine first the positive factorizations, we see that the theorem 
is true if there is only one 6 which is different from 0. These two cases indeed 
are (v;8) = (1;0°3), (—1;—308), for each of which e—1—3=3. 1 
and y= 4. Thus the order 3(y +8) —v is positive in each case, and 
y +6) — 84; is positive in each case. If however two or more of the 8’s are 
not zero, then 


If now 3(y + 8) —v = 0, then either 

< 0, | | > Ki + ke, > + Ko? + kiko, 
or 


y¥+ 5 =—0, v= 0, | | + ko, = + Ko? + 
On comparing the values of 8,7 in (a) and (b), we have 
(b,) v? + 2 S 2; xk.” S 1. 


Since p? = 0,1, and x; S1, x. = 1, and cannot subsist, whence the 
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order 3(y+6)—v>0. Furthermore a negative factorization of «—1 
yields a D-characteristic with a negative order. For, otherwise a change of 
sign of the characteristic would give a new characteristic in which a negative 
order would arise from a positive factorization. Finally we observe that, if the 
order is positive, both positive and negative multiplicities cannot occur. For, 
we might take two such opposite multiplicities to be «1, x2, and then 
e—1—x,x, <0; whencee <1 ore=—0. But contributes only the 
case {0; 0* 1 — 1} of zero order. 

The reducibility under Q.T. of the positive characteristics is a con- 
sequence of the usual theory. If, in the equations (2) with 


the terms in 2, x, are transposed, and if the second equation multiplied by z, 
be subtracted from the first, then 


0 S — 323) + + Ze) 
— 2," — (1— p) (1+ 23) —d(1—a@z). 


This inequality is necessarily valid only for 7; >0. The characteristic is 
reducible only if x, + -+ 2; > 2. Suppose then 


(12) Lo SX, + Lz + 43. 
Eliminating x, from (J,), we get 
(13) S + (1—p+d)a, + (1— p—ad). 


If J; is not satisfied, the characteristic is reducible by Q.T. For D-, P-, and 
C-characteristics, (J;) reads: 


p=0,d=—1:) 24,4, + 2; 
(1,4) p=0, d=0: 243° S +43+1; 
p=0, d=2: 2437 S + 343, + 1. 


We are here interested in positive characteristics for which 21> > 0 since those 
for which 2;,—0 have been obtained. Thus xz, >0 and none of the in- 
equalities (J,) are satisfied. Hence 


(46) All D-, P-, C-characteristics for Py? with 2, 
are reducible by Q. T. until 21 is either zero or negative. 


If the canonical characteristic (7) for positive x:,«2 is arranged in de- 
scending order, then y + 8) —8s S «i, or x2 S 8s — 8). Hence 


(47) If v=0,1,—1 is selected, as well as eight of the 8's in 38 = 3y, of 
«> 0 is determined from 38? = v? + 2c, and if e—1—k,° Ks is any positwe 
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factorization; if furthermore 8 is selected from the 8s in such wise that 
ky Ke S 8s — when 6, S 8 S then each D-condition with posi- 
tive order, and positive or zero multiplicities is obtained from (7%) once and 
only once im the natural order. The negative factorizations (— x1) (— kz) 
yield these same D-conditions changed in sign. All these are equivalent under 
Q. T. to the one reduced form D{0;10%—1} which ts the only D-condition 
with both positive and negatwe multiplicities and which arises from the 
factorization —1 = (1)(—1) fore=0. 


7. P-curves for P,.?. With p—d=—=0 the equations (8.1) and (9) 
yield 
(Ki +1) (x2 +1), 1. 
For «=0, (v;8) =(0;0°), m=—€—1, y=f—1. 
We have then an infinite number of reduced forms, 
(48) P{8(¢— 1) ; (C—1)?’, —1}. 


These are not conjugate under Q. T., since each can be expressed in a particular 
way as (€—1) times the elliptic characteristic H{3;1°0} plus the P-char- 
actersitic P{0; 0° — 1}. 

Let then « >0, and consider any positive factorization of e into 
+ 1)(xe+1). For this, 50, and y>0. If one of the x1, x2 
is zero, we have a P-characteristic for Py? with e > 0 which, according to (39), 
has a positive order and positive or zero multiplicities. If «1, x2 are both 
positive, then y + 5) > 0 if y? > 8%. But < ife >0. And 2 
if x? + x2? > 1, which is true. But, if y +4) > 0, the order 3(y + 8) —v 
is positive. On the other hand, a negative factorization of « >0 yields 
ky >— 2, ko =—2, y=—3. The order now is negative if y < 0, 
which again is satisfied due to x,* + «x? > 1. 

Let any P-characteristic with positive order be arranged with descending 
multiplicities. Then either it arises as in (48) from e—0, £—1> 0, or it 
arises from a positive factorization of « > 0, since the order is positive. Hence 
the two smallest multiplicities are zero or positive, and all of the multiplicities 
are zero or positive. Hence, according to (46), it can be reduced by Q. T. 
until an ¢’ < ¢ is obtained for the ordered characteristic, and finally then be 
reduced to a type (48) for £—15S0. 

Let any P-characteristic with negative order be arranged with ascending 
multiplicities. Then either it arises as in (48) from e—0, £—1< 0 or it 
arises from a negative factorization of e > 0 since its order is negative. Hence 
the two largest multiplicities «,, «2 are =— 2, and all the multiplicities are 
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negative. We wish to prove that this characteristic is reducible by Q. T. to 
the form (48). Let the sign of the characteristic be changed, thus producing 
a characteristic {y} which is positive throughout and in descending order, for 
which p= 1, d =—1 [cf. (33)]. Then the inequality (J;) preceding (46) 
shows that {y} is reducible unless 2y,7 = 2y,yz—y3 +1. If y or y is 
greater than y;, this cannot be satisfied. Let then y; = y2—= y3. Reverting 
to the argument preceding (/;) we now find that 


Ys(Ys— Ys) + Y10(Y10 — Ys) = Yo(Yo — + 1— ys. 
The left member is zero or negative; the right is positive if yp > 3y;3. If 
Yo < 3y3, {y} is reducible. Hence we have to consider only the possibility of 
an irreducible case = Ys, Yo = 3y3. Then the original equations 
become 


or 
Ys(Ys — Ys) + Y10(Ys — Y10) = Ys — 1. 


If ys > ys, then the left member of this last equation is at least equal to 
Yt" "+ = 6y; + 1. 
Hence ys = yz, and similarly 
and the original equations become 
Yo=¥s Yor + +1, OF Y= Ys, 

Thus {y} either is reducible by Q.T., or is {3y3; ys3°1}; whence the 
original negative P-characteristic {x} is either reducible by Q.T., or is 
{— 3y3;— —1}. Hence 

(49) <A P-characteristic for Py? with negative order is negative throughout. 
Such a characteristic is VIRTUAL, and is reducible by Q. T. to one of the forms 
P{3(€—1); (€—1)*®,—1} (€—1< 0). A P-characteristic with posite 
order, which is positive or zero throughout, either is DEGENERATE, and reducible 
by Q. T. to one of the forms P{3(€— 1) ; (€—1)*, —1} (€{—1> 0); orts 
PROPER and reducible by Q. T. to the form P{0;0®—1}. The characteristics 


(48) for —1> 0 are the only ones which have both positive and negative 
integers. 


There is a very simple criterion which determines to which of the infinite 
number of conjugate classes (48) a particular P-characteristic belongs. 
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(50) Let {x} be a given P-characteristic and let € be the positive G.C. D. 
of the integers x + 3,4, +1,%2+1,- If 18 positive or zero, 
and £=1, P is a PROPER characteristic which defines a P-curve. If Xo is 
positive and > 1, P ts @ DEGENERATE characteristic which defines an elliptic 
curve taken €—1 times and a P-curve which 1s the canonical adjoint of the 
elliptic curve. If is negatwe and £>1, P is a virtTUAL characteristic. 
P is reducible by Q.T. to the form {3(€—1)e; [(€—1)e]®, —1}, where 
eis + 1 or —1 according as xp 1s positive or negative. 

For, this criterion is satisfied by the reduced forms and is invariant under 
the Q. T. as given in (3). 


8. C-nets for P,,*. With p—0, d =2 the equations (8.1), (9) yield 


et 5 = +3) +3), yom 
We prove first that 


(51) The negative factorizations of « + 5 = (x, + 3) (x2 +3) yield C-char- 
acteristics which are negative throughout. 

For, if where 7,51, 1, 5, then 
ki =—jfi—3 <0 and < 0. Also y = — jf, — je — 3, 
€=Jijo—5. The order, 3(y + 8) —v, of the net is negative if y + 8) < 0. 
Suppose that y +650. Then 8 = + jo + 3, and &? 5 (j1 + + 3)?. 
But 2e = 5,7 — 1, since 38° =v? + 2. Hence %S (j1 + j2 +3)?—1, or 
05 fr? + jo? + 6(j1 + jo) +18, which is impossible. Hence y + 8 < 0, 
and the order is negative. 

To prove all the multiplicities negative, let 8, be the largest positive 8, 
8, the smallest negative 8, so that the multiplicity y -+ 8; — 8) has the largest 
possible value. To prove that y + 8 — 8 < 0 suppose that y + 6 —& 5S 0, 
or (8;— 8)? S (fi +j2+3)*% Since 50, fr? + je? S 
Similarly 8,? + 8? — Hence 


2 (8s? +- 8”) + jz) + 4e je) 29. 
But, from 38? =v? + 2, % S 8,2 + whence 0S 6(j, + jo) + 27, 
which is impossible. Hence y +8;—8& <0, and the proof of (51) is 
complete. 
(52) The positive factorizations of « + 5 = (x, + 3) («2+ 3) yield C-char- 
acteristics which have a positive order. 
Let 

e+5—fjp, ASl, pSl, 
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that y+&=0. Then & =—ji—j2+ 3, or 5 t+j2+3)%. As 
before 2e S 8)? — 1, or 2j;j2 —9 S 8”. Hence 


9 S(fitje—3)?, or OS (71 —3)? + (72—8)?. 


This inequality cannot be satisfied, but the equality can be satisfied, along with 
earlier equalities, by the values 


ji = je = 3, «= 4, 6, - 0, = — 3, y=—l1, y = 3, 
yielding the net of lines C{1; 0*°}, which itself has a positive order. 


Any C-characteristic which ts partially negative has precisely one negative 
multiplicity which is —2 or —1. 


For, according to (51) and (52), the C-characteristic has a positive order, 
and arises from a positive factorization of «+ 5. Let the multiplicities be 
arranged in descending order. Then x;, x, are the smallest multiplicities. 
They determine a positive or zero e. The factors of « + 5 = (x: + 3) (kz + 8) 
must be positive, whence, if x. << 0, kx. = — 2, or x. —=—1. For each of these 
two cases x, = 0, and each preceding multiplicity is zero or positive. 

We list these exceptional characteristics : 


(54) C{3(e+2+4+&)—v; + & — dz, ¢,—]}, 
e—2e+1. 


For e=0 and e =0, they yield two reduced cases, C{9; 3° 2 — 2} and 
C{3;170?— 1}. 


(55) All the C-characteristics, (54a), with one negatwe multiplicity —2 
can be reduced by Q. T. to the type C{9; 3° 2 — 2}. 


Let the characteristic be arranged with decreasing multiplicities. Then 
xk, =e -+ 2 determines «, and the order determines v and 8). For the remaining 
=-- + The first three multiplicities are the greatest, and 
a Q. T. applied to these changes the order and the three highest multiplicities 
by the addition of »—6,-+6,+6,—v. If «0, »—0, and the reduced 
type above appears. If« > 0, wis negative provided that 8, is not the smallest 
8 [cf. (17)]. From the decreasing multiplicities and the value e + 2 of «, 
we have 


or 95, — 3v = — 8. 


Hence 8, is zero or positive, unless y= —1 in which case 8 may be —1. 
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If 8, is positive, it cannot be the smallest 5. If 8) is zero and is the smallest 8, 


then either « = 0, or e—1 and (v;8) = (1; 1° 0°), in which case »—=—1. 
If 55 =—1 and is the lowest 6, then 5; must be zero else « + 3 + 8, — 4s 
<«+2. Thus the only possibility is e—1, (v;8) = (—1; 0®— 1°) which 
for yields »=—1. Hence the order and three highest multi- 


plicities can be reduced by Q. T. unless «0. We reduce them until one at 
least is less than «+ 2. A rearrangement of the characteristic leads to one 
with This process can be continued until —0 and C{9; 2} 


appears. 
In an entirely similar fashion one may prove that 


(56) All the C-characteristics, (548), with one negative multiplicity —1 
can be reduced by Q. T. to the type C{3; 17 0? — 1}. 


We have at once from (41) for C-characteristics for P,? that 


(5%) All C-characteristics with positive order and one or more zero multi- 
plicities can be reduced by Q.T. to the type C{3;17 0? —1} or to the type 
C{1; 0*°}. 

Finally we prove that 


(58) All C-characteristics with positwe order can be reduced by Q. T. to one 
of the three types: 

C{9; 38§2—2}, C{3;170?—1}, C{1; 07°}, 
of which only the last defines a homaloidal net. The other two characteristics 
are DEGENERATE, the first being the sum of a system (p= 3, d = 3) and twice 


a P-curve which has no variable intersections with the first system, and the 
second being the sum of an elliptic net and a similarly situated P-curve. 


For, with the help of (53),---, (57) we need consider only positive 
multiplicities. Then, according to (I,) preceding (46), the order and three 
of the multiplicities can be reduced by Q.T. until zero or negative multi- 
plicities occur, and thus the theorem is proved. 

We supplement this theorem by the following: 


(59) All C-characteristics with negative order are VIRTUAL and are negative 
throughout. They can be reduced by Q.T. to one of three types: 
C{—19;—6"}, C{—21;—7"—6*— 5}, 
For, we have observed in (36) that, in the case of P,o?, a C-characteristic 
is converted into a O-characteristic by a change of sign of the characteristic 


and subtraction of 6L. This changes the characteristics of positive order into 
characteristics of negative order, and changes the three irreducible types in 


= 
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(58) into the three irreducible types of (59). We observe that the first type 
in (59) is a symmetric virtual C-characteristic. It is utilized in 10 to obtain 
linear transformations of QY, Z with integer coefficients which have hitherto 


escaped notice. 


9. The infinite number of conjugate sets of C-characteristics for P,,’. 
For p=0, d=2 and P,,’, the last three multiplicities being «;, x2, x, the 


equations of condition on the canonical characteristic (7) become 


(60) ky =h, —3 — y=Ki tke + 8, 
Ko = 3 — ks, yH=ht+he 


Kz — 3. 


Here 7,2 is always positive, its minimum value being « + 3. 

We observe first that 
(61) A positive factorization of i1.—=h,-he yields a C-characteristic with 
a positive order. 

For, the order, 3(y + 8) —¥y, is positive if y + 8 > 0, or if y > —&, 
or if y> Ve. If now h,h. =k the minimum value of the sum h, + hz of the 
positive factors hz is 2Vk. Hence yS2Ve +5 + + Ky? — — 3. 
It is easy to show by clearing the radicals that the right member is > Ve, 
i.e, y > Ve. 

The method of 3, in particular (36), applied to the canonical char- 
acteristic, yields the theorem: 


(62) For every characteristic C which arises from a positive factorization 
Of ty2=hy-he, there is a characteristic C’, obtained by changing the sign 
of C and subtracting 3L, which arises from the negative factorization 
tig = (—h,)(—he). In this change from C to C’, the «, (v;8), xs, y of C 
are replaced respectively by «, — (v;8), —x3 — 3, —y — 3. 

From (62) and (61) we find that 
(61) <A negative factorization of t42—=(—h,):(—he) yields a C-char- 
acteristic with a negative order. 

According to (62) it will be sufficient to determine all the C-characteristics 
which arise from positive factorizations of i,;. 3. We shall suppose the 
multiplicities arranged in descending order so that 
(64) S ke S kz, h, he. 
According to the inequality (I,) preceding (46), if the multiplicities are all 
positive, the characteristic can be reduced by Q.T. until a zero or negative 


multiplicity appears. If a multiplicity 0 occurs, the type has already been 
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obtained for P,.*. We are therefore interested only in the irreducible types 
for which x, =—1. Furthermore for a given e we need only take those sets 
(v;6) in the table (27), and for these take 8 to be the smallest 8, since other 
choices of (v;6) and 8, are reducible to these. Again the descending multi- 
plicities yield y + 8)— 6s; Sx«,, and this according to (60) is equivalent to 
8s — 8. Then 


(65) For every «eS 0 and every set (v;8) in the table (27) [8 being the 
smallest 8 and 8, the largest|; for every value of x,x=—1; and for 
every positive factorization of +5 + 3x3 + into factors hy, hz 
(hy S he S 8s — 4p), there exists an irreducible type of C-characteristic : 


C{3(hi + he kz —3 + —v; hy + he— xz — 3 + 8) — 
hy + kz — 3 + 8) — 8s, hy — — 3, hy — xg — 8, xp}. 


We append a short table of illustrative irreducible C-characteristics : 


e (v;8) Ks tyo hy, he S 8s — C{ 
0 (0;0°) 0 {6;281—12} 
£1 {9; 3°20—2} 
at {18;6°51—3} 
9,1 {33; 118, 10, 2, — 4} 
1 (0;—1071) 4 2,2 2  {3;170%—1} 
4 2,2 {6;271%— 2} 
6 3,2 {12; 47 322—3} 
— {21; 77 623 —4} 
{27; 978 62 —5} 
8, 2 {33; 117, 102, 4, — 5} 
5 2 
5 
ih 
—6 2% 5,5 {34; 12, 117, 82, — 6} 
43 {43; 15, 147, 11, 9, — 7} 
—9 61 
—10 7% 11,7 {70 ; 24, 237, 18, 14, — 10} 


(0;—20°1?) 
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€ (v; 8) tie hy, S83 — 8 C{ } 
—t 12 4,3 {18 ; 6° 5° 4 — 4} 
—5 18 6,3 {27; 9° 8° 5 — 5} 
—6 26 
— 36 6 {42 ; 14°, 137, 10, — 7} 
9,4 {45 ; 15°, 14”, 13, 8, — 7} 
12,3 {51: 17°, 16°, 7, — 7} 
4 (—1;—30%) —1 7 3 
—2 
—3 {10; 31° — 3} 
13 
—5 19 
—6 2% 9, 8 {37 ; 12°, 6, — 6} 
—7 37 
—8 49 %,7 {49 ; 127, — 8} 
—9 {58 ; 19, 15, 138, — 9} 
21,3 {82 ; 279, 9, — 9} 
(0;—207 2) —8 49 %,7 4 {51;177, 15, 12?,— 8} 
—9 63 9,7 {60; 20%, 18, 15, 13, — 9} 
—10 
97 
—12 117 13,9 {87 ; 297, 27, 22, 18, — 12} 


It is clear that the two sequences of values of x, and e will yield an infinite 
number of irreducible types, all of which are degenerate. By using (62) we 
obtain from these an infinite number of irreducible virtual types. 


10. Virtual Cremona transformations. The linear group gp, gen- 
erated by II and Aj23 in (3), (4), whose generic element is given in (5), has 
the invariant quadratic and linear forms, QY, LZ in (6). For every element of 
this group, except the elements in II, the integers n, rj, sj, ai; are positive or 
zero. This element represents the effect upon a characteristic {x} of a geo- 
metrically existent Cremona transformation. If the integers n, ri of the 
element are given, the integers sj, «i; are determined to within a permutation 
of the subscripts j. 

Thus far no linear transformations with integral coefficients and invariant 
forms Q, L other than those contained in gp,2, have been observed. We propose 
to show that such transformations exist when p = 10, and will say that they 
give the effect upon a characteristic {x} of a virtual Cremona transformation. 

It is to be observed that linear transformations with invariant Q, L and 
rational coefficients occur very early. Thus for p= 1 we have one such trans- 
formation other than the identity, namely : 
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4a’) = 52) — 324, 4x’, = 32) — 5a. 


These, and new elements which arise when p > 1, generate the group of Q, L 
with rational coefficients. Degenerate C-characteristics, such as {3;17—1} 
for p = 8, also determine elements with rational coefficients. If, for example, 
we take in (5) the {n;7;} to be {3; 17 — 1}, then the P-characteristics which 
take the place of the {s;;aij;} are respectively {1;—4(4)®—4} and 
{—1; (—4)*}. Thus we normally expect C-characteristics {n;1;} which are 
degenerate or virtual to yield elements with invariant Q, L which have rational 
coefficients and it is quite interesting to find that, in particular instances, such 
characteristics yield elements with integer coefficients, as do the geometric 
(-characteristics found in gp,>. 

The generator Aj23 of gp,2 arises from the first symmetric element (other 
than the identity) which occurs when p=3. It is natural therefore to 
examine the symmetric virtual C-characteristics which heave been uncovered 
in 3 (36). There are four of these, namely 


(67) {—19;—6"}, {—10;—3"}, {—1;—2"}, 


Taking the first of these as a virtual Cremona net we seek the ten P-curves. 
On account of the symmetry we expect a P-curve of the form {— 6; f°}. 
The conditions (2) that this be a P-curve are a + 98? = 37, a + 98 =— 19. 
The last of these ensures that all of the intersections of the P-curve and the 
net are at the base points. The similar conditions for two such P-curves lead 
to 248 + 88? — 36. These equations, which are sufficient to ensure the in- 
variance of (), L have two solutions: 


a, B =—1,— 2; a, B = — 14/5, — 9/5. 
The corresponding two transformations are: 
= 6L, = 2% + 6M, 
4+ 2b (9/5) M, 
(68) Tro (t= 


Tx, the first of these two, has integral coefficients. The similar procedure 
applied to the remaining three virtual C-characteristics in (67) yields the 
following transformations, the first of which has integral coefficients: 


=— 2% + 3L, = 2% + 3M, 
2; + (9/11) M, 
69 2. 


M=— (11/3)% +4, 1. 
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(70) P,2?: 


coefficients, namely: and 

It may be observed that each of the four symmetric Cremona nets which 
are geometric also furnish two transformations, one of which is integral and 
is associated with the corresponding Cremona transformation, and the other 
of which has rational coefficients. It may be of interest to tabulate these 
rational cases. 


= — +.2L, 
-, 12), 
L=— 38% +2, + 
+L, 
—a+4L, 
(1=—1,° +,15), 
3829 + + + 1153 


Thus each of the four symmetric cases furnishes two transformations with 
rational coefficients, and, of the eight transformations, two have integral 


M= 


The nets being 


= Wo + 2M, 
— + 3M, 


the transformations with rational coefficients are: 


(72) 


each of these is invariant to within sign under 7,5. Thus 7, is interchange- 
able with every element of gyo,2. Also, 7's, itself is of period two and determi- 
nant 1. Furthermore 7,. converts the three reduced (-characteristics of 
positive order in (58) into the three reduced Q-characteristics of negative 


order in (59). 


(73) The group, 10,2, generated by adding To to gyo,2 contains an invariant 


——%—4, 
(1 1, 2, 3), 
23; 


Let us consider the effect of adding to the g10,2, generated by IL and Ajys, 

the element 7) in (68). A set of generators of 90,2 is the set of transpositions 
(xiz;) in II and the element A,.; itself. These, as collineations, are determined 
by their spaces of fixed points, namely: x; — az; and 1 — 2, — 22 


{17; 6°} 
= — — 2L, 
a’; aL, 


(1=1,- *,6), 
3%) +241 + 2%; 


= — 6M, 


i,* a2), 
— 4% + + 
co =2%+ UM, 
2M, 
+X + %s. 


a, — 4M, 
(1 = 1,- . -,8), 
M=— 


q 488 ARTHUR B. COBLE. 

| a’; 

i 

| 

| (251°}, (552°), (8537), 

| 

= —2— L, 
| PS: 
| 
i 
|| 
| P.?: a; = — 4M, P.2: 
| 
| 
| 
| 

| 

| 
i 

| Hence 

| 


Academy of Sciences, vol. 20 (1934), pp. 428-430. 


CREMONA’S DIOPHANTINE EQUATIONS. 489 


go = 1, Tr. The elements of not contained in transform the 
(-characteristics with positive orders into those with negative orders and 


vice-versa. 


In the group gi1,2, generated by gi:,2 and the element plays a réle 
quite similar to that of iN 

It may be remarked that the invariant forms Q, Z define a number of 
discontinuous groups of considerable interest. The most extensive of these 
is the group, G(/i)p,., of linear transformations with rational coefficients. 
Included in this group is the aggregate, A(R/)p,2, of linear transformations 
in which the coefficients n, 7; are integers, positive, negative, or zero; and the 
similar aggregate, B(R1)p,2, with respect to the coefficients n, s;. These aggre- 
gates are associated with the virtual C-characteristics. One would wish to 
know whether the aggregates A and B coincide, and whether these aggregates 
form a group. It is likely that both inquiries have an affirmative answer. 
Next in order is the group, G(J/)p,2, of linear transformations with integer 
coefficients. The existence of 7, and 7, show that this group is larger than 
the group G(C) po = gp,2, generated by IT and Aj.3, associated with the geo- 
metric Cremona transformations. One would wish to know whether I, A123, 
T,, T1, generate this group G(J)p,2. Finally there remains the long out- 
standing question as to whether the conditions, n, ri, s;, #1; S 0, are sufficient 
to ensure that an element of G(Z)p,2 belong to G(C)p,2. Mr. Gerald B. Huff ° 
has recently constructed an example (p = 11) which shows that this question 
must be answered in the negative. 


URBANA, ILLINOIS. 
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ON THE METABELIAN GROUPS WHICH CONTAIN A GIVEN 
GROUP H AS A MAXIMAL INVARIANT ABELIAN SUBGROUP. 


By H. R. BRAHANA, 


Introduction. In a recent paper * we showed that the operators of order 
p™ in the group of isomorphisms of the abelian group H of order p” and type 
1,1,- - - belonged to conjugate sets each of which could be characterized by 
# partition of n. Each such operator determines a group of order p”*# in the 
holomorph of H with certain characteristics, class, central, commutator sub- 
group, etc., expressible in a simple manner in the terms of the partition 
determined by the operator. This paper, which is a continuation of the other 
and whose sections are numbered consecutively with those of the other, carries 
on the investigation of the group of isomorphisms and the holomorph of ZH. 
It is a start on the classification of non-abelian groups of prime-power order. 
It is more precisely a start on the classification of abelian subgroups of order 
p™ and type 1,1,: - - of the group of isomorphisms of H. 

Two subgroups of order p™ and type 1,1,- - - of the group of isomorph- 
isms of H can be conjugate only if they contain the same numbers of operators 
of the same types. If each of these subgroups determines a metabelian group 
in the holomorph of H every operator in each of them corresponds to a par- 
tition of m in which the largest term is 2. There are n/2 or (n—1)/2 
partitions of n with a largest term equal to 2 according as n is even or odd, 
Hence it is obvious that there are many distinct types of metabelian group 
of order p"*™ in the holomorph of H. In section 4 we separate the subgroups 
of the group of isomorphisms into classes according to the types of operator 
that appear in them. In section 5 we consider and classify all subgroups of 
the holomorph of H which contain H as a maximal invariant abelian subgroup 
and have quotient groups with respect to H which belong to the first class as 
defined in section 4. We also touch upon the question of more general groups 
having the same relation to H. In section 6 we consider subgroups of the 
second class defined in section 4. 

It is unnecessary to enlarge upon the difficulties of the subject. The fact 
that the specializations we are compelled to make are connected in a close and 
simple manner with characteristics of the corresponding groups in the holo- 
morph argues that the method of attack cannot be greatly improved. As was 


*“On the isomorphisms of an abelian group of type 1,1,. - - ,” American Journal 
of Mathematics, vol. 56 (1934), p. 53. 
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to be expected a characterization of the operators of the group of isomorphisms 
of H in a manageable form opens the way for a classification of its subgroups. 


4, Metabelian subgroups of the holomorph of H. Let G be a metabelian 
subgroup of the holom ,-h of H whose quotient group with respect to H is a 
subgroup of J,. Since J, contains no operator except identity which is per- 
mutable with every operator of H it follows that H is a maximal invariant 
abelian subgroup of G. Every operator of G not in H transforms H according 
to an operator U which corresponds to a partition of m in which n, = 2. 
A classification of the groups G will involve a classification of the groups 
G/H and this must concern itself with the numbers of operators of the various 
types for which n, = 2. As we have seen, there are n/2 or (n—1)/2 types 
according as m is even or odd, for each of which n; = 2. We shall say that 
U is of type w if = 2 and — 1. 

The quotient group G/H is abelian because the commutators of @ are 
all in H. 

It will be convenient for our purposes to write J, in another form. 
Consider the operators 


Gin * * ) 

0 1 Mog * * * Gon 

(4. 1) U = 0 0 1 
0 0 | J 


where the a;;’s are residues mod p. It is obvious and well-known that the U’s 
of this type form a group. The characteristic determinant is (1—A)". 
The number of such U’s is p™"-?)/?, the order of J>. Hence the operators 
of type (4.1) constitute a Sylow subgroup of J.* 

Now the operators of (4.1) for which 


(4. 2) aij =0, for all j with 1, 


constitute a group. Its order is p"' for there are nm — 1 a’s in the first row and 
all the rest are zero. The group is abelian as may be verified by multiplication. 
Every operator of (4.2) is of type 1, i.e., corresponds to the partition 
n=2+1-+1-+---+41. This follows from the fact that the commutator 
U-s,Us,1 = s,%25,%2- generates the commutator subgroup of {H, U} 
and is invariant under U. The group (4.2) is maximal abelian in J,, since 
an operator of the form (4.1) which is permutable with every operator of 


“Cf. Dickson, “On the subgroups of order a power of p etc.,” Bulletin of the 
American Mathematical Society, vol. 10 (1903-04), p. 385. 


3 


er 
pe 
by 
e 
b- 
yn 
er 
er 
rs 
l- 
Tr 
yf 
| 


492 H. R. BRAHANA. 


(4.2) is itself in (4.2). This group is generated by Ui, Un-+ where 
U; is the operator of (4.2) for which 


(4. 3) aj;—0, ji. 


The group {U,, U2,: + -,Un-+} is a subgroup of I, and therefore none 
of its operators is permutable with every operator of H. Any set of a inde- 
pendent operators from {U;,U2,- - -,Un-+} will generate a group of order 
p* whose operators are all of type 1. This group will determine a group 
= {H, U,, U2,- +, Ua} which is in the holomorph of H. 

The groups G, all have centrals of order p**. Conversely, if G is in the 
holomorph of H, contains H as a maximal invariant abelian subgroup, and 
has a central of order p”"’, it is metabelian and is simply isomorphic with one 
of the groups Gq defined above. For generators of H may be chosen so that 
n—1 of them are in the central and the quotient group G/H will be a 
subgroup of (4.2). 

This set of groups {U,, U2,- - -, Ua} contains only operators of type 1. 
There is another set of groups whose operators are all of type 1; they are 
characterized by the fact that the commutator subgroup arising from trans- 
formation of H by all the operators of such a group is of order p. Let U,; 
and U, be two operators from such a group. Generators of H may be chosen 


so that = 8182 


ard each of the other generators is invariant under U;. Then s, is invariant 
under U2, for otherwise {H, U,, U2} would not be metabelian and not every 
operator of {U,, U2} could correspond to a partition of nm in which n, =2. 
H contains some operator invariant under U, and not invariant under U2, 
otherwise U, and U, would generate a subgroup of (4.2) and this would be 
true of every pair of operators from the group in question. This operator not 
being s. may be taken to be s3._ Then let 


2 = 838x 


and let Uz be permutable with all the other generators of H. The commutator 
Ss; is permutable with U, for the same reason that s, is permutable with U2. 
If s, is not s. the operator U,U2 transforms s, into s,s. and s3 into $38, thus 
giving rise to a commutator subgroup of order p?. U,U. could not then be 
of type 1. Hence any two operators of the group must give rise to the same 
commutator subgroup of order p. Therefore, 


(4.4) If G/H contains only operators of type 1, then either the central of 
G ts of order p" or the commutator subgroup of G is of order p. 
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Groups of the second set are characterized by the fact that in (4.1) all 
the a’s except those of one column are zero. The maximum order of a group 
of this set is p”"*, and any two of the same order are simply isomorphic. 

A group {U,, U2,- - -,Ua} which gives a Gq with central of order p"* 
cannot belong to the second set unless «1. For if U; and Uj; are both 
permutable with the generators s2,s;, °°,» and U; and s, determine the 
same commutator as U; and s,, then U;U;"! is permutable with s, and H is not 
maximal abelian in Ga. From this argument we have the further result that 
the commutator subgroup of G, is of order p*. 

We shall classify the metabelian subgroups of the holomorph of H accord- 
ing to the orders of their centrals. We have determined all of those whose 
centrals are of order p”-? and have seen that the operators of the quotient 
group G/H are all of type 1. Moreover, a group of this type is determined 
by the order of H, its order, and the order of its central. 

We shall suppose next that the order of the central of G is p”?. The 
quotient group G/H can contain operators of type 1 and operators of type 2 
only, for an operator of type yw transforms at least » of the independent 
generators of H into operators other than themselves. Let us suppose for the 
moment that the order of the commutator subgroup of G is greater than p. 
Then G/H must contain at least one operator of type 2. Generators of H 
may be chosen so that this operator is 


0 
0 
4,5 
0 


The quotient group G/H must be contained in the subgroup of (4.1) whose 
operators are permutable with (4.5) and each operator of it is of type 1 or 2 


leaving $3, 84,° separately invariant. It is readily verified that G/H 
is a subgroup of 


(1 0 13 Bin ) 

(4. 6) 0 0 1 0 a 


If, as above, we remove the restriction on the order of the central of G, 
but require the operators of G/H all to be of types 1 and 2, we shall find that 


= . 

or ‘ 

ip 

d 

le 

it 

a 

1 

t 


494 H. R. BRAHANA. 


G/H is either a subgroup of (4.6) or of the group obtained by interchanging 
rows and columns of (4.6) leaving fixed each element on the secondary 
diagonal. The group (4.6) is abelian and its order is p*”*. The group with 
the a’s in two columns instead of in two rows is also abelian and of order 
p?n-4, and its commutator subgroup is of order »?. Any subgroup of I, whose 
operators are all of types 1 and 2 is in one or the other of these groups. 
If such a subgroup is in both its order is not greater than p*. 

It is necessary to note that though (4.6) contains operators of type 2, 
the same need not be true of its subgroups, for (4.6) contains subgroups 
which are also subgroups of (4. 2). 

In general if the order of the central of G is p”* the quotient group 
G/H is a subgroup of 


The group (4.7) itself contains operators of type » and no operators of type 
v, Where v > p. Since the order of the commutator subgroup determined by 
it is p"”*, then it contains no operators of type v, where vy >n—vp. The 
order of (4.7) is p““"”. We shall say that (4.7) is of type yp. In terms 
of this definition we may say that a group of type » may contain operators of 
type » or of type n—y, whichever is smaller but can contain no operator 
of type v, v greater than the smaller of the two. 

We have supposed, in order to simplify the discussion, that G was a sub- 
group of the holomorph of H. We have been interested primarily in the 
quotient group G/H and if we require simply that G be metabelian and that 
H be maximal invariant abelian our conclusions concerning G/H are the same. 
We shall state the result of these considerations in the theorem: 


(4.8) If Gis a metabelian group of order p™ which contains H as a mazximal 
wnvariant abelian subgroup and if the order of the central of G is p™#, then 
G/H is a subgroup of (4.7%). Conversely, for every subgroup of (4.7) there 
exists at least one metabelian group G which contains H as a macimal 
invariant abelian subgroup and whose central is of order at least p"*. 
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5. Groups for which G/H is of type 1. Let us consider first subgroups 
of the holomorph of H. Such a subgroup is completely determined by the 
quotient group G/H which must be a subgroup of (4.2). It has been noted 
that such a subgroup is determined by its order. Since every operator of 
G/H is of type 1 it is of order p and every operator of G is therefore of 
order p. Moreover, no operator outside of H is permutable with every operator 
of H, and therefore the order of the commutator subgroup of @ is p*, where 
a is the number of independent generators of G/H. 


(5.1) For every number a4, 1Sa=n—1, there exists one and only one 
subgroup Ga of the holomorph of H which contains H as a maximal invariant 
abelian subgroup and has a central of order p""*. The operators of G are all 
of order p and its commutator subgroup of order p*. 


Now let us consider other groups G whose operators are all of order p. 
Let Ga be of order p”** and be generated by H, U;, U2,: - -,Ua, where the 
U’s are of order p and each operator of {U,, U2, --+,Ua} transforms H 
according to an operator of type 1. Then if G, is not in the holomorph of H 
the U’s do not generate an abelian group. Since the group {U,, U2,- - -, Ua} 
is isomorphic with an abelian group in J, its commutators are all in H, and 
since Gg is metabelian the commutators are invariant in Gz. The commutator 
subgroup K, of Ga must then be of order greater than or equal to p*. We 
shall show that G, is completely determined by @ and ka, where p*« is the 
order of Ky. It is obvious that kg is not less than @ and not greater than the 
smaller of the two numbers n —1 and a(a-+ 1)/2. The second upper limit 
is attained when the commutators of the U’s are independent of each other 
and of the commutators arising from transformation of H by the U’s. 

If «1, there is one group G, and it is in the holomorph of H. If 
%== 2, there are two groups. It is obvious that there are at least two, for the 
commutator ¢,. = U,'U,U,U2" may be in the group K, generated by com- 
mutators of U, and H and Uz and H, or it may not. In the one case the 
commutator subgroup of Gz is of order p? and in the other p*. We shall show 
that if c,. is in the commutator subgroup K., then generators U’, and U’, 
may be chosen so that c’;. is identity. Let 


U,718,0, = 8,82, U2718,U0 2 = 8:83, ANd C12 == 


Then if we take U,’ =s,°U, and U’, =s8,°U2, we have G, given by H, U’:, 
and U’, in which c’;, 1. Thus G, is determined by « and kg. 

We shall carry out in detail the determination of the groups Gs, for there 
we meet and resolve all the difficulties of the general case. If n=7 it is 
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obvious that there are groups G; with K, of orders p*, p*, p*®, and p*®. Let the 
commutator U;*U;U;U;" be denoted by cij. If and are in the same 
cyclic group we may make c¢,; to be identity by a proper choice of U’, to 
replace U,. Let st*—c,, and s=c.;. Then the operator U’; = is 
transformed into itself by U;. Now suppose = 8,8is1, 1 = 1, 2, 3, 
and = 82483"s,°. Gs; is generated by H, U2, and 
VU’, =s,°U,. U’; transforms H in the same way as U; does and it transforms 
U’, into C23"/4U’;, thus giving c’;,; and c’2, in the same cyclic group, the 
situation considered above. Moreover, if ¢:; is in the group {58», 83, S4, C12} 
the above operators U’, and U’; give c’;, in the group {¢’12, c’23}. Then, if 
Cig = C%26"23, the operator U’;—U.“U; gives with U; a commutator 
¢’13 = C3, which is again the case first considered. The argument proves 
that unless K, is of order p* generators U,, U2, and Us may be chosen so that 
two of them are permutable. The two permutable ones may be taken to be 
U, and U, and the argument proves that Ui, U2, and U; may then be chosen 
sc that U, and U;, are still permutable and U, and U; are also permutable 
unless the order of K; is p®. If the order of Kz is p* Uz and Us; cannot be 
permutable if the other two pairs are. Hence it is obvious that the group G; 
is completely determined when the order of K; is known. 

By means of the foregoing transformations it is possible to select « 
operators U,,U2, --,Uq in the group Ga which with H generate Gq and 
which have the further properties: (1) all but ka —a of the operators ¢i; 
are identity, where p*4 is the order of Ka, and (2) if ci,;, is identity, then 
every operator c;j, for 1< 1, and every operator cj; for 7 < 7; is identity. 
The first property says that the cij’s which are not identity constitute with 
the operators U;-'s,Uis, a set of independent generators of Ka, and the 
second says that the non-identity operators cj; may be taken to be the last 
ka —« when they are ordered as follows: 


C125 C13, Coa, 5 *5 Ciay* * 5 Ca-1a- 


It is clear that the number k, is not greater than n —1, is not greater than 
a + a(a—1)/2, and is at least «. We may summarize the results as follows: 


(5.2) <A metabelian group Ga whose operators are all of order p, which 
contains H as a maximal invariant abelian subgroup, and whose central 1s of 
order p"* is completely determined by the numbers n, a, and ka, and there 
exists such a group for every set of numbers n, a, and kq which satisfy the 
inequalities: aSn—1, a@SkgSa(a+1)/2, and kgSn—1. 


If we remove the restriction that the operators of Gz be of order p, we 
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arrive at the class of groups which come under the title of this section. We 
shall not attempt the determination of all such groups, but we shall point out 
some of the facts that must be taken into consideration in such a determina- 
tion. Let Ga be {H, U,, U2,- - -, Ua}, and suppose that some of the operators 
U,,U2,: :*,Uq are of order p?. Then, as we have seen in section 3, if Ui 
is of order p* every operator of the co-set HU; is of order p?, and the p-th 
powers of the operators of a co-set are the same. Hence the order of the group 
of p-th powers in G, cannot be greater than p‘, where 7 is the number of the 
generators U,,U2,- - -,Uq which are of order p’. It is then evident that 
there are at least a distinct groups Ga, Ga®,- --,Ga with the same 
quotient group Gz/H. Moreover, two groups G’, and G4 may have the 
same quotient group with respect to H and have groups of p-th powers of the 
same order and not be simply isomorphic, for the number of p-th powers 
which are commutators may be different for the two groups. The cross-cut 
of the group of p-th powers and the commutator subgroup may be of order p/ 
where 7 is any number from 0 to 7, provided of course that n is large enough 
so that kg +71 n—1. Nor does this exhaust the possibilities. Two groups 
(fg may have the same centrals, the same commutator subgroups, the same 
group of p-th powers, and the same cross-cut of the group of p-th powers and 
commutator subgroup, and still not be simply isomorphic. For suppose U, 
and U, are both of order p? and that they have the same p-th power. The 
group {U,, U2} is generated by U, and U,-'U2, the second of which is of 
order p. In general it is obvious that the generators of {Ui, U2,: - -,Ua} 
may be chosen so that exactly 7 of them are of order p?, where p‘ is the order 
of the group of p-th powers. Now though we may select the generators of 
{U;,U2,: --,Ua} so that we have certain commutators 
depending only on the number k,, equal to identity and we may select a set 
ef generators of the same group so that the first i of them are of order p?, 
it is not in general possible to make the two selections simultaneously. 

We shall end this section by anticipating and answering an objection that: 
may be raised to this method of treatment of groups of order p™. We started 
with a classification of groups of order p™ and have repeatedly subdivided 
those classes, continuing with more and more special types. This can not be 
avoided from the nature of the subject. The subdivisions and subdivisions 
of subdivisions are made on the basis of characteristic subgroups and any 
classification of the groups of order p”™ must take them into account. 


6. Metabelian subgroups of type 2 of the holomorph of H. We shall 
study the subgroups of type 2 of Ip by considering the corresponding subgroups 
of the holomorph of H. Here also we shall have to content ourselves with 
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exhibiting the essential complexity of the problem and showing how the 
difficulties may be overcome, at least in the simpler cases. 

Let us consider G, = {H,U;,U2}, where G, is metabelian and has a 
central of order p”?. There is first the possibility that all the operators of 
{U,, U2} are of type 1 in which case the order of the commutator subgroup 
K, is p. (Cf. section 4.) It is easy to see that if this group is in the 
holomorph of H it is completely determined by the given conditions. 

Every other group G, whose central is of order p”? is such that {Ui, U2} 
contains at least one operator of type 2. This requires that the order of the 
commutator subgroup Ky, be at least p*. Since the central is of order p*? 
no operator of {U,,U2} can give rise to more than two independent com- 
mutators and the order of K, cannot be greater than p*. It is obvious that 
groups exist with K, of order p’, p*, and p*. They may be defined as follows: 
G, is generated by H, U, and U2, where U,; and U2 are permutable with all 
the operators of H except for the implications of the relations 


(6. 1) 0,718.0), = SoS4 = SoSm- 


If s,s, and 8m the order of K, is p?. If sm=1 and 83, s4, and 
are independent, the order of K2 is p*. If 83, 84, s,, and Sm are independent, 
the order of K, is p*. These subdivisions correspond respectively to the cases 
where {U,, U2} contains 2, 1, and 0 subgroups composed of operators of type 1. 
In the first case the subgroups composed of operators of type 1 are generated 
by U, and U,U.7"; in the second case the single such subgroup is generated 
by U2. 

We have not shown that there are not other groups G, satisfying the above 
conditions; there are such groups. We shall examine them in order according 
to the order of Ko. 

Let Kz be of order p*. Then {U,, U2} contains no operator of type 1, 
for otherwise that operator could be used in place of U. and the resulting G, 
would have K, of order p’. 

Next suppose the order of K. is p*. Then in (6.1) one of the operators 
$; and Sm is not in the group {s3,s,}. Let this operator be % —s,;. We may 
then suppose that 
(6. 2) Sm, == 


If {U,, U2} contained two subgroups composed of operators of type 1, opera- 
tors from these groups could be taken for generators and K,. would be of order 
p’. Hence {U,, U2} has one or no subgroups composed of operators of type 1. 
If it contains one such subgroup we may suppose it to be generated by U2. 


le 
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In that case we should have o—8—0O in (6.2). If we replace s. by 
= 81°78, we have s’m = 1, with s3, and ss; independent. This group is 
then simply isomorphic with the example above for which K, is of order p’. 
We have then to determine whether «, 8, and y in (6.2) may be selected so 
that {U,, U.} contains no operator of type 1, and if so whether it may be done 
in more than one way. 

If {U,, U2} contains an operator of type 1 that operator is permutable 
with some operator of {s,, 82}, and all the powers of the first are permutable 
with all the powers of the second. Hence we may assume that the two 
operators in question are U,U. and s,s.%. We seek conditions on a, B, and y 
in order that this may be possible. 


Setting the commutator in the above equal to identity, we have 


1+ «ay =0, 
a+ pay=0, 
y(1 + ya) =0, mod p. 


It is obvious that neither a nor y can be zero. In order that the system have 
a solution it is necessary that a+ By=0. Consequently, if «+ By¥0, 
the group G, will be distinct from the group given above whose commutator 
subgroup is of order p*, for {U,, U2} will contain no operator of type 1. 

We may assume that 8 in (6. 2) is 0, for if we replace U2 by U’2 = U1 8U2 
we obtain s’; = s,8s, and s’m = 83%8;7. This last commutator may be written 
s3%*P(s,-8s;)7, If then we assume that 8 =O in (6.2) and replace s, by 
= we have = 83%. Assuming 8 = y = 0 in (6.2) and replacing 
by = we have s’m—=s 3. Hence, if {U:, U2} contains no operator 
of type 1, U;, Us, s:, and s, may be selected so that U, and U, satisfy the 
relations (6.2) in which a1 and B=y=—0. The group G, is completely 
determined by the fact that K, is of order p* and that {U,, U2} contains no 
operator of type 1. 

When the order of Kz is p? our example shows that {U,, U2} may contain 
two subgroups composed of operators of type 1. The group is determined 
by those conditions, for if they hold U. and U,U.-1 may be taken for genera- 
tors of the group {U,,U.}. Both are of type 1, they are permutable with 
different operators of {s,,s2} and give rise to commutators which are inde- 
pendent. Moreover, no product of their powers is permutable with any operator 
of {s;,8.} unless one of the two generators is missing from the product. 
Consequently {U,, U2} can contain no more than two subgroups composed of 
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operators of type 1. We have then to consider the possibility of {U,, U2} 
containing fewer than two subgroups composed of operators of type 1. 

Since the order of K» is p? and since {U;, U2} contains at least one 
operator of type 2, we may assume that U, and U, satisfy (6.1) where 
= and Sm = 83%s,°, The condition that U,U.” is permutable with 
is 

$3842 = 1. 


From this we obtain the congruences 


1 + ay + yay =0, 
a-+ By + day=0, modp. 


Eliminating y we obtain 
+ («a—38)a—B=0. 


In order that this quadratic in a have a solution it is necessary that 
(a—68)?-+ 4By be a square, mod p. 

The operator U, may not be written in the form U,U."”. However, the 
condition that Uz be of type 1 is simply that the determinant «5 — By be zero. 
Hence, necessary and sufficient conditions that {U,, U2} contain no operators 
of type 1 are that — By 0 and that («—58)?+ 4fy be not a square. 
Also, necessary and sufficient conditions that {U,, U2} contain one subgroup 
whose operators are of type 1 are that «5 — By 0 and that (# — 8)? + 4fy 
be a square. In general it is possible to find a set of numbers to satisfy either 
of these sets of conditions. 

It is necessary to discover whether G, is determined by the number of 
subgroups composed of operators of type 1 when K, is of order p*. Suppose 
first the {U,, U2} contains no operator of type 1. Then «a3— By+¥0. We 
may suppose that «—0, for if U. is replaced by U’,—=U,“U., we have 
sy = 8, We may suppose further that 8 —1, for this may be obtained by 


replacing s, by = The matrix is now in the form (3): 
If we replace by s’2 = s,s, and Uz by U’2 = the matrix takes 


the form C ) . Having reduced the matrix to this form the transformation 


=s8,", U’, changes it into the form . As r is allowed to 
Y 


take on the values 1,2,- - -,—1 the number yr? takes on the values which 
are squares if y is a square, and takes on the values which are not squares if y 


is not a square. The number (a— 5)? -+ 4y for this reduced form is 47, 
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which is a square if y is a square. Hence {U,, U2} contains one or no sub- 
groups composed of operators of type 1 according as y is or is not a square. 
In each case there is just one group. 

The groups G, are therefore completely determined by the orders of their 
commutator subgroups and the number of subgroups composed of operators 
of type 1 in {U,, U2}. Every subgroup {U} of {U,, U2} determines a sub- 
group of index p of G,. If U is of type 1, the subgroup has a central of 
order p""", and if U is of type 2, the subgroup has a central of order p”?. 
This classification according to the number of subgroups of {U,, U2} com- 
posed of operators of type 1 coincides with the classification according to the 
kinds of subgroups of index p that are contained in G2. We shall summarize 
the preceding considerations in the theorem: 


(6.3) The holomorph of H contains six conjugate sets of metabelian sub- 
groups of order p™*® with centrals of order p"-*, and each set is determined 
by the order of the commutator subgroup and the number of subgroups of 
order p"** whose centrals are of order p’. 


The groups G; = {H, U,, Uz,U3}. We consider next the groups gen- 
erated by H and three operators U,, U2, and U;, whose centrals are of order 
p™*. We shall use the symbol U, to denote the group {U;,U2,U3}. It 
follows from (4.4) that not all the operators of U are of type 1. We may 
therefore assume that U, is of type 2 and that the order of K; is at least p?. 
If U;, Uz, and Uz are all of type 2 and the commutators that arise from 
transformation of H by them are all independent, the order of Ky, is p°, 
which is as large as that order can be. We shall give examples to show that 
the order of K; may be p* where i is any of the numbers 2, 3,- - - , 6. 

Let U,, U2, and U; be permutable with each other and with the generators 
of H except for the implications of the relations: 


= 8,83 2 = U 378103 = 8,81 


(6.4 
) U; = = SoSz U3 = SoSm. 


(a) If s,—sm—1, s; and s; = then the order of K; is p?. 

(b) If s,—sm —1, 8: = 54, and s; is independent of sz and s,, then the 
order of K; is 

(c) If s,—sm——1 and Ss, s4, s;, and s; are independent, then K; is of 
order pt, 

(d) If sm —1 and the rest are independent, then K, is of order p’. 

(e) If all the commutators are independent, the K, is of order p’*. 


The results for the groups G, suggest that we interest ourselves in the 
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number of subgroups composed of operators of type 1 in U. In (a) there 
are 2p +1 such subgroups, p+ 1 of them in {U2,U;}, and p+1 in 
{U,U., Uz}, which counts the group {U;} twice. In (b) there are p +1, 
the subgroups of {U2,U;}. In (c) there are p+ 1, all in {U2,U;}. In (d) 
there is one. In (e) there are none. 

We investigate the possibility of the existence of other groups Gs; sepa- 
rating them into classes according to the order of K; and then subdividing 
those classes according to the number of subgroups of U composed of operators 
of type 1. 

When the order of K; is p*, U can contain no operator of type 1, for 
otherwise we could take that operator to be U; and the order of K; could not 
then be greater than p®. Any two groups @; with K; of order p® are obviously 
simply isomorphic. 

When the order of K; is p®, U cannot contain two subgroups composed 
of operators of type 1, for otherwise we could suppose those subgroups to be 
generated by U2 and U; each of which would give rise to a commutator sub- 
group of order p in which case the order of Ks could be p* at most. In (d) 
U has one subgroup of the type in question; the only other possibility is that | 
U contains none. If in the conditions which define (d) we replace sm =1 
by 8m = 3, we have a group U which realizes that possibility. To see that U 
contains no operator of type 1 we need only to examine {H, U,, U3} in the 
light of the discussion of G, with K, of order p* in section 5. 

It remains to be seen that the two groups described are the only ones 
with K, of order p®. We may suppose that the order of the commutator sub- 
group of {H, U,, U2} is p*, for if it were p* then the order of the commutator 
subgroup of {H, U,, U3} would have to be p* and the réles of U, and U; could 
be interchanged. Then if U contains an operator of type 1 it may be taken 
for U; and one of the operators of H invariant under U; and not invariant 
under U, and U; may be taken for s.. The generators of G, will then satisfy 
(d) above. If U contains no operator of type 1, we may Assume that the 
generators of G, satisfy (d) excepting for the fact that s» is an operator 
different from identity in s,,- - -,s;, where j, k, 1 in (6.4) are respectively 
5,6, 7. We shall write 
Sm = 


We note first that both B and 8 may be taken to be 0, for if U; is replaced by 
= U,8U;°U, the new commutator is in the group and 
s’; is not in the commutator subgroup of {H, Ui, U2}. If now s, is replaced 
by 8’, = ,-‘s, then s’m is expressible in terms of s; and s;, and so we may 
assume that ¢ is also 0. The operator 8m —s;%s;7 is in the commutator sub- 
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group obtained by transformation of s,; by U, and U2, and hence by a proper 
choice of generators of {U,,U2} we may make «1 and y~0. Therefore 
if U contains no operator of type 1, generators of G may be chosen to satisfy 
(6.4) in which and 83,° 8: are independent. 

When the order of Kz is p*, the number of subgroups in U composed of 
operators of type 1 may be p+ 1, as in (c), or it may be 2, 1, or 0. If the 
iumber were greater than p+ 1 U could be generated by three operators of 
type 1 and the order of K, could not be greater than p*. If it were greater 
than 2 and not p + 1, three operators of type 1 could be chosen for generators 
of U unless all the operators of type 1 were in the same group of order p. 
Let this group of order p? be {U2,U;}. Then {H, U2, U3} has a central of 
order p” and {U2, Uz} contains p+ 1 subgroups composed of operators of 
type 1, or {H, Uz, Uz} has a commutator subgroup of order p and the order 
of Ks; is not greater than p’*. 

There exists a group for each of the remaining possibilities. If in (6.4) 
S% = 8; = 1, and Sz, 84, Sj, and Sm are independent, we have such a group with 
U containing 2 subgroups composed of operators of type 1. If in (6.4) 
Sm = 1, 83, Ss, Sj, and s; are independent and we have such a group 
with U containing one subgroup composed of operators of type 1. If in (6. 4) 
83, Ss, Sj, and s; are independent, —=s3, and 8m sj, we have such a group 
with U containing no subgroup of type 1. 

The above four groups are the only groups G; with K; of order p*. For 
suppose U contains either 2 or p-+1 subgroups of order p composed of 
operators of type 1 and let U. and U; generate such groups. U is generated 
by U2, Us and one other operator which must be of type 2. The centrals of 
{H,U.} and {H,U;} may or may not be distinct. If they are the same, 
generators of that central may be taken to be So, 83,- - -,8n. The group Gs 
is then obviously the one defined by (c). If the centrals of {H,U2} and 
{H, U;} are distinct, generators of H may be chosen so that U. is permutable 
with s., Uz with s,, and both with all the rest. The group G; is then obviously 
the one given above where U has 2 subgroups composed of operators of type 1. 

Let U contain one subgroup composed of operators of type 1 and let it 
be generated by U;. Let generators of H be chosen so that U; is permutable 
with all of them except s.. The commutator subgroup K, of G. = {H, Ui, U2} 
will be of order p* or p*. U, and U2 may be chosen so that K, is of order p*. 
If the order of K. is p® we may suppose that in (6.4) we have s,s, and 
8; = 8,5, for the transformations on Gz, in section 5 to put it in that form 
cid not disturb s,. If then U. is replaced by U’2—U.U;, the group 
@, = {H, U,, U’.} has K’, of order p*. We may then suppose that s; = 85, 
= Se, 8, = 1, and sm is in the group 84, 85, From considerations 
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similar to those in section 5 it follows that we may assume sm = 83%s58. The 
commutator s,;%s; is a commutator in {H, U;, U2} arising from transforma- 
tion of s, by U,°U.%. If this last operator is used for U;, the group is 
generated by operators which satisfy the relations given above in the case 
where U contains but one subgroup composed of operators of type 1. 

Suppose U contains no operators of type 1. Then neither s, nor s, is 
permutable with any of the operators U,;, U2, and U;. From this it follows 
that the operators sz, s;, and s; of (6.4) are independent as are 84, s%, and Sm, 
no matter how U,, U2, and U; are chosen. If the order of Ky, of 
G, = {H, U,, U2} is p? then Kz is {53,84} and 83, 84, $1, and Sm are inde- 
pendent so that the order of the commutator subgroup of {H, U;, U;} is p*. 
If the order of K, is p*, we may suppose that s; —s, and s,—=s,3. Then one 
cf the operators s; and Sm is outside the group {53, 84,85}. Let sm = 8¢ be this 
operator. Since s; cannot be in {s3,s8;} it must be in {s3, 84,6}. Replacing 
U; by U’; equal to the proper combination of U, and U3, we have s’; and 8’m 
both in the group {s4,s,}, and since U’,; cannot be of type 1 the commutator 
subgroup of {H,U>2,U;} will be {s3, 84,85, 86}. Hence, if U contains no 
operator of type 1, U, and U. may be chosen so that {H,U,, U2} has a 
commutator subgroup of order p*. 

We may then assume that s; —s, and where S4, Ss, and 8% 
are independent. We may assume further that s; is expressible in terms of 
s, and 8, for by replacing Us by a proper combination of U,, U2, and U; 
powers of ss and s; may be removed. Then a proper choice of U’, in the 
group {U,, U.} will give s’,—s;. Consequently G; contains a subgroup @, 
for which K, is of order p’*. 

We shall take {H, U,, U2} to be the group G, with K. of order p*, and 
let s; 8; and s,—8;. Then either s; or sm is a new commutator sz, and 
on account of the symmetry in s, and s, of the relations defining G, we may 
suppose s; = 8. The commutator sm is in {83, $4, 85, Ss}, but a proper choice 
of U; in the group {U,,U;} removes the powers of s, from the expression 
for it. This transformation changes s, to some operator of the group {3s3, 86} 
which may be taken for a new ss. We may thus assume that 8m = 83%85's¢”. 
If now U, is replaced by U’; = we have s’; = and 8/m = 
If s. is now replaced by s’, = s,~¥s2, the operator sm becomes a power of 55. 
This last transformation replaces the commutator of U2 and s2 by 838577, 
which is not the same as the commutator of U, and s,. However, if U; is 
replaced by U,U.-7 the situation is restored. The commutator of U, and s 
is also changed, but since it is still independent of s3, s;, and s. and appears 
nowhere else it may be designated by s,. We may therefore assume that in 
(6.4) s; =S5, $1 = Se, and Sm Since will serve for 56, 
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we may assume that 81. Therefore, if G, has a commutator subgroup of 
order p* and U contains no operator of type 1, generators of G,; may be chosen 
to satisfy (6.4) with s; Sm, —= 83, and 83, 84, 8;, and s; independent. 

We now consider the case where the order of Kz is p*. In the example 
(b) above, U contains p-+ 1 subgroups composed of operators of type 1. 
If in (6.4) we let = sm —1, s; and let 83, s4, and s; be independent, 
then U will contain p + 2 subgroups composed of operators of type 1. For 
all the operators of {U2, U3} will be of type 1 and U,"Uz2 will also be of 
type 1. If in (6.4) we let s; = 83, s, and s; then U will contain 
three subgroups composed of operators of type 1. They are generated by 
U., U;, and If in (6.4) we let —s; =1, sj —85, and Sm = 83, 
then U will contain two subgroups composed of operators of type 1, generated 
by Uz, and U;. If in (6.4) we let sj; 5,83, 8; 84, and Sm —1, 
then U will contain but one subgroup composed of operators of type 1. In 
general there is also a group G; with K, of order p*® and U containing no 
operators of type 1, but it is not so obvious and in order that we may not 
start an argument prematurely we shall not attempt to describe it here. 

The above examples exhaust all the possibilities for the number of sub- 
groups composed of operators of type 1 in U. If there are as many as 3 and 
not p+ 1 such subgroups in U, we may suppose U;, U2, and U; to generate 
three of them. Then either {H, U,} and {H, U2} have the same central or 
generators of H may be chosen so that 


U;, 8183, f7 — 8485 
2 = 8284, U3*82U 3 = 828m, 
where 8m == 1 or Sm—S;. In case U contains p+ 2 and no more 


subgroups of the given type. In case 8 —s;, U contains 3 subgroups of the 
given type. If {H,U,} and {H,U-.} have the same central, then {U;, U2} 
contains only operators of type 1. We may suppose that 


= 


The only operators of the type in question are operators of {U,}, {U2} and 
{U;}. We have thus shown that the number of such subgroups must be 
0,1, 2,3, p+1, or p+2. 

In each of the cases where U contains respectively 3 and p + 2 subgroups 
composed of operators of type 1, the argument in the last paragraph shows, 
by setting up a normal form, that there exists just one group. 

When U contains p+ 1 subgroups composed of operators of type 1, the 


a- 
is 
se 
is 
vs 

of 
4 
le 
g 
0 
a 
f 
3 
2 


506 H, R. BRAHANA. 


same argument shows that they all belong to a subgroup of order p?. We may 
choose generators of H so that the two operators Uz, and U; which generate 
this group of order p* are both permutable with s,. Then U,; must be of 
type 2. The commutator subgroup arising from transformation of s, must 
be of order p*, for otherwise there would exist in {U,,U2,U;} an operator 
permutable with s, and hence of type 1 and not in {U2, U3}. The commutator 
determined by U, and s, is in the group of commutators arising from 5, 
Hence we may suppose generators of G@,; to satisfy (6.4) in which sj; =, 
81 = 85, = Sm = 1, and s, is replaced by The exponent must 
be 0, for otherwise s’, = s,%s. would be permutable with U,U.°U;7. If then 
U, is replaced by U.°U;7, the generators of G, satisfy the relations defining 
the group for which U contains p-+ 1 subgroups composed of operators of 
type 1 given above. Hence there is just one such group. 

We suppose next that U contains two subgroups composed of operators 
of type 1, and let them be generated by U2 and U;. We may select generators 
of H so that in (6.4) s,==s;—1. Then s; and 8» will be independent for 
otherwise {U., U3} would contain only operators of type 1. Let s; = s, and 
Sm = 8s. U, is necessarily of type 2 and one of the commutators it determines 
is not in the group {s,,8;}. On account of the symmetry in s, and s, we may 
suppose it to be s;. Then the commutator arising from U, and s, is in 
{83, 84,85}. Let us denote it by s;%s,8s;7. We may suppose y = 0, for that 
result would be obtained by replacing U, by U,U;-%. Also, « must be 0, for 
otherwise the operator U,U.*/* would give two commutators in the same cyclic 
group and would therefore be of type 1. If then U, is replaced by U2, the 
generators of G,; satisfy (6.4) in which sj = s4, =1, 8m = 585. 

When U contains just one subgroup composed of operators of type 1, we 
may suppose it to be generated by U; and generators of H to be chosen so that 
Sm in (6.4) is identity. Lets; s,. We may suppose of = {H, Ui, U2} 
to be of order p*, for if it is of order p? the groups {83, s;} and {s4, s,} would 
be the same, {U,, U2} containing no operator of type 1, and each would be Kz, 
in which case the order K, of {H,U;,U2,U3} would be p*. The group 
{83, $j, 85} is of order p*. We may suppose 


1 = 8483, 2 = 8184, U3 18103 = 8185, 


(6. 5) = $28}, U.718.U 2 = SoSz. 


The operators s; and are in {583, $4, 85}. 

There are now two possibilities. Hither ss is in {s;,s,} or it is not. 
Let us suppose that s, is in {s;,s,}. We may select U, so that s,; =: 
Then s; may be assumed to be in {s3, s,}, for if the expression for it contained 
the operator U’;=U,U.~% would give s’; in {53,84}. Let s; = s3%s4. 
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Since U, is not of type 1, B cannot be zero. a must be zero, for otherwise we 
could replace s, by s’; =s,s2/*, in which case the commutator subgroup 
arising from transformation of s’, by U would be generated by s, and s; and 
U would contain operators of type 1 which were not powers of U;. If now 
we replace U, by U,7/8, we have the generators of G; satisfying the relations 
(6.5) in which s; = s, and s; = 85. 

We suppose now that ss is not in the group generated by commutators 
of s.. We may select two independent commutators from that group and 
denote them by s; and s,. Let 


= 8,8), U.18,0, = 815K, = 8185, 


(6. 6) = $583, = SoS4. 


Both s; and s,; may be assumed to be in {s3, 84}. The group {U;, U} contains 
an operator which with s, gives s, for a commutator. We may therefore 
assume Ss; = S, and s; = 8,%s,5._ The transformation resulting from replacing 
by = and U, by U’; = U,U 2" changes s, into s’s = s3s,* and s; into 
This expressed in terms of the new and 84 is (s’3) 
Therefore U, and s,; may be chosen so that generators of G,; satisfy (6. 6) 
with s, = s, and s; = 84", where, as we have seen in section 5, r is not a square. 

We have obtained two normal forms for the case where U contains one 
eubgroup composed of operators of type 1. It is necessary to see that they 
describe groups which are not simply isomorphic. In both cases the subgroup 
{ss} is characteristic, being determined by the characteristic subgroup {U3} 
cf U. The central of {H, U;} is characteristic, and the subgroup arising by 
transformation of the operators in the central of {H,U;} and not in the 
central of G; by operators of U is also characteristic. In one case this last 
group contains s; and in the other it does not. Consequently the two groups 
are distinct. 

Finally we suppose that U contains no operator of type 1. Then no 
matter how generators of G, are chosen, commutators arising from trans- 
formation of s, by U constitute a group of order p?, as do those arising from 
transformation of s,. If we select U, at random from U we determine two 
commutators s,; and s, We may write U,'s,U; = = 8084. 
There exists an operator U, which with s. gives the commutator s;. If the 
commutator subgroup of {H,U,,U2} is of order p*, 81, 82,U:,U2 may be 
chosen to satisfy the above conditions and the condition U.-'s,U, = 8,8)", 
as was shown in section 5. Then the commutator subgroup of {H, U;, U3}, 
however U, may be chosen outside of {U,,U.}, is of order p*. We may 
therefore assume that the order of K. of {H,U,, U2} is p*. Therefore the 
commutator of s, and U, may be taken to be s;. Then U contains an operator 
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U, such that U,-1s.U, = 828;. The commutator of U, and s, is in {8, 84, 85}, 
Hence generators of G,; may be chosen to satisfy 


U,78,0, = U,7'3,0. = = 


(6. 7) 
= $284, U.2718.0 2 = 8283, U;718.U 3 = $85, 


where = 

Since U contains no operator of type 1 it is obvious that the numbers 
a, 8, and y are not arbitrary. For example, if «—y—0O and B =1, the 
commutator subgroup determined by U,U2U;, is of order p generated by 835,5;, 
We seek the condition on a, 8, y that U may have the desired property. 

No operator of the group {s,,s,} is permutable with any operator of U. 
If there exists an operator of {s,,s.} which is permutable with any operator 
of U any power of it is also permutable with the same operator of U. Such 
an operator could not be s, and hence may be written s,s,4, The condition 
that s,s,* be permutable with U,*U,'U,™ is 


ak+Bm le(y+a)m ], 
From this we get the system of congruences 
k+al+am=0, 

ak +- Bm = 0, 

1+ (y+a)m=0, mod p. 
This system must have a solution k, 1, m different from 0, 0, 0 and hence the 
determinant of the coefficients must be zero. This requires that 
(6.8) a’ + ya? — aa + B=0, mod p. 
Therefore the condition that U contains no operator of type 1 is that (6.8) 
be irreducible. When p> 2 such irreducible congruences exist and conse- 
quently numbers a, 8, and y can be found, thus determining a G; whose 
generators satisfy (6.7). Now it can be shown* that if G; is any group 
satisfying the above conditions, it contains a set of generators 


8'1, 82, ° U;, U’2, U's 


which satisfy (6.7) and have for a’, #’, 7 the coefficients of any irreducible 
cubic of the form (6.8). Hence there is but one group with K;, of order »’ 
and U containing no operator of type 1. 

There remains to consider the groups @; for which K; has the order p’. 
Then U contains an operator permutable with s, and an operator permutable 
with s,. Let these operators be U; and U,. respectively. Two possibilities 


*Cf. “On Cubic Congruences.” Bulletin of the American Mathematical Society, 
vol. 39 (1933), p. 962. 
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arise: (a) the group {U,, U2} contains two subgroups composed of operators 
of type 1, or (b) it contains p+ 1 subgroups composed of such operators. 
In the former case the commutator py of {H, U,;, U2} is of order p? 
and in the latter of order p. 

Taking up case (a), we may assume 


U118,01 = 818s, U5 5 = 815, 
== $284, U,718.U == So8m, 


where == and Sm = 83%s,°. If now U; is replaced by U’s = U1-*U2Us, 
& and Sm become respectively s, and s,%. Let us then suppose U; in the 
above is (U’;)*/*, so that —s, and Sm = 983%. The operator U,7U2U; is of 
type 1 since the commutators arising from it and s, and s, are the same. 
Hence {U,, U2, U;} contains at least three subgroups composed of operators 
of type 1. The condition that U’ —U,"U.,'U;™ be of type 1 is that 
U’-sU’ = s, where s =8,8,%. This gives 


k + yam =0, 
al-+- mod p. 


Hence, m =—al andk ya*l. If y=0, then ~0 and every operator of 
{U2,U3} is of type 1, This comes under (b) above. We may therefore 
suppose for case (a) that ys40. Then the above congruences have the 
solutions given which says that the group generated by Ui%’U.U;~ is per- 
mutable with s,s.*._ There are p choices of a, hence there are p subgroups 
{U,°"U,.U;*}. There is one subgroup composed of operators of type 1 which 
does not come in this form, namely {U,}. Hence U contains at least p + 1 
subgroups composed of operators of type 1. Since every operator of U can be 
written in the form U,*U,'U,™ there are only p + 1 such subgroups. 

Let us consider case (b). Since the operators of {U,, U2} are all of 
type 1, we may suppose 


= 818s, = 8184, 
2 = 8283, U3182U 3 = 828m, 


for the commutators arising from Us are not both in {ss} and hence one may 
be taken to be s,. Sm is in {83,8,} and may be assumed to be s, or identity, 
for if Sm == s3%s,8 then U, may be replaced by U’; = U.*U, which changes 
8m to If then 8 ~0 and is replaced by and U, by U,?/8 we have 
the generators of Gs; satisfying the above relations with Sm = 84. 

If sm 1, U has at least p+ 2 subgroups composed of operators of 
type 1. Every operator not in {U,, U2} and not in {U3} is of type 2 since 
it gives rise to a commutator subgroup of order p?. Hence there just p+ 2 
subgroups composed of operators of type 1. 
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The condition that 


If Sm Uz is also of type 1, as is U1U2U3. 
U,*U,'U, be permutable with s,s.% gives 


a-+1==0, and k + al=0, mod p. 


Then for every & there exists a group generated by U,*U."U; whose operators 
are of type 1. There are p such groups and they are all outside of {U,, U,}. 
Therefore U contains 2p -+- 1 subgroups composed of operators of type 1. 

We have thus shown that there are three groups {H, U:, U2, U3} with 
commutator subgroups of order p? distinguished by the fact that {U1, U2, U3} 
contains p+ 1, p+ 2, or 29+ 1 subgroups of order p with operators all of 
type 1. Moreover, there is just one group in each case, for we have determined 
a canonical form for the set of relations among the generators. 

It will be worth while to tabulate the results of this section. The sub- 
groups of the holomorph of H determined in section 5 all have centrals of 
order p"-"; those in section 6 have centrals of order p**. We give in order 
the orders of G and K and the number of subgroups composed of operators 
of type 1 in G/H. 


G K no. of subgroups with 
operators of type 1. 
p* 0 
0,1 
0,1,2 
p® 0 
0,1 
p* 0,1,2, p+1 
0,1,1,*2,3, p+1, p+2 
p+1, p+2, 2p+1. 


It is perhaps permissible to emphasize the fact that each of the cases 
above represents a doubly infinite system of groups, since n and p are arbitrary. 
Also, every one of the groups contains only operators of order p, identity 
excepted. Though it is convenient to study subgroups of the holomorph of 
H, we are primarily interested in the Sylow subgroup of order p*‘"-)/? in the 
group of isomorphisms of H. In the preceding pages we have determined all 
the subgroups of order p? and type 1,1 and all the abelian subgroups of 
order p* and type 1,1,1 which contain only operators of types 1 and 2. 
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“The two groups with K of order p* and with G/H having the same number of 
operators of type 1 are discussed following (6.6). 
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NOTE ON A UNIQUE REPRESENTATION FOR EVERY SOLVABLE 
GROUP. 


By A. C. Lunn and J. K. SENtor. 


It has been shown * that every solvable group G of order g = IIz;, where 
pi and the p;’s are distinct primes has an intransitive 
representation as a permutation group P with transitive constituents 
T,: ++ Tn, where T; is of degree z;. The purpose of this note is to point 
out the following features in which this representation appears as an analogue 
or generalization of the Cayley regular representation. The comparatively 
moderate degree } 2; of the intransitive representation is a convenience for 
detailed computations. The proofs depend in the main on familiar theorems 
concerning representations together with the theorems quoted from Hall t 
according to which every solvable group of degree g as above has subgroups of 
each order prime to its index, and all those of any particular such order are 
conjugate. 


(1) The representation P exists and is simply isomorphic with G. This 
was proved in the paper cited. The simple isomorphism also follows from the 
property (4) proved below. 


(2) The representation P is uniquely determined by the abstract group 
G, not only as a permutation group per se, but as a representation of the 
abstract group, in the usual sense of “unique” as understood in connection 
with the meaning of “ equivalence ” of permutation representations. In the 
present instance the distinction between the two kinds of equivalence disap- 
pears, since no new conjugacies of the subgroups in question are here intro- 
duced by an external isomorphism. 


Proof. In any two representations of the specified type for a given solv- 
able group, the respective transitive constituents of the same degree are equiva- 
lent under a suitable transformation of notation, and these transformations 
taken together to form a single change of notation on the entire set of 32; 
letters would exhibit the equivalence of the two complete intransitive 
representations. 


(3) Each transitive constituent 7; contains as a subgroup the regular 
representation of the corresponding Sylow subgroup 4S; of G. 


*Lunn and Senior, American Journal of Mathematics, this volume, pp. 319, 320. 

Loe, cit. 

t We are indebted to Mr. Garrett Birkhoff for independently pointing out an 
equivalent proof, stated in terms of correspondence of cosets. 
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The Sylow subgroup of-order 7; in T; must be regular since no operator 
in it except identity can leave any of the 2; letters invariant. The isomor- 
phism with 9; appears from the theorem, that if R is any representation of 
order pl of a group G of order p*k, where k is prime to p, then the Sylow 
subgroups of order p* in FR and G are simply isomorphic. 


(4) The representation P contains implicitly in the form of induced 
groups of permutations on the various sets of r-tuples of letters, r—=1 - - - n, 
every transitive representation of G of degree prime to the order of its generat- 
ing subgroup. In particular, the Cayley regular representation occurs as the 
group on the n-tuples. Here “r-tuple of letters” means one formed by 
taking one letter from each of r of the sets of transitivity involved in P. By 
“ set of r-tuples of letters” is meant the entire aggregate of r-tuples formed in 
this way from any one r-tuple of sets of transitivity. In particular, from the 
transitivity on the g n-tuples follows the simple isomorphism of G and its 
representation P. 

The proof follows from Hall’s theorems supplemented by an induction 
proof through increasing values of r, using the following lemma which is 
stated separately because it admits of certain applications to insolvable groups 
as well, 


Lemma. If Gis a group of order mnk where these factors are all rela- 
tively prime in patrs and m, n are not unity, and G has transitive representa- 
tions of degrees m, n respectwely, say on the letters + 
then the induced group on the entire set of pairs a,b; ts transitive. 


Proof. Let the subgroups leaving a;, b; respectively invariant be denoted 
by A;, B;, and their intersection by K;;. The index of Ki; under B; is divisi- 
ble by m, the index of A; under G, and is not greater than m,* hence is m, 
and the order of Ki; is k. Hence A; consists of n cosets of Ki; no two of 
which permute b; in the same way, and similarly B; consists of m cosets of 
Ki; no two of which permute a; in the same way. Thus A; is transitive on 
the pairs a;b; for the single 7 and all 7’s, and B; is transitive on the pairs with 
all ’s and the single 7, so that G is transitive on the entire set of all pairs a;bj. 

As an instance of this lemma for the case of an insolvable group may be 
noted the simple group of order 168, which has two representations of degree 
? and one of degree 8. Hence there are two intransitive representations of 
degree 7 + 8, each of which yields as induced group on the pairs the unique 
transitive representation of degree 56. 


*See Speiser, Theorie der Gruppen von endlicher Ordnung, 2nd ed. (1927), p. 64; 
generalized from Miller, Annals of Mathematics, vol. 14 (1912-13), p. 95. 
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TWO-FOLD GENERALIZATIONS OF CAUCHY’S LEMMA. 
By L. E. Dickson. 


1. Introduction and Summary. We investigate the conditions on a and 
b under which there exist integral solutions * > —k of the pair of equations 


8 
(1) a= > b= Dd 

4=1 422 
where k is an integer, while each c; is a given positive integer. Denote the 
sum of the c; by ¢. Necessary conditions are 


(2) a, b integers, b= t(1—k), a=b (mod 2). 


Our theorems on solutions of (1) apply at once to the problem to express 
a given integer A in the form (3,), where f(z) =uaz?-+ vz. By (1) we see 
that 


(3) A=Seif(2i), A =ua + bv 
i=1 


are equivalent equations. Hence if the latter is solvable, also the former is. 
In particular, when f(z). is the #-th polygonal number, or extended, or 
generalized polygonal number, Miss Griffiths + treated (3) at length. Only in 
the third of her problems was the investigation incomplete owing to the lack 
of a generalized Cauchy lemma when c, = = 1, = 2, cg = 3 or 4. We 
here cover these cases, and in fact all cases in which t = c, +c, 8. 


THEOREM 1. Let (¢:,: - +, c4) be one of the eleven sets below. Let (2) 
hold and 


(4) ta = b?, (t—1)a < b? + 2bk + tk’. 


Then there exist integral solutions > —k of (1) with s—=4 if the following 
further conditions hold. 


(1,1, 1,1), 4a —b? 4 4™(8n + 7). 
(1,1, 1, 2), 4(5a— b?) 4 25™(5n + 2); true if either a or b is prime to 5. 
(1,1, 1,3), 6a—b? + 6). 


* Hence =>—-k+1. For solutions > 0 take k = 1. 
+ American Journal of Mathematics, vol. 55 (1933), pp. 102-110; Annals of Mathe- 
matics, vol. 31 (1930), pp. 1-12. Cited as I, II. 
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(1, 1,1, 4), 7a —b? 4 4"(8n + 7). 
(1, 1,1, 5), b odd, 3(8a — b*) 25"(25n + 10). 
(1, 1, 2,2), 6a — b? 4 4™(8n + 7); true if b ts odd. 
(1, 1, 2,3), 6(%a — b?) 4 49"(7n + €), e= 3, 5, 6; true tf either a or b is 
prime to %. 
(1, 1, 2,4), 6 odd or double an odd. 
(1, 1, 3,3), b odd or double an odd, 8a — b? A 9"(3n + 2). 
(1, 2, 2, 2), 7a — b? 4"(16n 4+ 14). 
(1, 2, 2,3), 6 odd or double an odd. 
We have gone to considerable extra trouble to secure the same inequali- 
ties (4) in all cases in Theorems 1, 2. The advantage is that a single analysis 
of the inequalities applies to all types of applications. 


Theorems 2-5 cover all cases with ¢S 7. 


THEOREM 2, Let (2) and (4) hold. Then (1) with s = 5 have integral 
solutions > —k for (1, 1, 1, 1, 7), 7 =1, 2, 3, and (1, 1, 1, 2, 2). 


While Theorems 1 and 2 are proved by use of fundamental identities and 
the theory of ternary quadratic forms, a simple combination of those theorems 
yields 


THEOREM 3. For the four sets of c; in Theorem 2, equations (1) have 
integral solutions = 0 if b = 0,a=b (mod 2), and 


ta=b, (t—2)(a—2)< 


Since the interval in which 6? lies is here roughly double of that in (4), 
Theorem 3 is much more advantageous for problems like (3) than Theorem 1. 


THEOREM 4. Let S be a set of c; derived from one of the four sets o in 
Theorem 2 by annexing one or more 1’s. As before, let t denote Sc; for 
o, but let T denote Xc; for S. Restrict S so that T=8. Then there exist 
integral solutions = 0 for S if b= 0, a=b (mod 2), and 


(t—2)(a—2) < if T <8, if THB. 


THEOREM 5. For the four sets in Theorem 2, equations (1) have integral 
solutions > —k if we assume (2) and 


ta=b*, (t—2)(a—2) <b? + 4b(k—1) + 2t(k—1)2. 


Similarly for the sets in Theorem 4 if we replace (t —2)(a—2) < b? by 
our final inequality. 
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THEOREM * 6. When T = 8, Theorem 4 holds if we replace Ta’> b? by 
Ta > b? + G, where G is the greatest integer S T(T —8)/4. 


In § 23 there is a note on my paper in Vol. 55 of this journal. 


2. The fundamental identity. Denote c, +--+ -+ cs by ¢, (the former ¢). 
Define to, ts, purr by 
(5) ty = — 


By (1), t:a — b? = qu, where 


8 
(6) = ci (tx 24? —2 
i=k i<j 


By completing the square on the terms in 2, we get 


(7) (te — Cr) == + 


8 
(8) Fy = (te — — 
j=k+1 
We employ the abbreviation 
7) = (ti — (tesa — Cina) — 9), j m4. 
By repeated use of (7) we may eliminate ¢2, $3,° - -,¢n from (7) for 
k =1 and obtain 


II(1, Nn) —2 II (4, n) tyte + tn-1 (Cnn? 
=2 
This may also be proved by induction on n by multiplying it by tn: — na 
and employing (7) withk =n-+1. We take n = s— 2 and apply 
== Cs-1 + Ce, ps-1 = Cs-1Ce 


We obtain our fundamental identity : 


8-2 
(9) II(1, 2) (t1a— b?) = II (1, 2) tite 
i=2 


+ ty: + + t+ + ts2€s-1€s 
By (8) and (5), 


(10) Fy = Pra + (te — Cx) (2% — Uns). 


* Proof by Theorem 4 as in the writer’s paper on Polygonal Numbers, etc., Quarterly 
Journal of Mathematics, 1934-35. , 
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I. Proor or THEOREM 1. 
3. Case s==4. Replace t, by Write 


J = C2 + Cy + 
Write F for F,, v for F,. Then (9) and (8) give 


(11) 9( Cs + (ta — b?) = (cs + + + tgcsc,W?, 


for = — C3. 


(12) F=g2x,— — (C3 + C4) — — 
W L3 —— 


By (10) with k 1, we have F—v-+gD, D=2,—2. After elimi- 
nating F from (11), we may cancel the factor g and get 


(13) (Cs + ¢4) (ta— b*) = (c, + C2) 
+ + c4) (20D + gD?) + csc.tW?. 


We shall often use this identity transformed into one involving only squares. 


4, Case cs+¢4=¢, +c. Cancellation of the factor cz + c, from (13) 
gives 
(14) ta — b? = V? + 2c,c.D? + 2c,c,W?, V=v+oD. 


Denote the second member of (14) by f. Solving b = Xcja; with the linear 
equations having V, D, W as left members, we get 


(15) tz, =b + V+ 2c2D, tt, == b -{- V — 2¢,D, tr, = b — V + 2c,W, 
tz, = b — V — 2c,W. 


The 2; are all integers if and only if 
(16) b6+V—2c,D=0(modt), b—c,D—c,W=0 (mod t/2), 


since the double of the second function is tz, + tay. 
The four z; in (15) are all > —k if 


(17) —V—2e,D, —V+2¢D, V—2¢W, V+2c,W 
areall< b+ tk. Now 
(18) (y + 2ciz)? + = (1 + (y? + 2ci2?). 


Take y=|V|,z—=|W|,1—8 or 4. By (18) and (14), the square of 
|V|+2c,|W]| is S(1+ 2ci)f. Similarly, for i—1 or 2, the square of 
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|V|+2c.|D| is S(1+ 2c;)f. Let c denote the largest Hence every 
integral 2; will be > —k if (1 + 2c) (ta—b?) <(b + tk)’, viz., 


(19) (1 + 2c)ta < (2+ 2c)b? + 2th + tk. 


In all our examples (§§ 4-9) under our present case Cs + C4 = ¢; + C2, 
we shall take c, —1. Then c, is the largest cj, and 2(1+c)—t. Thus (19) 
becomes (42). 

By way of example we complete the discussion in Cauchy’s case in which 
each = 1. By (14), V==b (mod 2). 

First, let a and b be odd. Then 2=2D*?+ 2W? (mod 8), whence 
D+ Wis odd. Permuting D and W if necessary, we may take Deven. Since 
b+ V are even, one of them (say 6 + V by choice of the sign of V) is a 
multiple of 4. Thus (16) hold. 

Second, let a and b be even. Then b = 2B, V = 2v, — 4B? = 4v? +- 2D? 
+2W? (mod 8). Thus W=D (mod 2), whence 2W?==2D* (mod 8), 
B+v—Diseven. Thus (16) hold. 

Write y= D+ W,z=—=D—W. Then f=V?+y?+2?. Conversely, 
if 4a — b®, which is = 0 or 3 (mod 4), is a sum of three squares, they are all 
even or all odd, whence y==z (mod 2), and f is equivalent to (14). 

In case each c; = 2, we may improve on (19). Instead of (18) we now 
employ 

(y + 2042)? + (2c1/mn) (my — nz)? = CiQi, 
= 1+ 2cim/n, + (2eyn/m) 


For i= 1 or 2, Then QSf if For 
t= 1, the least C, is its value 1 + 2c,/c, for the maximum value c,m of n. 
Similarly, or by symmetry, we see that the squares of the four functions (17) 
are all = Gf, where G is the greatest of 


(20) 1 + 1 + 1 + 1 + 2¢4/cs. 


If c, be the greatest c;, evidently c, is the least. Hence if some ¢; is 1, 
then cs = 1 and G@ —1-++ 2c,, and we have the results leading to (19). But 
if each c; > 1, we have an improvement on (19). For example, let c, = cz = 8, 
Then 


5. (1, 2, 2, 3). Let c,—c,—2, Then ¢=8, 
f= V? + 8D? + 6W? shall represent 8a — b?. 

First, let a and b be odd. Since f shall represent 8a — b?==—1 (mod 
8), V and W are odd. By choice of the sign of W,b —W— 2D=0 (mod 4), 


) 
r 
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which is (16,). Since b + V are even, we may choose the sign of V so that 
b+V—4m. But 


6W? =6, 8 —b?=V* + 8D? + 6 (mod 16). 


Elimination of V gives 1==b*— 4mb + 4D? (mod 8). Hence D=m (mod 
2),6-+ V =4D (mod 8), which is (16;). 

Second, let a and b be even. Then }=2B, V—2v, W=—2w. Then 
— B?=v* + 2D? + 6w? (mod 4), v= B, B+ D+ w=0 (mod 2). Hence 
(16,) holds. Here (16,) is B4+-v—2D=0 (mod 4). In case v is odd this 
may be satisfied by choice of the sign of v. Hence if B is odd, the 2; are all 
integers. But if B is even the method fails in general. : 

The form * f represents every positive integer 2m + 1, 3m or 4m which 
is of neither of the forms 8n + 3, 4" (8n +5). Ifa and b are odd, 8a— 0’ 
is == — 1 (mod 8) and is represented by f. Next, let a= 2A, b = 2B, B odd. 
Then 8a— b? —=4N, N=4A — B?=4A—1545 (mod Thus 4N is 


represented by f. 


6. (1, 1, 3, 3). Let =cs—1, co Then t=8, f=V’ 
+ 6D? + 6W? shall represent 8a — b?. 

First, let a and b be odd. Then V and D+ W are odd. By permuting 
D and W and changing their signs, we may take W odd, D= 2d, D+-W=b 
(mod 4). By choice of the sign of V,b + V—4U. Then 


8 — b? = (4U — b)? + 24d? + 6 (mod 16), 
0=1—b?=4U + 4d? (mod 8), 


whence U == d (mod 2). Hence (16) hold. 

Second, let a be even, b = 2B. Then V—2v. Taking (14) modulo 16, 
we get 
(21) — 2B? = 2v? + 3D? + 3W? (mod 8). 


Hence D + W iseven. First, let D and W be odd. Then (21) holds if and 
only if B-+-v is odd. One of the even integers B + v + D is a multiple of 4. 
Hence by choice of the sign of D, (16,) holds. Similarly for 2B — D+ W 
and (162). 

Next, when b—2B, let D=2d, W=—2w. Then (21) becomes 
— B? =v? + 6d? + 6w? (mod 4), which holds if and only if v=B, 
d-+w=B (mod 2). The double of the latter gives (16,). But (16:) is 
equivalent to B + v + 2d=0 (mod 4). If v is odd, this holds by choice of 


*B. W. Jones, unpublished Chicago thesis, 1928, p. 122. 
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the sign of v. This proves Theorem 1 unless B is even. In fact (Jones, p. 82), 
f represents exclusively every positive integer except 8n + 3, 9™(3n + 2). 


.(1,1,2,2). Let co—cgs—1. Then 
+ 4D? + 4W? shall represent 6a— 6? Hence — b?= V? + D?-+ W? (mod 
3). If b=0 (mod 3), V, D, W are all prime to 3 or all divisible by 3. By 
choice of signs, V == D, W=D (mod 8), whence (16) hold modulo 3. Next, 
let b?==1 (mod 3). Then two of V, D, W are prime to 3 and the third is 
divisible by 3. If both D and W are prime to 3, V is divisible by 3 and, by 
choice of signs, D=b, W==—b (mod 3). If one of D and W is divisible 
by 3, permute them and change signs; then W=0, D==— b, V=b (mod 3). 
In all cases (16) hold modulo 3. Evidently V=6b (mod 2). Hence the 2; 
are all integers. 

But f represents * exclusively all positive integers except 4n + 2, 4n + 3, 
4"(8n +7). Ifa and b are odd, 6a— 6? is =1 (mod 4) and is represented 
by f. This proves Theorem 1. 

Miss Griffiths + proved the theorem for k = 1 with my condition 5a < b? 
+2b-+6 replaced by the more restrictive one 15a 3b?+ 6 (for b=83, 
she has no a, while I get a= 3). 


8. (1,1,2,4). Take c, —4, co =2, cs Then g —4, 
Then (11) is the product of 8 by f = F? + 2v? +- 4W? shall represent 8a — b?. 
Here b = 42, + 22, + 2, + 2%, F = 40, — 2x2 — — V = 242 — 
W=2,—2,. Solving, we get 


84, = b+ F, 84,—b—F+2, 82;, 8%,—b—F—2v+ 4W. 


The form f represents ¢ exclusively all positive integers except 4"(16n + 14). 

First, let a and b be odd. Since 8a— b? is = or —1 (mod 16), it is 
represented by f if positive. Here F is odd, —1==v? + 2W? (mod 4), whence 
v and W are odd. Then Write 
(mod 8). Then 1, 2=b7(4é? + 4€+ 2) (mod 16), 
(mod 4), £==0 or —1 (mod 4), 7==+1 (mod 8). By choice of the sign of 
F, we have F==—b (mod 8). By choice of the sign of v, v==—b (mod 4). 
Hence each z; is an integer. 

Second, let a be even and b=2B. Since the method fails if B is even, 
let B be odd. Then 8a—b? is==— 4 (mod 16) and is represented by f if 
positive. Also, 2h, —1=h? + 2n?-+ W? (mod 4). Hence n 


* Jones, p. 75. Proof due to Dickson. 
I. Her identity is half of (13) for c, =¢,—2, ¢,=c,=1, with D. 
t Dickson, Bulletin of the American Mathematical Society (1927), p. 67. 
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and h + W are odd. Now f is symmetric in h and W. Permuting them if 
necessary, we may take h odd, W even. By choice of the sign of F we have 
he=—B(mod4). The 2; are all integers. 

The z are all >— kif This linear 
function is by the following lemma with with d, -=1, d, = 2, =4, 
d,=0. 


Lemma. If ++ 0 and each =0, then 
LS + d,+ 43+ (diy? dey”) }*, 
This follows from the identity 


9. (1,1,1,2). Ifc,—2, (11) is the double of 
4(5a— b?) = F? + 5v? + 10W?. 


This and the formulas for F', v, W are the relations used by Pall.* If we use 
xz; > —1 instead of his x; 2 0, we get 4a < b? + 2b + 5, which yields more 
pairs a, b than his 4a = b?. 

In all our further problems with s 4 we employ identity (13), each 
with its own device. 


10. (1,1,1,3). Letc,—3. Here (13) is the double of 
6a — b? = 2v? + 2vD + 5D? + 3W?. 


Write z=v—D, y=v+2D. Hence f—2?+y?+ 3W? shall represent 
6a — 


Solving these with b = x, + 32, + 23 + 2, we get 
62, = b —x-+ 2y, 672 = b+ 2, 623, 62, = b + 


7; > —k if c—2y, 3W are <b+ 6k. By the lemma, 
|z|+|/y¥|+3|W|S Vv 5f. But for the first function we use 


(m + 2n)? + (2m—n)?==5(m?+n*), 


* Griffiths, II, for k= 1. 


Lt duds — = (dy de) (drys? days’). 
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Evidently 5f <(b + 6k)? and = 6 give (42). 

The form f represents* exclusively all positive integers except 
9”(9n + 6). 

Since 6a — b? = 1 or 0 (mod 4), we may permute z, y if necessary and 
take y= W (mod 2). Next, we may take b, y==— b (mod 8). 
Hence the 2; are all integers. 

11. (1, 1, 2, 3). Let c,—cg—1, co—=3, cg—=2. The double of 
(13) is 

N =6(%a— b?) = 2W*=—f, €—6D+1, 


= 322 — L3 — 2X, W == 23 — %, D =2,— 


F=&-+ %v? + 72? represents (Jones, p. 123) every positive integer == 0 or 3 
(mod 4) except 49"(%n-+¢), e=—38, 5 or 6. Since a==b (mod 2), 
F = N =0 (mod 4) implies z—2W. Then F becomes f. 

Now N=b*?+e (mod 7). Ifa and b are not both divisible by 7, NV is 
not divisible by 49. Hence N is represented by F and hence by f. 

Our linear equations and b 2, + 32, + 23 + 2a, have the solution 
=b+v+6D, t7,.—b+v—D, 21%,—M—"W, 
where M = 3b — 3D —4v. We may choose the sign of £ so that ==— b (mod 7). 
By choice of the signs of v and w, we have v=— W, =v (mod 3). Evi- 
dently ==v (mod 2). Hence é—6D-+ v yields an integer D. Write yw for 
b—D-+v. Then M=3y~(mod7). Hence the 2; are all 
integers. 

From the values of the 2; we eliminate D in terms of €. The 2; are all 
>—kif —E< b+ %k, and if é— %v, — 28W, E+ Yo + 14W are all 
<6(b+ 7k). By the Lemma, the square of |é|+7|v|+28|W| is 
= 36f. The condition is (4,). 


12. (1,1,1,5). For c,==5, (18) is the double of 
N = 3(8a— b?) = 2? + 12D? + 20W7=G, 


where r=v+ 3D. Write y=2D. We get f=—2?+ 3y?+ 20W?, which 
represents (Jones, p. 136) every positive multiple of 3 which is of neither 
of the types 4n + 2, 25"(25n +10). Here 


2, 240, — 3b —4W. 


Take ¢ a and 6 odd. Then f = N ==—8 (mod 8) gives x odd, y = 2D. 


* Dickson, Bulletin of the American Mathematical Society (1927), p. 64. 
+If a and b are even, we cannot conclude that y is even. But we do not know 
what @ represents. 
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By N=G (mod 8), D+ W is odd. By choice of the sign of z, b + = 4m, 
By choice of the sign of W,2 + W=0 (mod 3). We find that N= G (mod 16) 
implies that m =D (mod 2). Hence the 2; are all integers. Each is > —k 
if — 32 + 3D; e—20W, ++ 4W are < 3(b+ 8k). By the lemma, these 
hold if 21G = 21N < 9(b + 8k)?, viz., (42). 


13. (1,1,1,4). For c.—4, (13) is 


26 = 5v? + 40D 4+ 12D? + = Ya — 
Then 
= f + 140? + 21W’?, z=6D+». 


By choice of the sign of z, r=—b(mod7). Also, v=2= W (mod2). 
Hence in 


144, 2b —2D — dv + TW, 


each is an integer. Also, each > if b+ %k, x—v and 
z+ 14v + 21W are <6(b-+ %k). These conditions hold by the lemma if 
6¢ < (b+ %k)?, viz., (42). 

In 24, write* v= X+V,W=X—V, D=—Z. Then 


= 6X? + 6V? + — 2XY —2XZ—2VZ 


is reduced and of Hessian 196. All the remaining improperly primitive 
reduced forms of Hessian 196 represent 2, 4 or 8. Since ¢ is the only form 
of its genus, it is regular and hence represents exclusively the positive integers 
not of the forms 7n + 1, + 2, n+ 4, 4"(8n +7), 2n +1. It represents 
none of the latter since f~ %n + 3, 7n + 5, In + 6, 4"(16n + 10). Hence 
¢ represents every 7a — b? except 4"(8n + 7), 2n-+ 1. 


14. (1,2,2,2). Let c,—1. Then (13) is 


36 = 4v? + 120D + 30D? + 14W? 
= 7? + 21D? + 14W?, x= 2v + 3D. 
Here 


where R = 3b — 6D — 4v. Since ¢ = Ya — b?, + 2b, — 2b (mod 7) 
by choice of the sign of z. Similarly, v= W (mod). Hence the a are all 
integers. Next, each 1; > —k if 


* Proof obtained by B. W. Jones, by means of unpublished tables and his paper; 
Transactions of the American Mathematical Society, vol. 33 (1931), pp. 111-124. 
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—2£+%7D<2(b+%k), and t—%W/2 are <3(b+%k)/2. 


By the lemma, (r + S 8(r? + Thus|z|+7|D|S V 8f, which 
is <2(b+ 7k) if (42) holds. By the former inequality 


+7|W| < V9f <3(b + %h)?/2. 


The following is due to Jones. We may write v = 3z—z, D=y—z, 
W=—vz. Then ¢= 2, 


f = 32? + 5y? + 52? — 4yz — — 


This f is reduced and every further reduced form of the same Hessian 49 
represents 1 or 2. As in § 13, f is regular and represents exclusively the positive 
integers ~7n +1, In +2, In+4, 4"(8n-+ 7). Hence represents all 
Ya— b? A 4™(16n + 14). 


II. Proor or THEOREM 2. 


15. Case s—5. In the fundamental identity (9), we write P, Q, R for 
F,, F., F; and obtain 


(t, — €,) (le — C2) (t3 — — 
(22) == (tz — C2) (ts — C3)¢,P* + (ts — C3) tic2Q? 
A tylocgR? + 


where W=2,—vz;,. Solving the linear equation with the left members 
b, P,Q, R, W, we get 

= t,.b —-c,P + 

= — — CotiQ + 

(Cz + C5) = G + Cotitet,W, 

(Cz + C5) = G — Cgti tot, W, 


(23) 


where 
G = (ts — ¢s) {totsb — cytsP — CotiQ} — CatitoR. 


16. (1,1,1,1,2). Let c,—2. Cancel 12 from (22). Hence 
2 (6a — b?) = P? + Q? 4+ 2R? + 6W?, 
62, — b + P, 122. = 2b —P + 124, —2b—P—Q+4R, 
H+6W, 122, — H—E6W, H = 2b — P—Q— 2R. 


Since we cannot prove that one of P, Q is = b (mod 2), we eliminate 
P=Q+4D, where D=2,—z2,. Hence * 


* Also by starting with c,—2, choosing the sign of Q so that P=Q + dy, 
dividing by 5 and writing «= @Q + y. 
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f=27?+ 4D? + 3W? 
where Q+ 2D. Thus =x—2D, P=2x-+ 2D, and 


shall represent 6a— 


624, —=b+2+2D, 2R, 
62,4, 3W. 


We assume a=b (mod 2). Ifz and are both =b + 1 (mod 2), then 
6a — b? = 6b — b? =f (mod 4) becomes 1+ (1+ 0)? ==3W?, which is im- 
possible. Permuting x and RF if necessary, we may take x= b (mod 2). Then 
R= W (mod 2). 

First, let b==0 (mod 3). Then 2, D, RF are all prime to 3 or all divisible 
by 3. By choice of the sign of D we have z — D =— b (mod 3). 

Second, let b> =1(mod3). Then exactly two of x, D, R are prime to 3. 
By choice of the signs of x and D, we have  — D =— b (mod 8). 

In both cases, R? == (D+ b)*. By choice of the sign of FR, we take 

=—b—D(mod3). Hence the 2; are all integers. 

Each 2 > —k if —r—2D, 4D, r—2R, e+ = 3W are all 
<b+6k. By the lemma |z|+ |R|+3|W| and |x|+4|D| are 
= V5f. The same is true of | z| + 2| & | since 


(X + 2F)? + (2X — F)?*=5(X? 4+ ¥?). 


But 5f < (b+ 6k)? with t =6 give (42). 
Since f represents all positive integers, we have Theorem 2. 


1%. (1,1,1,1,3). Let c.—3. Cancel 6 from (22). Hence 


f=P?+ 7Q? + 7k? + 21W? shall represent M 6(%a— 0’), 
ta, =b+P, 422,—6b—P+7Q, 422, =—6b—P—%Q + 14R, 
42a,, 4224; =H+21W, H=—6b—P—%Q—7R. 


We have 0=f (mod4). Since Q=R=P-+ 1 (mod 2) is impossible, 
we permute Q and RF if necessary and have Q =P, whence R= W (mod 2). 

Since 0= P? + Q?+ R? (mod 3), P, Q, FR are all prime to 3 or all 
divisible by 3. By choice of the signs of Q and R, we get Q = P, R= P (mod 3). 
By choice of the sign of P, P=— b (mod 7). 

Hence the 2; are all integers. They are > —k if —P < b+ 7%k, while 
P—1Q, and P+7Q4 7h = 21W are < 6(b+%k). The 
first and third are = VY 36f by the lemma. The same is true of the second since 


(x + Ty + 142)? + + —2z)? + (14y — 
= 36(2? + Ty? + 72’). 
But M < (b+ yields (42) since t = 7. 


524 


then 
im- 
Chen 
sible 
to 3. 


take 


all 
are 


TWO-FOLD GENERALIZATIONS OF CAUCHY’S LEMMA. 525 


When a= b (mod 2) and M is positive it will be proved to be represented 
by f. Take P=b (mod7), P prime to 6.. Then N = M— P?=0 (mod 7), 
N =—1(mod 4 and 3). Hence V = 12j —1,j =3 + N/? = 5 + 12l, 
if positive, is represented by Q? + R? + 3W?, since the latter represents every 
positive integer except 9"(9n + 6), and 5 + 121 is prime to 3. It remains 
to treat NV <0. Since P was determined modulo 42, we may take | P | S 21. 

It remains to treat 0 << M < 217. Wetake W 0. Since M is a multiple 
of 4, it is represented by the ternary (1, 7,7) unless M = 49"(%n + e),e = 3, 
5 or 6 (Jones, p. 136). But if M is prime to 7, M=b?4e (mod 7) and M 
is represented. Likewise if M (and hence b) is divisible by 7 and a is not, 
since M is then not divisible by 49. But if a and b are multiples of 7, M is a 
multiple of 72-2 > 217. 

18. (1,1,1,2,2). Let c,—c;—2. Cancel 6 from (22). Thus 


= 2P?4+ 79?+ 7R? + 56W? shall represent 12(%a— 
Pp 


a, =b +P, /2a,—=6b—P+7Q, 84a, —=12b —2P—7Q +4 21R, 
847,—H+56W, 842, H—28W, H = 12b —2P 


Since P? = b?, we may change the sign of P and get P==—b (mod 7). 

Since 0 = 2P? — Q? — R? (mod 8), P, Q, RF are all even or all odd. If 
they are odd, one of the even R + Q is =2 (mod 4). By choice of the sign, 
R+ Q=2P (mod 4). The same follows if P, Q, are even. 

Since P? + W? = Q? + R? (mod 3) and since f is symmetric in Q, R we 
may take Q? =P? unless Q?P?, R?~P?. But u? Av? implies that one 
square is = 0 and the other =1, whence w=0. If PAO, then Q=R=0O, 
1+ W?=0, which is impossible. Hence P=0, Q?=R?=1, whence 
W? = 2, which is impossible. Thus Q? = P?, R?= W?. Choice of signs gives 
Whence H=—R=W. 

Hence the 2; are all integers. They are > —k if —P<b-+k and 
2P—14Q, 2P+79—21R, 2P+IQ+%YR+hAW are <12(b+ %k) for 
h =28 and —56. The square of the last function is = 72f by the lemma. 
For the second function, 


(2a + Ty + 212)? + (2ly — + (ax — Bz)? + (jx — ny)? 
= 72 (22? + Vy? + 72?) 
if j? = n? = = 14, a? 126, whence = 2-21, jn=2-7%. Finally, for 
the first function, (2 + Ty)? + 7(a@— y)? = 8(a2? + Ty’), whence the square 
of the double of | P| +7|Q| is S 32(2P? + 7Q?) S 32f. 
We saw that y and z are integers in 9 -+R=2y, QN—R=—2z. Write 
Hence 
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tw? shall represent M = 6(7a— 6). 


Conversely this implies that y, z, w are not all odd, whence, after permuting 
them, w is even. For, if all odd, 0=P?+3-%, P? =3 (mod 4), which is 
impossible. 

To prove that every positive M is represented by g, take P=b (mod 7), 
P odd. Then N=M—P?=0 (mod?) and N=—1(mod4). Thus 
N=%(1+4m). But if m20,1-+ 4m is a sum of three squares, whence 
M is represented by g. Since P was determined modulo 14, we may take 
|P|=7%. It remains to treat O=[M<49. Take w=0. The ternary 
(1,7,7) represents M unless M —49"(%n + e), e=3,5,6. Here m=0, 
and M = b? #e (mod 7). 

19. (1,1,1,1,1). By (10), 3u, Eliminate Q 
from (22) and write t=—R-+u, u+W=y, u—W=z. We get 
4(5a — b*?) = P? + 52? + 5y* + 52. Proceed as in the preceding cases.* 


III. Proor or THEOREM 3. 


20. Our theorem follows from Theorem 2 unless 
(24) (¢—1l)a=b?+ (t— 2) (a—2) < B?. 


In part of the proof we shall assume that c; —1 and take xz, —1, and 
examine the conditions that « = a—1, 8B = b —1 shall satisfy the conditions 
of Theorem 1 with a, b, t replaced by a, 8B, {—1, respectively, which we cite 
as Theorem 1’. Evidently «= 8 (mod 2). Also 8 =0 unless b = 0, whence 
a<2 Buta=—15b)(mod2). For a—b=0, Theorem 3 is true. Next, 
(t—1)a= if ((—1)a = b? — 20 + which follows from (24,). Finally, 
(t{—2)a < + 28 + ¢t—1 reduces to (24.2). Note that the latter implies 


(25) (t—2)a< 


if b®? + 2(t—2) is S the second member and hence if t—3= 2b. The 
latter is true for our cases t = 5, 6, 7 unless b =O ori. Then (24) both hold 
only when 1, while a=bD (mod 2). 

(1,1, 1, 2,2). We need only the case 8 odd of Theorem 1’. If a and 
are odd, take z, —0. In view of (24,) and (25), our theorem follows from 
Theorem 1’. Next, if a and b are even, we take x, —1. Then B=—b)—1 
is odd. The proof above shows that our theorem follows from Theorem 1’. 


* Somewhat different from the earlier proof sketched by G. Pall, Quarterly Journal 
of Mathematics, vol. 2 (1931), pp. 136-141. When a and 6b are even, he proved that 
for (1,1,1,1) and k=1, we may replace (4,) by the weaker condition 


8a < 3b? + 8b + 16. 


= 
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(1,1, 1,1, 2). We need Theorem 1’ only when either or is prime to 5. 
If a or b is prime to 5, take x, = 0. Ifa and b are both divisible by 5, take 
2, = 1, whence is prime to 5. 

(1,1,1,1,3). We need Theorem 1’ only when £ is prime to 3, whence 
a positive 6a — f? is represented by (1,1,1,3). According as 6 is prime to 3 
or divisible by 3, take 7; = 0 or 2, = 1. 


IV. Proor or THEOREM 4. 


21. First, let S=(1,0), whence T—t+1, 55t=7%. Hence by 
Theorem 3 there exist solutions = 0 with z,—0 if ta=b?. There remains 


the case 
(26) tax<bS(t+1)a (= deleted if 
Since a= 1, b? > 5, = 37. Hence a1, b?=2t,b=4. We may write 


r=0,+1,+2,—3 if ¢=5; 
(27) if 
if 


since the values of r form a complete set of residues modulo ¢ + 1. 
Since b2=4,2>0,421. Take z,—vz. Write 
Hence B > 0. In 6? = (¢-+ 1)a replace b by its value (27). Thus 
a= (t+ 1)2?+ 2er+ I, 


where J is the least integer > r?/(t-+1) if t= 7, but the least one = that 
fraction of £5 or 6. Then I >,r*/t or [=r?/t in the respective cases. 


Hence 
ta = t(t + 1) a? + + 7, 


with — deleted if In the latter case, ta > while ta = if 
t=5or 6. From ta < b?, we have 


t(t — 2) (a—2) < (t—2){(¢ +1)? 2? + 2(¢ + 1) ar + — 21}, 
which is term by term < ¢t{(t? + t —2)az? + 2tar + r?}, whence 


(t—2)(a—2) < f?. 
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Since we have verified the conditions for Theorem 3 with a, b replaced by 


a, B, we have proved Theorem 4 when S = (1,¢). 
Taking o to be the resulting S, we see that our proof establishes Theorem 


4 for (1,8); ete. 
V. Proor or THEOREM 5. 


22. The relations X;—2;-+ k—1 establish a (1,1) correspondence 
between A, B and solutions X; > —1 of 


A=3 B= 3 
and a, b, and solutions x; > —k of (1), where 
a=A—2(k—1)B+ t(k—1)?, b= B— (k—1)t. 


We see that tA = B? implies ta = b? and conversely. Also, A = B (mod 2) 
implies a=. Moreover, the case k = 1 of (42) in capital letters implies (42). 
Also, B = 0 implies the inequality in (2). Hence Theorem 1 follows from the 
case k = 1 of it. 

What we really desire is the new fact that (t — 2)(A—2) < B? implies 
the final inequality in Theorem 5. This completes the proof of Theorem 5. 


VI. Nore on A PREVIOUS PAPER. 


23. Let 0<r<2". The statement* that 

2" >q+r-+3 was proved only in case 8r(n—1) > 2. But it was used 

in the paper only when n < 36 and is then seen to be true by the values listed. 

For n= 36, g/2*® < .000032. But qg(m)/2" decreases when n increases. 

Hence the statement holds for n = 36 if d= 1/2" < .99996. For 36 = n= 180, 
_ we have d > .98 only when 


n=105, d—=.98559, n=140, d—=.980417, 
n=15%, d—=.992746, n=163, d—=.995501. 


Hence the statement is true for n= 180. For n is a decimal 
whose first 22 digits are zero. Hence the statement fails after n — 180 only 
in case there should occur a d all of whose first 22 digits are 9. 


UNIVERSITY OF CHICAGO. 


* American Journal of Mathematics, vol. 55 (1933), p. 593. 
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PORISTIC DOUBLE BINARY FORMS. 


By JosEPHINE H. CHANLER. 


Introduction. It is our purpose to exhibit poristic double binary forms 
of order (2,4) up to and including those admitting configurations A*,. A 
geometric representation of possible configurations is shown (§1). Where 
possible, we study the involution curve (presently defined) ; in particular we 
do so for the Liiroth quartic (§ 2) and for quartic curves admitting checker- 
board configurations (§§ 4-7). In the latter case an extension is made to 
the Jonquiéres curve. Factorable forms and those admitting imprimitive 
grouping are not discussed (*, §4). We employ the methods and theorems 
developed by Coble in his studies of multiple binary forms (* ”). 

If a value ¢, is substituted in a double binary form Fy, = (at)*(ar)* = 0, 
there are determined « values of 7, each of which determines k — 1 values of 
¢ in addition to ¢,, ete. If we can obtain. a closed set of n ?¢’s and vy 7’s such 
that each ¢ determines «x of the 7’s and each + k of the ?’s, the form admits a 
configuration A**. A poristic form admits oo* such configurations. 

In the form Pex =0 (k Sx), let t be the parameter of an S;_,€ of the 
rational norm curve N* in S;, and let + be the parameter of a point x on the 
rational curve R* of order x in Sx. Fixx 0 is then the incidence condition 
of the dual elements of the two curves. If the form is poristic, the values of 
t are arranged in sets of n belonging to an involution J,"; the (i) sets of k 
values of ¢ in each set of m determine ( re points of an involution curve of 
order eye Of these points v lie on the rational constituent R* of the 
involution curve (*, § 5). 

Important forms connected with F;,, 0 are the complementary form 
F'n-x,v-« = 0 by which ¢(r) determines the vy 7’s (n —k not related to 
it under F;,,—0, and those forms giving rise to the covariant porisms 


(7, §3). 


1. Determination of configurations. We must arrange the n ?’s into v 
couples so that each ¢ occurs in «x couples. The whole must admit a group of 
permutations transitive on the ?’s (*, p. 360). It is convenient to think of 
the n ?¢’s as the vertices of a regular polygon; the diagonals joining v couples 
of the vertices denote the v 7’s of the configuration. 

There are no configurations of the types Awe A since in neither case 
can v distinct couples be formed from the n ¢’s. The one possible configuration 
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424 is represented by the vertices and diagonals of a pentagon (2). There 
is also only one configuration of type A?%, (3). For Avi, there are two 
arrangements. For the one case, 


zr: (12) (13) (14) (15) (23) (26) (27) 
(34) (35) (46) (47) (56) (57) (67) 


the vertices divide into two primitive sets 1, 3, 6, 7 and 2, 4, 5. For the other, 


a: (12) (23) (34) (45) (56) (67) (71) 
(14) (47) (3) (36) (62) (25) (51) 


we obtain by rational processes from a study of the covariant porisms the 
forms G,, G2, Gs, where a vertex ¢ is related by G, to the two adjacent vertices, 
by G, to the two most distant, and by G, to those once removed. The forms 
are derived by the method employed by Coble in (*). Each of these forms 
correlates ¢’s which produce a common 7 in a Poncelet F,,. form. Hence if 
the points 1, 2,3,---% are on a conic, the lines (12), (23),- - - (71) cir- 
cumscribe one conic, and the lines (14), (47), (73),- - - (51) another. Since 
these 14 lines circumscribe our involution (line) quartic, the latter degenerates, 
and the original form is factorable. 

For A**, we confine ourselves to the checkerboard type discussed in (4-7). 


2. The Liiroth quartic and its F., (*, pp. 9-10). We first obtain the 
equation. 

By setting up an involution 7,5 = (at)® + A(Bt)® = 0 among the tangents 
t of a norm conic, we generate the Liiroth quartic curve 


(1) Q = {(at)°(Bt’)® — (at’)*(Bt)*}/(t—V) =0, 
with coérdinates 
(2) 


If Q is rational, the incidence condition of line of C and point of Q is an F2,4 
form of the type desired. To provide for the nodes of Q, 7,5 must contain 
three quintics each consisting of a squared quadratic and a linear factor. 
Thus we have an identity: 


(3) (Lit + Le) (aot? + + ay)? + (mit + me) (Bot? + + be)? 
+ ne) (cot? + = 0 


among three such members of J,°. The condition that linear forms 1, m, n 
may exist is: 
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(4) 
lo? 0 b,* 0 Co? 0 
le? 40,02 b.? 4b,b. Co? 
0 a,* 0 Co? 


= 0. 


This is the condition that the squared quadratics be apolar to the polar quartics 
of a binary quintic. Taking these polar quartics as the fundamental involution 
of a ternay triple-point quartic, we have the theorem: 


(5) Any 3 of the 4 sections of a triple-point quartic curve Q by its 4 double 
tangents will serve as squared quadratics for the Liiroth form desired. 


Now let the parameters ¢ of points on Q be attached to the tangents of 
the norm conic 0 (°, § 27). To the line sections of Q correspond polar four- 
sides (circumscribed about C) of a pencil of point conics apolar to C. This 
pencil determines a quadratic transformation (°, § 27) the Darboux codrdi- 
nates of whose fixed points are given by the quadratics of the double tangents 
of Q. The diagonal triangle of this basis fourpoint circumscribes the norm 
conic, for to its sides correspond the parameters of the triple point of Q. Hence 


(6) Gwen four points in the plane, «? conics may be inscribed in the 
diagonal triangle. For each, as a norm conic, four Liiroth quartics may be 
cbtained, each with nodes at 3 of the 4 original points. 


Take the basis fourpoint as the vertices and center of an equilateral 
triangle. Let the Darboux codrdinates of the center be (0, 0), while the 
sides of the diagonal triangle have parameters ¢,, t2, tj. The quadratics and 
linear forms giving the nodes and corresponding bitangents follow: 


Quartic curve Quadratics (nodes) Linear forms (bitangents) 


(7) Qoii Jos Vis Vi Lij, Loj, Los 


where, if s; = 3t,, 82 = tite, 83 = 


8) t, — + So) t 2835 Doi == tit 
Diy = (82 t + tits (81 — Lig = Lyi, 


Developing the ternary equation for Qoi2 and setting o, = t; + te, o2 = tite 
we have: 


| 
| 
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= Ro2}Lo°L1 + 40; {t3"(o2 + + O27} 
+ + + o2 — 017} 
+ 8t,°02°{ — 2ts + + 1602?{ — + 01} 
(9) + — + + (20,4 — 40,702) 
+ (01° — 100,°02) + tz (201402 — 4017027) + 027017} 
— (202 — 20,7) + ts (01° — 80102) + 02017} 2972122 
— + — 30102) 
+ — 0,702) } 42” = 0. 


Qozs and Qos, may be obtained by the cyclic permutation of 1, 2, 3. 

To indicate a parameter 7 on Qoi2, we display its equation as the result 
of eliminating the parameter between two projective pencils of conics (on the 
nodes and touching respectively the nodal tangents at qo) : 


(10) = (1,C’ + C1) (1.C’ + C.) —kC”? = 0, 
where 
(11) 

k =Il., a? =o, — 2tz, B? = — — 202), 


CY == — + 

C, = 402 (4% — 2, + o102( ats? + B) a.” — (482 — 
C2, = 402 + + (ats? — B) x.” — (as. + 
aBl, = ats{tz(t,? + t.2) —oi02} + B{ts0, — 

— ats {ts(t,? + t.”) —o,02} + B{tso, — 202}. 


By solving the pencils of conics for x; in terms of 7, we write 
(12) F., = 0, 


We now study the configuration of nodes and double tangents. Let 
Jis Vi» Ye be the nodes of one quartic. (qi represents as usual either a quadratic 
or the point determined by it.) The line joining qi, qj; passes through one 
vertex of the diagonal triangle and meets the opposite side in a point whose 
tangents to the norm conic are that side and the Li; paired with q. The 
parameters of Lo; and Ly, are harmonic with respect to t;,¢;. From the 
equation of Qo.2 and the symmetry of the nodes we see that the nodal tangents 
are harmonic with respect to the tangents to the norm conic from that node. 
This exemplifies the first case of Morley’s theorem (°, p. 282) : 


(13) <A Liiroth quartic can acquire a double point in two ways. In the one, 
the lines at the double point are apolar to the points on a double line. In the 
other the lines at the double point meet the curve again on a line of the curve. 


We may note here: 
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(14) In the system of four Liiroth quartics every pair have in common two 
nodes, one bitangent, and the four points at which the tangents from the 
common node touch the conic. The nodal tangents at a common node are 
pairs of an involution. 


(15) If a norm conic and two nodes for a Liiroth quartic be chosen, the 
locus of the third is a quartic with double points at the two fixed nodes. 
When the third node 1s selected, the set of Liiroth quartics is determined: 
for in the net of point conics on the three nodes only one pencil is apolar to 
the norm conic (°, pp. 240-242). | 


We next study the binary quintic. Since qo—t, the quintic is in 
Hammond’s form (*, p. 305) 


(at)® == at® + 5bt* + det + f 


(16) 


where So = > Sti, 8. > Stite, S3 = ty tots. 


If we use the fundamental system of the quintic (*, pp. 309-310) the nodal 
parameters of the Liiroth quartic are given by a covariant of degree 4 and 
order 8: 


(17) 2,6 — C1,5C3,3- 


This octavic covariant breaks up into four quadratics for the general quintic; 
if the points of any one such quadratic are taken as the reference points 
(0, 0), the quintic assumes Hammond’s form. The parameters of the six 
bitangents are given by 


(18) 90" 12,6 = — + + 

We are led to an interesting interpretation of of J,’s vanishing. If 

(19) a°f? — 10abef + 9b?e? = 854854 (8152 — 8 ($182 — 98083) = 0, 
and the roots of the canonizant are distinct, either 

(20. 1, 2) — SoS3 = 0, 8182 — = 0. 

In either case, 


(21) The vanishing of the invariant I, of a quintic whose canonizant has 
no repeated factor is the necessary and sufficient condition: 


(a) that 2 and therefore 3 of the quadratic factors of its O’s,3 be mutually 
apolar : 
(b) that 2 and therefore 3 of the linear factors of C’s2,6 coincide. 


For a geometric interpretation let q,, q2, g, be the mutually apolar quad- 
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ratics. Then @Q,., degenerates into the lines of a triangle self-polar with 
respect to the norm conic C, and the line Li. = L23 = D1, which is the polar 
line of the triangle with respect to the point qo. 


(22) If the parameters of the contact points of 2 bitangents of a triple 
point quartic are apolar, a third bitangent exists such that the three sets of 
parameters of contact points are mutually apolar. 


By further examination of the covariants, we arrive at the theorem: 


(23) The identical vanishing of the covariant C’s2,6 + 27C3,20’9,3 where 
C's; is the cubicovariant of the canonizant Cz,, is the necessary and sufficient 
condition that C’s.¢ have 2 factors in common with C3,3. C’12,6 then factors 
into the canonizant and its cubicovariant. Two roots of the binary quintic 
ure gwen by one of the quadratics qi. 


The geometric interpretation is clear if we consider that case in which 
the bitangents not on Qi2, form the diagonal triangle. The norm conic is the 
circle inscribed in the triangle. The configuration admits a rotation of period 
8 about the circle’s center under which the circle and Qi.3; are transformed 
into themselves, while Qo12, Qo2s, Yos1 are permuted cyclically. 


3. The poristic with configurations We first obtain the con- 
figuration. Representing the ¢’s by the faces of a cube and the 7’s on a ¢ by 
the edges on the corresponding face, we may prove by a study of the covariant 
porisms that the opposite faces are projective, as are also the opposite edges. 
If we take the projectivities to be ’ ——vt, r’=-—vr, we have the con- 
figuration : 

For 8,77, 78; 
(1) for tmaim,r=—+ 4p, 4%, zy, =A; 
for teatn, r=+56, 


We now obtain the equations of condition for F'.,, and its complementary 
form. To have the solutions indicated, 


(2) (7 + B) (7 + y) (7 +8)/(t—I) 
+ s(t—p) + @) (7 + 7) (7 +A)/(t—m) 
+ p(t —8) (7+ 8) (7 +A) +4)/(t—n) =0, 


while its expanded form must be one of the types: 
(3) t? + G27? + doo) + t(Gigt® + Giit) + doat* + + doo = 0, 
(4) + doit) + t(Gigt* + + Gio) + + doit = 0. 


Let 41, d2, ds, a, represent the elementary symmetric functions of 


ry 
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— 4a, B, y, 8; 01, be, bs, bg those of —yp, y, A; C1, Co, Cz, Cg those of 
— 6, B,A, w. If case (3) appears we have 


ra, + sb, + pe, = 0, 
+ sb3 + pes == (), 
mnra, + nlsb; + Impe, == (), 
(5) mnra; + nlsbz + = 0, 


(m + n)rag + (n+ 1)sb, + (1+ m) pe, =0, 
(m + 1) raz + (n+ 1)sb, + (1+ m) pe, =0, 


Hence, if there are no coincidences in (1), 


(6) a,b; — = 0, =0, — bsc, = 0, 
1 1 1 

(7) Co 0. 
bs Cy 


If case (4) appears, 


r+s+p = 0, 
+ Sb2 + pez == (), 
+ 8b, + prey = 0, 

(8) mnr + nls +- Imp = (), 
mnra, + nlsbz + == 0), 
mnra, + nlsb, + Impe, == (), 
(m + n)ra, + (n + 1)sb, + m)pe, = 0, 
(m + n)ras + (n+ 1)sb; + (1+ m) pes =0, 

whence 

(9) 623 =. 


The complementary F',,, contains a form obtained from F.,, by changing 
the sign of 7. The residual factor correlates to a face ¢ the edges perpendicular 
to t, and so may be written 


(10) f(r? (7? — /(? —P) — g(x? — a?) (? — —n?) = 0, 


where the correlations impose the condition 


(11) d 

To study form (3), we eliminate a in (6), obtaining a quadratic in y 
Whose discriminant is a perfect square. After factors implying a degenerate 
configuration are discarded, (11) becomes 
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(12) (8—B)(A +m) (Aw + B38) — + p?) — 2au(B? + 8) =0. 


(7) results in the same equation. From equations (5): 
(13) im: 43) : +43) : (a, + %—<as), 
Az) /8, % = (d2—be)/p; 


where = —C2)/1, = (C2 
(14) 10, : Sb, pcy = («iby + — 


(13) and (14) satisfy all but the third and fourth of equations (5). 
Substituting in either, and putting in the values of the a’s and of r: s: p, 
we obtain the resolvent quadratic: 


(15) (b2 — C2) + bz) (b2 — C2) 
+ (C2 Az) (b2 — C2) 
+ — a2) — bz) + K2¢,)? = 0. 


Set 


A=b.—,, C=a—b, 
(16) So = — Aa, — Bb, Ce, = — Ad, +- Bb, Ce, 
= Aa, — Bb, + = Ad, + Bb,— Cc. 


With proper simplifications a solution of (15) may be written 


$083} : bi (8; + S2)83. 


(17) Ko >= V 80818283 
Setting these values in (14), we get 


(18) p=— (V 8815283 + $183) 
(V 8818283 — 8283)/b1 83(8; + 82) 
From (13) 


l:m:n= {— 2(s3 + 51) V 80818283 + 8389 (8; — s2) + 8182 (S3 — 
(19) {2(83 + s2) V S0818283 — $38 ($1 — 82) + 8182(83 — 80) } 
{83( 8081 + SoS2 + 25182) — 8182(83 — So) }. 

The factor of proportionality in 7 : s : p may be assigned at will; that 
inl: m: m is fixed by a choice of unit point for the ¢’s. When the unit 
point for the 7’s is also chosen, we thus have the form and one configuration 
given in terms of two absolute constants—say 8,6. One absolute constant is 
left for the form. 

To study form (4), we get from (9): 


(20) BS = pA = ay — k, 


P; 
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A+ p= ks(y— @) 
(21) A+ 


If we solve for the quantities in terms of «, k; we have from (20) 
(22) ke? = 1/(1—&,’), 
1/(1— ha?) = — 1) by? = 
Set 
(23) 
p= A— p= U2. 


Then 

a, =U; + V2, b, + We, + Us, 

dz = — — V2), bz = — — Cz = — — U2), 
(24) Uy" — Up” = — v2? = w,? — w,? = 4k, 

— = Up? — wo? = u? — w?, 

— = — v2? = w* — 

— Uy? = v2? — = v? — 
From (8): 
(25) (m+n)r: (n+1)s: (lL+m)p = — 

(26) ris: p=(xi+ x2) 


whence, using (21), (24), we have 


(27) 


men: = — w?) ko (Ky ko) k3(v? — u?) — Ki (kK; + Kz) (w? — v?) 
> — w*) — + Ko) — u?) + (Ki + (w? — v?) 
— Ki — w?) — + (v0? — u?) — (Ki + (w? — v?). 


We have now only to satisfy the fourth, fifth and sixth of equations (8). 
Substitute in any of these, employing (22), and expressing the differences 


w*, w* — v*, v? — in terms of a, k;. The solutions of the resolvent 
are upon simplification : 

(28) Kyi: ko = — Vk? --1{k,? + —1} ky {ky —1}, 
(28°) : ko = — hy { ky? + Vk—1} {k, +k, V ky? —1—ivk?—1}. 


When «@ is determined by the choice of unit point for 7 we have the form 
and one configuration given in terms of the absolute constant h. 

The form (4), which is free of constants, may be more satisfactorily 
obtained by the study of the degenerate configurations. A possible arrange- 
ment is: 
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(1) two configurations in which 


7: BP=y=A, 
(II) one configuration in which 

t:l—=—l, m=—m, 

7: B=—d,rA—p, 4, y= — 
In each of (1) we have the equivalent of 4 double roots for the ¢’s and 8 for 
the 7’s; «,— a are the parameters of a node of the quartic; 1,1 represent 


common lines at common points of Q and C. In (II) there are 2 double roots 
for ¢ and 6 for 7; a, y are the parameters of a node; n, —n are two bitangents 


of Q. 
In (II) set 


(29) m=—m= y=— y= 
In homogeneous codrdinates 


(30) => (717 (tito ) STiT2 (71? p72”) (t,? ntyt,) 
+ + 2(B + + + + 
+ + + = 0. 


To bring the equation into form (4), we must have 


(31) ris: : : n(B—pz). 
The complementary form imposes the condition 
(32) Bt =p‘, i.e., B= pi (? =—1). 


If we set »—1, n=—1, we have, after simplifying, 

== 21° — 2r) + t(r* + 4ir? —1) + 4 2ir = 0. 
The parametric equations for Q are: 

(34) oi +1) : — + 407? — 1) : 1). 


The discriminant of F.,,4—0 as a quadratic in ¢ is the perfect square 
(7* — 4tr? — 1)*, corresponding to the fact that C is a contact conic of Q. 
The nodal parameters in the configurations (I) are given by the quadratics: 


(1— 28 — +14 
(1—2i+iV3)r? 21+ 


The lines on the nodes are 


(35) 


(36)  48?2,— 46x. — (B?—1)*x —0, 1, 
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where =i(2+ V3), B2=i(2— V3). 
From (34), (35), (86) we may easily prove: 


(37) The nodal tangents at the isolated node (0,1,0) are harmonic with 
respect to the tangents from (0,1,0) to the norm conic. At cach of the other 
nodes the nodal tangents and the tangents to the norm conic are pairs of an 
involution whose fixed members are the lines from that node to the other two. 


4, Forms admitting checkerboard configurations. If we set up an 
involution = (yt)” + A(t)" = 0 among the tangents ¢ of the norm conic 
C, the locus points (t, /) such that 


(yt)" + A(St)"—=0, (yt’)"—A(S’)" = 0, 


is an -ic Qn = (yt)"(8t’)" + (yt’)"(8t)" =0 admitting 1 configurations 
Any whose lines are tangent to the norm conic. If Q» is rational, the inci- 
dence condition of points of Qn with lines of C is the F.» desired. In the 
following we assume known the properties and theorems developed by Pro- 


fessor Coble concerning the poristic F’,,, and the curves involved (*, §§ 9,10). 
5. The triple point quartic. To construct the F,,4, take 

(1) (0¢)*=(t—1) =0, (ot)*=(t—A) =0. 

Then 

(2) (yt)*== (6t)* ++ Vu(pt)*—=0, (8t)* = (6t)* — = 0. 

The curve Q has the ternary equation (use 2 (2)): 

(3) Q = — 24, + L2) — (ao — 2A, + — 0. 

Cutting out the points of Q by the pencil of lines 1, — 7a, = 0, we get 

(4) = (2r*— : + : (2r>— 2drp). 

Recalling the line codrdinates for the conic, we have 

(5) Pog == = — Apr — + — pr — + — Ap) = 0. 


To get the complementary form, we obtain the completely poristic form F%,16 
and divide it by F2,,. 

The two absolute constants exhibited in F,4 — 0 are the conic constant A 
and the quartic constant ». Given the four lines t, = t, = tg, ts, ts = te = ty, 
ts, the conic may be any one of the pencil determined by them: the quartic 
is any one of a pencil with a triple point at 715,- - +,737, and flex points at 
Tis, Tas, Whose tangents ts, tg meet again on the curve at 43. Taking ty, ts, ts 
as the sides of the reference triangle and ¢, as the unit line, we have the ternary 
equation 

6 


| 
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(6) Le — (Xp +2, + 42) 0. 


We may then state the theorem: 


(7) The necessary and sufficient condition that a nondegenerate triple-point 
quartic admit c* checkerboard configurations A%*, whose lines are tangent 
to a conic is that two flex tangents meet on the curve, forming a proper four- 
line with the lines from the triple point to the flexes. The conic may be any 
one of the pencil inscribed in the fourline. 


We can now prove: 


(8) <A sufficient condition that a given form F2,4 be poristic with checkerboard 
configurations is that it admit a degenerate configuration with the set of Us 


\ , there being no other equalities in the set. 
= te = tr, ts : 


For we have the two distinct values t45 = 14g = 747, Tig == Tos = Tss 
Furthermore, the remaining 7’s are distinct from the foregoing, and they have 
no more than three distinct values, which may all be obtained by substituting 
t;, or t, in the form. Then F,,—0 may be interpreted as the incidence 
condition for the dual elements of a conic and quartic satisfying the conditions 
of theorem (7). 

We now study the quartic’s fundamental pencil. (7, pp. 35-41; *, pp. 
301-304.) For a simple parametric form cut out the points of (6) by the 
pencil + 77,—0. We get 


(9) Ly : (7? —p) 


Noting that the flex points (0, 0) comprise the Hessian of the cubic giving 
the triple point parameters, we may write for Q: 


(10) Loi : r(7®?—1) : + 07+ 


= 0 is the necessary and sufficient condition that either ax, — 7, = 0, 
or cz, + = 0 be a flex tangent. Hence: 


(11) If there is a flex at one of the Hessian points of the cubic giving the 
parameters of the triple point, there is a flex at the other, and the two flex 
tangents meet on the curve. 


(12) If two flex tangents meet on the curve at a point distinct from the 
flexes, the flex points comprise the Hessian of the cubic giving the triple point 
parameters, and the line joining the two flex points meets the curve again in 
a pair of points harmonic to the flexes. 


| 
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This pair is such that tangents drawn from them to the quartic form 
self-apolar sets (*, p. 299). 
The equations for Q may be taken: 


The fundamental pencil becomes: 

(14) ort — — dor + 1+ Grr? = 0, 

with the concomitants : 


I, = 0, denoting a triple point, 


else the line sections would have a common root. @ has therefore no cusp at 
the triple point. Since 


(16) I,— (I’2 — 3612)? = 0, 
four flexes, given by 

(17) crt — + 2cr —1 —0, 
lie on a line, namely 

(18) Lo + cx, — 34. = 0. 


The condition for three collinear points is 
(19) So” — — 8183 — C8283 + C82 + = 0, 


in terms of the symmetric functions of the parameters of these points. 
The pencil of poristic line conics, which I have not found in the 
literature, is 


(20) + + + + 0, 
or in point codrdinates, 
(21) Lo? + 07a? + + 2c(2A— 1) Hoa, — — = 0. 


The intersections of this pencil with the quartic curve are given by the system 

of octavics, 

+ 2c(A— + (A— 1) 4 20?(A — 1) 7° — 2c(A? + 2A— 2) 
+ 2(A—1)7® + c? (A — 1) + 2e(A— 1)7 +1 —0. 


The three degenerate line conics are: for 4 = 0, the product of the two flex 
points (0,0); for A= 0, the product of the triple point and the meeting 


(22) 
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point r= 1/c of the two flex tangents; for A= 1, the product of two points 
on the conic x of osculant theory (7, p. 45) : 


(23) 161, = + — 15x.” — + 14a 72 + = 0. 
A well-known pencil is determined by the conic on the flex points 

(24) + cx, — 322) —0, 

and the locus of self-apolar sections 

(25) Lo? + + 9a.” — 14cx x, + + 2, = 0, 


a poristic conic. The conic on the bitangent contacts, 


{(44+2V3)a + (—4+2V3) cx, —6V 32} 


(26) {(4—2V3) a+ (—4—2V/3)ca, + 6/322} —0, 


counts twice as a degenerate member in the pencil. The pencil therefore 
passes through three points and touches the line (18) at (3c, 3, 2c), a point 
on the line 

(27) Ly — cx, = 0 


joining the triple point to the point s—1/c. The two factors of (26) are 
harmonic with respect to (18) and (27). The conic (7, p. 45): 


(28) + + — — 182 x. — 18c2,2, = 0 


is the locus of flex lines of the cubic osculants. 

We next study the quartic from the standpoint of Landry’s quintic and 
its system of concomitants (*, pp. 102-104). For equations (4) the apolar 
quintic is 
(29) — + — 10Apr? ur — — 0. 


We have thus in general a pencil of binary quintics in (11) correspondence 
with the quartic curves; however, for »—0, p=, p=—A?, the curve 
equations fail. 

Given the quintic (ft)° —0, we can calculate 


t= (7, f)*, 
(30) j=— (f,7)*, the canonizant giving the triple point, 
= 81S. = (j, 7)”, Hessian of canonizant. 


We may take for line sections of the quartic curve (*, p. 102) : 
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Taking 
(32) j=r—1, +0'7+¢, 


we see from previous theorems that the necessary and sufficient condition for 
the quartic to be poristic is that 


(33) B= (s,i)?=0. 


Equations (31) then reduce to (13). The quintic and its system of con- 
comitants follow: 
f — der* + 107® — 100?r? + 5er —1, 
H = (f, f)? =1(ert — 27° + 2cr — 1), 


B = (5,1)? = 0, 
cm (8, §)? — 2592(1 — c*)2, 


— 6=(s,1) = 216(1— c*)*(7? ¢), 
— B = (4,1) = 216(1—c*)*(7 + ¢*), 


y = (8, = — 1296(1 — c*)"(er —1), 
§ = (6,a) = — 7776(1— c*)*® — c?), 

— R= (a,8) = 279936(1 — +c’), 
M =— 3c¢, 


N =93312(1 — c*) °c. 
We may now prove: 


(35) The necessary and sufficient condition that a nondegenerate triple 
point quartic be poristic with checkerboard configurations is that four flexes 
lie on a line. 


We have already proved the condition necessary. To prove it sufficient, 
consider first that the branches at the triple point are distinct. Putting the 
apolar quintic in Hammond’s form (*, p. 306), we use Morley’s relationships 
(7, p. 45) to calculate the conic on the flexes I’, —4/,—0. For it to 
degenerate, its discriminant and therefore the invariant B of the quintic must 
vanish, Whence the curve is poristic. If there is a cusp at the triple point, 
the quartic cannot be poristic. In the case of a simple cusp we show by an 
algebraic calculation that the collinearity of four flexes implies a degenerate 
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curve. Should all the parameters at the triple point coincide, only two actual 
flexes remain; hence four flexes cannot lie on a line. 


6. Extension to Jonquiéres curves of higher order. The method exactly 
parallels that of 5. Take for the n-ics of the multiple point configuration 
({—A). Then 


(1) Cn Lo" (Lo — 2a, + Lo) — (Xp — + = 0, 

with parametric equations 

(3) Pon Apr — + — — + — Ap) = 0. 

Landry’s (2n — 3) -ic is 

(cr) 20-8 __ + ( (—1)”° ( 

(2 — Ap, 


Its canonizant is 
(5) — 


While all the theorems of 5 have their analogues here, the results are often 
too unwieldy to be useful. The following extensions may be noted: 


(6) The necessary and sufficient condition that a Jonquiéres curve of order 
n admit «* checkerboard configurations A,*", whose lines are tangent to a 
conic is that it possesses two (n —1)-point-contact tangents which meet again 
on the curve, forming a proper fourline with the lines from the (n —1)-fold 
point to the contacts of the tangents. The conic may be any one of the pencil 
inscribed in the fourline. 


(7) The n further flexes of the entire pencil of poristic n-ics lie on the line 
(n + nA — 2) + 4A(1— n) a, +A(n + nA— 2) = 0. 


(8) The (n—1)-tc ging the parameters of the multiple point of a poristic 
Jonquiéres curve is cyclic, and the fixed points of the cycle are the (n—1) 
point contacts. 


(9) If the (n—1)-tc of the multiple point of a Jonquiéres curve is cyclic, 
and if there is an (n —1)-point contact at one of the fixed points of the cycle, 
there is an (n —1)-point contact at the other also, and the tangents meet on 
the curve, which is therefore poristic. 


| 
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7. A trinodal quartic with checkerboard configurations. In the pencil 
of binary quartics 


(1) (t —a)?(t— 6)? + A(t—1)*(t—d) (t—e) = 0, 

pair the members by the involution A’ =k. If we impose the conditions 
that A = — 1, \ = — k produce respectively the double roots t= 0, t=0, 
we have 


ab =m, a+ b= (k—m?)/(k—m), 
(2) de = m*/k, d + e = 2(m— m*)/(k—m). 


The one condition on the pencil that it contain a perfect square thus leaves 
two absolute constants for the quartic Q and the F.,, form. If (yt)*, (8t)* 


are members of the pencil given by A=k%, X =— k*, the equation of Q 
may be written 

(3) (yt)*(8t")* + (yt’)*(8t)* = 0, 

or setting —1, 7, (t+), = tt’, we have 


Q = 1x," (k — m)*{m3 (m3 — 38mk + 2k?) — k (2m? — 3m7k + hk?) 227} 

+ 2, (k — m?) (k — 
+ 2m?(k — m?)(k — m) (2k? — 3mk + 
— 2k(k — m?) (k — m) — 3m*k + kh?) 

— 2k(k — (k — m)*x,*} + m*(k — m)*ao4 

(4) — 2m? (k — m)?{2(m —1)k? + mk — 2,322 
+ — 10m*k + 16m*k? + 9m*k(1 — k) 
— 16m*k® + 10m?k* — 
— 2k(k — m)?{2m*?(m — 1) — + 
— k(k — m)*x,* = 0. 


To indicate the parameter on the curve, we follow the method of 2, 
expressing (’s equation as the result of eliminating the parameter between 
two projective pencils of conics. We have 


(5) Q = {he + (Sai) {lec’ + (Sai) c2} —drc? = 0, 


where, if 


Ky? = m*>(m*® — 38mk + 2k?), xo? = k(2m* — + k?), 
c’ = (k — m) x2” — (k — m*) + (k — m)mz2,?, 


Ci = (k—m) — kee), Ce (k — m) Kee), 


— m)* — xq? + + 


Kykeml, = — k(k — m*) (k — m)} + — m?) (k — m) — 
Ki = — — k(k — m*) (k — m)} + — m*) (k —m) — 


) 
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We can now prove the theorem: 


(7) Given a poristic trinodal quartic with one isolated node, the nodal 
tangents at each node are harmonic with respect to the tangents from that 
node to the poristic conic. 


That the theorem holds at the isolated node is evident from (4). To 
prove it for the others, send (1,—a—1,a), (0,1,0), (1,—6—1,}) into 
(0,0,1), (0,1,0), (1,0,0) by the transformation 


(8) Ly == {Xp 


{— (b + (b—a)ay’ + (a+ — 


If we then set up the products of the nodal tangents at (0,0,1), (1,0,0), 
and the products of the tangents from those nodes to the poristic conic, we 
find the necessary apolarity conditions satisfied. 


UrBana, ILL. 
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CONCERNING IRREDUCIBLY CONNECTED SETS AND 
IRREDUCIBLE REGULAR CONNEXES.} 


By R. L. WILDER. 


The notions of a point set M irreducibly connected about a point set K 
and basic set about which M is irreducibly connected were introduced and 
studied to some extent by H. M. Gehman.{ The present paper is an investiga- 
tion of these same notions with the emphasis placed on non-closed sets.§ 

The only spacial assumptions necessary are explicitly stated in the hy- 
pothesis of each theorem, in each case the set under consideration being con- 
sidered as a general topological space without reference to any imbedding space. 
In general, only the notion of limit point is necessary, connectedness being 
defined in terms of limit point according to the usual Lennes-Hausdorff defi- 
nition. In the case of Theorems 11-14 it is necessary to assume that the set 
under consideration is a “ neighborhood ” space in which it is true that if P 
is a limit point of a point set M, and F# is a neighborhood of P, then RF con- 
tains infinitely many points of M. Otherwise, we need no such properties as 
are implied in denumerability axioms, covering theorems, etc.. (Whenever 
references are made to theorems of other papers needed in proofs, it may be 
readily ascertained that such theorems hold true under our assumptions.) As 
pointed out below, “ regular ” is used in the sense of local connectedness (con- 
nected neighborhoods), and not in the sense in which it is usually employed, 
as, for instance, in metrization theory. As might be expected, however, where 
restrictions are placed upon the set about which the space is irreducibly con- 
nected, it turns out that the character of the space is considerably simplified 
(see, for instance, Theorems 8, 9 and its corollary, and 13, below). 

We have by no means exhausted the subject, and a number of problems 
may suggest themselves to the reader. | 


THEOREM 1. In order that a connected set M should be irreducibly con- 
nected about a subset K, it is necessary and sufficient that if P 1s any point of 


+ Presented to the American Mathematical Society April 7, 1928. Our attention 
was recently called to certain typographical errors in the original abstract of this 
paper (Bulletin of the American Mathematical Society, vol. 34, p. 426, No. 21): In 
line 8, “n” should read “n+ 1”, and in line 11, the first “M” should be “ K.” 

t “Concerning irreducibly connected sets and irreducible continua,” Proceedings 
of the National Academy of Sciences, vol. 12 (1926), pp. 544-547. Also see other papers 
by the same author cited below. 

§ Gehman’s work was chiefly on closed sets of points. 
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M — K, then M — P is the sum of two mutually separated sets each of which 
contains at least one point of K. 


Proof of necessity: Clearly M — P is not connected, else M is not irredu- 
cibly connected about K. Hence M— P is the sum of two mutually sepa- 
rated sets M, and M,. Each of the latter sets contains at least one point of K, 
for if M,, say, contains all of K, the connected + set M, + P is a proper con- 
nected subset of M containing K. 


Proof of sufficiency: Suppose M is not irreducibly connected about K. 
Then M contains a non-vacuous subset, V, such that M--—WN is connected and 
contains K. Let P be a point of N. By hypothesis, M — P is the sum of two 
mutually separated sets M, and M2, each of which contains at least one point 
of K. If we let those points of M; (11, 2) that do not belong to N be 
denoted by 7;, the set M— WN is the sum of the two mutually separated sets 
T, and JT., and a contradiction results. 


It will be noted that Gehman’s Theorem 3 (loc. cit.) to the effect that K 
contains all the non-cut-points of M is a corollary of the above theorem; also 
that instead of a point P we might use a connected subset P of M — N in the 
above theorem. 


THEOREM 2. In order that a connected set M should be irreducibly con- 
nected about a subset K consisting of n points, where n ts a positive integer, 
it is necessary and sufficient that if P is any point of M—K, then M—P is 
the sum of at least two, but not more than n, distinct components each of 
which contains at least one point of K. 


Proof of necessity: That M— P has at least two components follows, of 
course, from Theorem 1. If M — P has more than n components, at least one 
of these, say C, fails to contain a point of K. But M—C is connected f and 
a proper subset of M containing K, violating the condition that M is irreduci- 
bly connected about K. In the same way we may show that every component 
of M — P contains at least one point of K. 

The sufficiency of the condition stated in the theorem follows from 
Theorem 1. 

It will be noted that in the proof just given it is also shown that if a point 
set M is irreducibly connected about a set K and P is any point of M—K, 
then every component of M— P contains at least one point of K; indeed, 


7 B. Knaster and C. Kuratowski, “ Sur les ensembles connexes,” Fundamenta Mathe- 
maticae, vol. 2 (1921), pp. 206-255, Theorem VI. This paper also contains a valuable 
study of sets irreducibly connected about two points. 
¢ Knaster and Kuratowski, loc. cit., Theorem X. 
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Theorem 1 could have been stated in terms of the components of M—P 
instead of in terms of the separated parts of M — P—an essential distinction, 
since in general the components and the separated parts of a point set are not 
identifiable. 

For purposes of proof below, we list the following Lemmas: 1. If N ts a 
connected subset of a connected set M, and M—N is the sum of 2 mutually 
separated sets M,, then Mi + N ts connected (1 = 1, 
2. If a set M is the sum of exactly n components, then these components are 
mutually separated in M. 3. If a set M has at least n(> 1) distinct com- 
ponents, then it is the sum of at least n mutually separated sets. 4. If a set M 
has only a finite number, n (> 1), of components, then for any positive integer 
kn, M ts the sum of k mutually separated sets My, M2, - -, My such that 
M,, Mo,: +, are arbitrary components of M. 

(The proof of Lemma 2 is obvious. Lemma 3 is clearly true for n = 2, 
and is easily proved for the general case by mathematical induction. In regard 
to Lemma 4: By Lemma 3, M is the sum of n mutually separated sets, Ni, 
N.,:-+*,Nn. Each set N; must be a component of M. Then for 1< k, let 
M,;=—N; and let = Ni + + Nn.) 


THEOREM 3. Let M be irreducibly connected about a set of points K, and 
let P be a point of M such that M—P=—M,+M.+°°:~- + Mz, where the 
sets M; are mutually separated and k>1. Then if Mi; K=K;, ((—1, 
2,°°+,k), the set M; + P 1s wrreducibly connected about K; + P. 


Proof. The set M;-+ P is connected by Lemma 1. Suppose it has a 
proper connected subset, N, containing K;-++ P. The set M,+---+ 
+ Mis +---+M,+ P is connected, and consequently by adding N to this 
set we get a proper connected subset of M containing K, contradicting the 
hypothesis. 


THEOREM 4. Jf M is irreducibly connected about a set K consisting of n 
points and P is a point of M such that M— P has n components, then if M, 
is one of those components, the set M, + P is irreducibly connected about two 
points, viz. P and M,: K. 


Proof. It is easily shown that PC M—K. By Theorem 2 the set 
M,-K is exactly one point. Theorem 4 then follows from Lemma 2 and 
Theorem 3. 


THEOREM 5. Under the same hypothesis as in Theorem 4, tf Q 1s a point 
of M not in K + P, then M—Q has only two components, and one of these 


{ This is an obvious extension of Theorem VI of Knaster and Kuratowski, loc. cit, 
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components contains only one point of K, namely that point of K which lies 
with Q in the same component of M— P. 


Proof. If the components of M—P are M,, M2,:-~-, Mn, then by 
Theorem 2 and Lemma 2 the sets M; are mutually separated. Let the point 
(Theorem 2) M;-K be denoted by Pi. We may assume that M,Q. Then 

+: + Mn+ P). 

Suppose M—Q has at least three components. Since, by Theorem 2, 
M — Q has at most n components, we can conclude (Lemma 4) that M—Q 
is the sum of three mutually separated sets, K,, K. and Kz, where K, and K, 
are arbitrary components of M-—Q. As the set M@z.+---+M,+P is 
connected, it lies wholly in one component of M—Q; we may therefore so 
assign the symbol K, as to denote the component of M—Q containing 
Then K, Accorditigly 
(K,-+ K;):K =P,, and we may assume that P,. But then Ks; con- 
tains no point of K, a contradiction of Theorem 2. 

Thus, with the result of Theorem 1, M — Q has exactly two components, 
K, and where K, and P,. 


Definition, If M is a connected set and P a point of M such that M — P 
can be arranged as the sum of n+ 1 mutually separated sets (where n is a 
positive integer), then P will be called a cut-point of M of class n. (Thus, 
every cut-point is of class 1, and, in general, a cut-point of class n, where 
n > 1, is also a cut-point of classes 1, 2,- - -, m—1, respectively.) 

In particular we have shown in Theorems 2, 4 and 5 that a set M irre- 
ducibly connected about a set K consisting of n points has no cut-point of 
class n, and if it has a cut-point of class n —1 all other points of M—K are 
cut-points only of class 1. We shall investigate further the possible classes of 
the cut-points of such a set later on. 

We shall use the term basic set for general connected sets in the sense 
introduced by Gehman; that is, K is a basic set about which M is irreducibly 
connected if, M is not irreducibly connected about any proper subset of K. 
Although, as shown by Gehman, in the case of a compact continuum M the set 
of non-cut-points is a basic set about which M is irreducibly connected, the 
analogous theorem is not true for the general connected set, as simple exam- 
ples show. However, we can prove the following: 


THEOREM 6. If a point set M has a basic set, K, about which tt is irre- 
ducibly connected, then K is the set of non-cut-points of M, and every set 
about which M is irreducibly connected contains K. 


Proof. That K contains all the non-cut-points of M follows from 
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Theorem 1. Suppose P is a point of K that is a cut-point of M. Then 
M —P is the sum of two mutually separated sets M, and M;.. Clearly, both 
M, and M, contain points of K. Let Mj-K = K; (1=—1, 2). 

Now UM is irreducibly connected about K, + K,—K—P. For suppose 
not. Then there exists a proper connected subset, N, of M that contains 
K—P. As N is connected and contains points of both M, and M2, it must 
also contain P. Therefore N is a proper connected subset of M that contains 
K, contradicting the hypothesis that M is irreducibly connected about K. 
Thus M is irreducibly connected about K—P. But then K is not a basic 
set about which M is irreducibly connected. Consequently every point of K 
must be a non-cut-point of M and accordingly K is identically the set of non- 
cut-points of M. 

In conclusion, if A is a set about which M is irreducibly connected, it 
follows from Theorem 1 that A contains the set of non-cut-points of M; that 
is, A K, 

CoroLtLary. A point set can have only one basic set about which wt is 
irreducibly connected. 

We need the following lemma for the proofs of Theorems 7 and 8: 


Lemma 5. Let M be a connected point set and P a point of M. Then 
in order that P should be a cut-point of M of class n it is necessary and suffi- 
cient that if x is any point of M—FP and M, is a separate t of M—x which 
contains P, then P is a cut-point of M, + 2 of class n. 


Proof of necessity: By hypothesis, M— FP is the sum of n+ 1 sepa- 
rates K, Denote the set M—(M,+2) by Mz. 
Since P is a point of M, and therefore not a limit point of M2, the set 
Ni = Ki: M,(i=1, 2,- + -,m-+1) is non-vacuous. We have that 


(1) (M—P): (M,+ 2) +--+ +2). 
Now the point z is in only one of the sets K;, say in K,. Consequently (1) 
may be written: 
(M, + 2%)—P=(Ni+2)+ 

where the sets in the right-hand member are separates of (M, +2)—P. 
Thus P is a cut-point of M, + a of class n. 

Proof of sufficiency: By hypothesis, (M@, + 2) — P is the sum of sepa- 
rates 2,---,n+1). Let N, 2, and denote M—(M,-+ 2) by 
M,. For the sets VN; and N,+ are mutually 


+ If M is any point set and K a subset of M such that K and M—K are mutually 
separated, we shall call K a separate of M. 
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separated. Consequently M— P is the sum of the separates V, + M2. +2, 


TueEoreM 7. If K isa basic set about which M is irreducibly connected, 
and P is a point of M such that M—P 1s the sum of n components 
M; (t=1,2,---,n), then, letting K-M; = Ki, each set K, + P is a basic 
set about which M;, + Ps wrreducibly connected. 


Proof. The set M;+P is irreducibly connected about K,+P by 
Lemma 2 and Theorem 3. By Theorem 6, every point of K is a non-cut-point 
of M, and by Lemma 5 every point of K; is therefore a non-cut-point of 
M,+P. Also, since M; is connected, P is a non-cut-point of M; +P. That 
no point of M;,— K; is a non-cut-point of M;-+ P follows from Lemma 5. 
Thus K;-+ P is identically the set of non-cut-points of M;-+ P. Conse- 
quently, since M;, + P is irreducibly connected about K;-+ P and every set 
about which M;-+ P is irreducibly connected must contain all points of 
Ki +P, the latter set must be a basic set about which M; + P is irreducibly 
connected. 


THEOREM 8. If a point set M has a basic set K about which it 1s «rre- 
ducibly connected, such that K consists of n points, then the number of cut- 
points of M having class greater than 1 1s at most n — 2. 


Proof. If n= 2, the theorem follows from Theorem 2. For the general | 
case we use mathematical induction, assuming the theorem true for the cases 
where K consists of 2, 3,- - -, » —1 points, respectively. 

By Theorem 6 no point of K is a cut-point of M. Suppose P is a cut-point 
of M of class greater than 1. Then by Theorem 2, M — P is the sum of com- 
ponents M,, M,,---, My, where2< kn. The sets Mi:-K=—K; (1=1, 
2,° are non-vacuous and by Theorem 7, Ki P is a basic set about 
which M; + P is irreducibly connected. For each i, let the number of points 
of K; be denoted by nj. 

Clearly nj + 1< n for each i, since k > 2. Hence the set M; + P con- 
tains at most nj; + 1— 2 = n;—1 cut-points of class greater than 1. Sincé 
P is a non-cut-point of M;, + P, it follows from Lemma 5 that a cut-point of 
M;-+ P of class greater than 1 is a similar cut-point of M, and conversely a 
cut-point of M of class greater than 1 and distinct from P is a similar cut-point 
of some M;-+ P. Thus the number of cut-points of M of class greater than 


k k 
1 is at most (nsx Ask> 2, this 
i-1 4-1 


proves the theorem. 
We have now shown the structure of sets that are irreducibly connected 
about a finite number of points to be fairly simple. One more fact that we 
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wish to observe, however, in order to make the intuitive structure of these sets 
more complete, is that they always have basic sets about which they are irre- 
ducibly connected. This is, however, a special case of a much more general 
theorem concerning the existence of basic sets: 


THEOREM 9. If a point set M is irreducibly connected about a compact 
and closed point set K, such that K—T is either vacuous or separable t 
(where T is the set of non-cut-points of M), then M has a basic set (the set 
T) about which it is irreducibly connected. 


Proof. By Theorem1,K OT. If either K =T or M is irreducibly con- 
nected about 7’, the theorem is proved. Suppose that K — T is non-vacuous 
and that WM is not irreducibly connected about 7. Then M has a proper con- 
nected subset NV 7’, where N may be vacuous if 7’ is vacuous—we do not 
assume 7’ non-vacuous. By hypothesis there exists a denumerable set of points 
* dense in K —T. 

Not all points of K —T lie in N, else N is a proper connected subset of M 
containing K. Without loss of generality, we may assume that 2, is not in NV. 
As 2, is not a point of 7, M—vz, is the sum of two separates, M, and M2, 
where M, 0NOT. The set M, contains points of K —T, else M, +2, 
would be a proper connected subset of M containing K. Hence there is a first 
point, %n,, of the sequence of points {2;}, in Mo. 

Again, M—z,, is the sum of two separates M,' and M,', where 
Mi;jOM,+2, NOT. Arguing as before, let rn, be the first point of the 
sequence { 2; } in M,'; M—vzyp, is the sum of two separates M,? and M,? 
where M,? + M,+2,0 And s0 on. 

Let K = K;i(i—1, 2, 3,---). For each i, Ki +n, is a closed 
subset of K — 7 and therefore a compact and closed set. Since, for each 1, 


co 
Ki + wn, 2 Kiss + 2n,,,, the product T[ (Ki + 2n,) contains at least one point 


P. As P is a point of K —T, M—P is the sum of two separates M,” and 
M.”, where As P C K; C for all positive integers i, it is clear 
that + Then contains all points On the other hand 
M,” must contain points of K —T. This is impossible since the points { 2% } 
are dense in K — TJ. From this contradiction we conclude that either K =T 
or M is irreducibly connected about 7, and the theorem is proved. 


+ We use separable only in the sense that there exists a denumerable subset of M 
that is dense in M. It is easy to give an example, based on the ordinal numbers of the 
first and second class, to show the necessity for this assumption. As for the necessity 
of the assumption that K is compact, consider the set M of real numbers # such that 
0<#<1 and the set K of numbers «=1/n where n is a natural number. Con- 
cerning “compact,” see footnote in connection with Theorem 13. 
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Since, in the above proof, we made no assumptions concerning 7’, we have 
the following corollary of Theorem 9: 


CorotLaRy. If a point set M is irreducibly connected about a separable, 
compact and closed point set K, then M has at least two non-cut-points. 


In connection with Theorem 9 and its corollary we may recall the theorem 
to the effect that every compact separable continuum is irreducibly connected 
about a closed set, namely the closure of its set of non-cut-points,t and the 
theorem that every such continuum has at least two non-cut-points.[ The 
former is provable directly by a method similar to that used in proving 
Theorem 9 above, and the latter may therefore be considered its corollary.§ 

We can now complete our study of sets irreducibly connected about finite 
sets of points with the following theorem : 


THEOREM, 11. If a point set M is irreducibly connected about a finite 
set of points K, then M 1s irreducibly connected about the points of K that are 
non-cut-points of M. 


Theorem 11 is, of course, a direct consequence of Theorem 9. 

We conclude this paper with a few remarks concerning regular J point 
sets. 

Definition. A point set M will be called an irreducible regular conneze 
if there exists a point set K relative to which it satisfies the following condi- 
tion: M is regular and connected and contains K, but M has no proper subset 
satisfying the same conditions. We shall also call M an irreducible regular 
connexe about K when we wish to specify the set K. 


THEOREM 12. For a point set M to be an trreducible regular connexe 
about a subset K it is necessary and sufficient that M be regular and irreduct- 
bly connected about K. 


Proof of necessity. Suppose M not irreducibly connected about K. Then 
by Theorem 1 there exists a point P of M—K such that either (a) M—P 
is connected or (b) M— P is the sum of two separates, M, and M2, such that 


¢ See Gehman, loc. cit., Theorem 1. Gehman’s proof depends upon the theorem of 
Moore cited below. 

t See R. L. Moore, “ Report on continuous curves from the viewpoint of analysis 
situs,” Bulletin of the American Mathematical Society, vol. 29 (1923), pp. 289-302, 
Theorem C, and the earlier paper by the same author cited therein. 

_§ See also H. M. Gehman, “ Concerning irreducible continua,” Proceedings of the 
National Academy of Sciences, vol. 14 (1928), pp. 433-435. 

{ Regular = locally connected'= “connected im kleinen.” Although the word 
“regular ” in this sense has gone out of fashion, we retain it in the present instance 
because of its brevity and because we do not wish to change the title of the paper as 
originally announced. 
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M, > kK. But (a) cannot hold, since M— P is regular and if connected 
also, then M is not an irreducible regular connexe about K. On the other 
hand, (b) cannot hold since M, + P is regular ¢ and as this set is a proper 
connected subset of M we again have a contradiction. 

The sufficiency is obvious. 

In view of Theorem 12, what we have proved above concerning irreduci- 
bly connected sets applies to irreducible regular connexes. In particular, a set 
about which M forms an irreducible regular connexe must contain the non- 
cut-points of M. 

Probably the most important theorem concerning irreducible connexes is 
the following : 


THEOREM 13. An irreducible regular connexe M about a compact f set 
K is itself compact. 


We assume that M is a space in which it is true that if P is a limit point 
of a set of points Z, then a neighborhood of P contains infinitely many points 
of L. 


Proof. Suppose M is not a compact space. Then it contains an infinite 
set V that has no limit point. As K is compact, not more than a finite num- 
ber of points of N lie in K, and we may therefore assume that V- K = 0. 

In what follows we use the term “ region” to denote a connected neigh- 
borhood. As M is regular, we may cover it by a set G of regions as follows: 
If P is a point of M, there is a region in M containing P and containing no 
point of N except possibly P. This is true for all points P, and we let G 
denote a collection of such regions covering M. 

If K is connected there is no further problem since then K and M must 


+ See Theorem 5 of my paper “ The non-existence of a certain type of regular point 
set,” Bulletin of the American Mathematical Society, vol. 33 (1927), pp. 439-446. 

t By compact we mean that every infinite subset of K has a limit point in M, but 
not necessarily in K; in other words, K is not necessarily self-compact. In a euclidean 
space, then, this theorem would imply that if M is an irreducible regular connexe about 
a bounded set K whose closure belongs to M, then M is closed and bounded. We note, 
however, that whereas in the latter case M would automatically be an irreducible 
regular connexe about a closed and bounded set K (= XK plus its limit points), it is 
not, in general, true that if K is a compact subset of a general space M then K (=K 
plus its limit points) is self-compact. 

For the case where K is compact and closed and M satisfies the Borel-Lebesgue 
covering theorem with respect to K (i.e., if @ is a set of neighborhoods of M covering 
K, then a finite subset of G covers K), a very simple proof can be given for Theorem 
13—a proof which is a slight modification of the proof for the theorem in euclidean 
Spaces as stated above, and which was given in my paper “On connected and regular 
sets,” Bulletin of the American Mathematical Society, vol. 34 (1928), pp. 649-655 
(Theorem 7). 
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be identical (Theorem 12). Suppose K has at least two but at most a finite 
number of components, K,, K2,- --, Ky. As M is connected, there exists for 
each 1 (i—1, 2,---, k—1) a simple chain ¢ C; of regions of G from a 
point of K; to a point of Ki,,. The set of all points in chains C; and in K 
is a connected set which contains at most a finite number of points of N, and 
which is therefore a proper connected subset of M containing K. But this 
contradicts the fact (Theorem 12) that M is irreducibly connected about K. 
We must conclude, then, that K has infinitely many components. 

Hereafter, if A and B are point sets, we denote by ((A,B) a simple 
chain of regions of G from a point of A to a point of B. Also, we let P,, 
P2, P;,: + - be an infinite sequence of distinct points of N, and henceforth 
identify N with their sum. 

By Theorem 1, there exists for each natural number 1 a pair of compo- 
nents K;;, Ki2 of K that are separated in M by P;. Involved in the pairs 
(Ki:, Ki2) there must be an infinite number of distinct components of K. 
For, as shown above, any finite number of components of K lie in a connected 
subset of M that contains only a finite number of points of NV, and conse- 
quently the points P; cannot each separate components of K that are all 
selected from a fixed finite set of such components. 

There exists, then, in the sequence (Ki, Kiz), a sequence of pairs of 
components of K, (K’is, K’i2), =1, 2, 3,- - -), such that some sequence 
Ki; ((=1, 2, 3,- - + 5 7 varying between the numbers 1 and 2 as 7 varies) 
consists of distinct components. As infinitely many of the j’s are all 1’s, or 
all 2’s, we may assume that 7 has the value 1 infinitely many times. There 
exists, then, in the sequence ((j,, Ki2), a sequence of pairs of components 
(Kis*, Ki2"), (i =1, 2, 8,- - -) such that the sets are all distinct. 

We have two cases to consider: 1) Suppose only a finite number of the 
sets Kj." are distinct. Clearly, then, we may assume, without loss of general- 
ity, that the sets Kj." are all one and the same component of K. For each 1, 
let x; be a point of K;,*, and let P;* denote the point of the sequence { P; } 
originally assigned as separating the pair (Ki,*, Kis"). As K is compact, 
there is a point X of M which is a limit point of the set of points z;. Let Y 
be a point of K;.". As there exists a C(X, Y), M contains a connected set, H, 
consisting of C(X, Y) and Kj", as well as all sets Ki," that have points in R, 
the region of C(X,Y) that contains XY. But infinitely many sets Kj," belong 
to H, whereas only a finite number of points P;* liein H. For i great enough, 
then, P;* cannot separate K;," and Kj." in M, and we have a contradiction. 

2) If infinitely many of the sets K;." are distinct, there is a subsequence 


7 See my paper “ The non-existence. - - ,” cited above. 
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of the sequence (/j,*, Kis") whose sets Kj2" are all distinct. We may there- 
fore assume the sequence (Kix, Ki2") to have this property. Let a; be 
selected as before, with a limit point XY. Let R, be a region of G containing 
X, and denote those sets K;,* that have points in R, by Ki,"*. The sets Kio" 
paired with sets Kj,°* we denote by Ki."*. For each Ki2"* we assign a point 
yi C Ki2"*. As K is compact, the set of points y; has a limit point Y. Let 
R, be a region of G containing Y. There exists a C(R,, R.), and the set H 
consisting of R,, R2, C(R,, R2) and all sets Ki,"*, that have points in 
R, and R, forms a connected subset of M that contains only a finite number 
of points of NV. But as we have selected the point Y, there are infinitely many 
pairs (Kj,"*, Ki2"*) such that both sets Ki,"*, Ki2™ lie in H, and we again have 
a contradiction. 

Accordingly no such set as N exists and M is compact. 

The importance of Theorem 13, aside from whatever intrinsic interest 
it may have, consists in the fact that it reduces the study of sets that are 
irreducible regular connexes about compact sets to a study of compact locally 
connected continua. A number of theorems have been found in this direc- 
tion,t although in many cases it is an open question whether the theorems 
hold in the case of a space as general as that described in Theorem 13. It is 
interesting to note, however, that a perfectly separable set M which is an 
irreducible regular connexe about a finite point set K is a linear graph { 
whose basic set is the set of non-cut-(end-) points of M and whose vertices 
are the points of the basic set and cut-points of class greater than one. 

It might be of interest to analyze further the properties of a set M as 
defined in Theorem 13. For instance, the following theorem is readily proved : 


THEOREM 14. Jf M is an irreducible regular connexe about a compact 
set K, then every point of M — K is a cut-point of at most finite class; indeed, 
if P is such a point, M— P has only a finite number of components. 


This theorem does not imply, of course, that the classes, as cut-points, 
of all points of MM — XK are a bounded set — simple examples show this not 
to be the case. But for a fixed point P of M—K there exists a natural num- 
ber n(P) such that M — P is the sum of exactly n(P) components. 


+ Besides the papers of Gehman already cited, see, by the same author, “ Irreducible 
continuous curves,” American Journal of Mathematics, vol. 49, pp. 189-196, and “ Con- 
cerning acyclic continuous curves,” Transactions of the American Mathematical Society, 
vol. 29 (1927), pp. 553-568, Theorem 3. Also see L. Zippin, “On continuous curves 
irreducible about subsets,” Fundamenta .Mathematicae, vol. 20 (1933), pp. 197-205. 

$See O. Veblen, “ Analysis situs,” American Mathematical Society Colloquium 
Publications, vol. 5 (1921), part IT. 
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CHARACTERIZATIONS OF CERTAIN FINITE CURVE-SUMS. 


By Norman E. STEENROD. 


1. Introduction. Let K be a class of continuous curves* defined in 
some manner. Let the term K-curve denote an element of the class K. In 
this paper we are concerned with the following problem: 


What conditions are necessary and sufficient in order that a given con- 
tinuous curve C should be expressible as the sum of a finite number of 
K-curves? 


Solutions of this problem have already been given for various classes K. 
If K is the class of n-dimensional curves, then C’ must be n-dimensional.t+ 
If K is the class of rational curves, so also must C be rational.t If K is the 
class of continua which contain no continua of condensation, then C can con- 
tain no continua of condensation.§ For no other of the principal classes K 
are the results so degenerate. Urysohn { found that the connected sum of two 
perfect curves may fail to be a perfect curve.** More recently Whyburn tt 
proved that the most general curve which, when added to a regular (or per- 
fect) curve, always giv ~ regular (or perfect) curve as a sum, can contain 
no continum of condens In the same paper he gives an example of two 
acyclic curves whose connec. 3um is not a perfect curve. 

We propose to give a soiution of the above problem for each of the fol- 
lowing five classes K of continuous curves: 


(1) Perfect curves, 
(2) Regular curves, 


* By a continuous ¢ ‘rve is meant a compact, connected and locally connected, 
metric space. 

+ K. Menger, Dimensionstheorie (1928), p. 92. 

¢P. Urysohn, Mémoire sur les multiplicités cantoriennes, II, Verhand. Akad. v. 
Wet. te Amsterdam, Eerstie Sectie, vol. 13 (1928), No. 4, p. 23. 

§S. Janiszewski, “Sur les continus irréductibles entre deux points,” Journal de 
VEcole Polytechnique (1912), pp. 79-170, Theorem VII. 

q P. Urysohn, loc. cit., p. 46. 

** A perfect curve is a continuous curve whose every sub-continuum is a continuous 
curve. 

++ G. T. Whyburn, “ Concerning the addition of regular curves,” Monatshefte fiir 
Mathematik und Physik, vol. 38 (1931), pp. 1-4. 
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(3) Bavm im kleinen curves,* 
(4) Boundary curves,t 
(5) Acyclic curves. 


In all that follows, unless stated to the contrary, the class K is to represent 
an arbitrary one of these five classes. 

The set of all continuous curve which can be expressed as the sum of a 
finite number of K-curves may be considered as forming a class. Correspond- 
ing to each class that K may represent we obtain a new type of continuous 
curve. In the next section of this paper we characterize these new types, and 
in the concluding section we classify them with respect to the known types. 


2. The characterization. Our principal results hinge on the notion of 
generalized derived aggregates. These sets were first defined and studied by 
Whyburn.{ For purposes of reference we state in detail the definition of 
these sets, and give two related theorems proved by Whyburn. For further 
results and applications we refer the reader to Whyburn’s paper. 


Generalized derived aggregates. Let C be any compact metric space, 
let A be a closed subset of C’, and let K be any class of closed point sets. Then 
by the K-derivative K(A) of A is meant the set of all points x of A such 
that for no neighborhood U of z is A- U contained in any K-set in C. Set 


Ax' = K(A), =K(Ar’),° >, Ax* = 
in general, Ax* = K(Ax**) or = [] K(Azk’*), according as the ordinal num- 
B<a 


ber a does or does not have an immediate predecessor. It follows that the 
derived aggregates are closed sets, and Ag* 


TuHEorEM A. In order that the compact metric space C should be the 
sum of a countable number of K-sets, where K is any given class of closed 


* A baum im kleinen curve is a continuous curve such that each of its points 
possesses arbitrarily small neighborhoods whose closures are acyclic curves. These 
curves are characterized by the fact that they contain only a finite number of distinct 
simple closed curves. Cf. K. Menger, Kurventheorie (1932), p. 323. 

+ This name was suggested by G. T. Whyburn. See this Journal, vol. 56 (1934), 
p. 301. By a curve of this type we mean a continuous curve whose every true cyclic 
element is a simple closed curve. Such a curve is characterized by the fact that it is 
homeomorphic with the boundary of a plane domain. Cf. R. L. Wilder, “ Concerning 
continuous curves,” Fundamenta Mathematicae, vol. 7 (1925), pp. 340-377, Theorem 4. 
See also W. L. Ayres, “ Continuous curves homeomorphic with the boundary of a plane 
domain,” Fundamenta Mathematicae, vol. 14 (1929), pp. 92-95, 

+G. T. Whyburn, “On the decomposability of closed sets into a countable number 
of simple sets of various types,” American Journal of Mathematics, vol. 54 (1932), 
pp. 169-175. 
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point sets, it is necessary and sufficient that Cx® =0 for some ordinal B of 
the first or second class. 


THEOREM B. In order that the compact metric space C should be the 
sum of n K-sets, where n is an integer, it is necessary that Cx” = 


Whyburn points out that the condition Cx” —0 is not in general suff- 
cient for C to be the sum of n or any finite number of K-sets. We propose to 
show that, if C is a continuous curve, and K is the class 1, 2, 3, 4 or 5 of 
continuous curves, then the condition Cx" = 0 is sufficient for C to be the 
sum of a finite number of K-curves. 

We shall use the term curve-set to denote a closed set every component of 
which is a point or a continuous curve, and such that the curve components 
form a null family. A curve-set is said to be a K-curve-set if each of its 
components is a point or a K-curve; if K is the class of baum im kleinen 
curves, we require in addition that oniy a finite number of the components of 
the curve-set shall contain simple closed curves. 

It has been shown by Zippin * that a 1-dimensional curve-set H, lying 
in a continuous curve C, may be imbedded in a continuous subcurve G of C 
which is irreducible about H. In every case a K-curve-set is 1-dimensional; 
so this theorem applies. It is a consequence of a theorem due to Gehman t 
that every true cyclic element { of the irreducible continuous curve G! is con- 
tained in H/. Now the property of being a continuous curve of type 1, 2, 4 or 
5 is cyclicly extensible.§ Thus, in these four cases, we infer that the irreduci- 
ble continuous curve G is a K-curve. A baum im kleinen curve-set contains 
only a finite number of simple closed curves; this must also be true of a con- 
tinuous curve irreducible about it. Thus, in every case, a K-curve-set lying 
in a continuous curve C may be imbedded in a K-curve lying in C. 

A point set § is said to be an open K-curve-set, where K is the class 1, 
2, 4 or 5, provided § is open relative to S, every component of § is a point 
or a self-compact K-curve, and the curve components of S form a null family. 


*L, Zippin, “ On continuous curves irreducible about subsets,” Fundamenta Mathe- 
maticae, vol. 20 (1933), pp. 197-205. 

+ H. M. Gehman, “ Concerning irreducible continua,” Proceedings of the National 
Academy of Sciences, vol. 14 (1928), pp. 433-435. 

¢t For an exposition of the theory of the cyclic elements of a continuous curve cf. 
C. Kuratowski and G. T. Whyburn, “Sur les éléments cycliques et leurs applications,” 
Fundamenta Mathematicae, vol. 16 (1930), pp. 305-331. 

§ The property P is said to be cyclicly extensible if, knowing that each cyclic 
element of the continuous curve C has property P, we are able to infer that C itself has 
property P. Cf. C. Kuratowski and G. T. Whyburn, “Sur les éléments cycliques . . .,” 
loc. cit., pp. 322-323. 
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By open baum im kleinen curve-set we shall mean an open acyclic curve-set. 
It need hardly be remarked that S may fail to be a curve-set; or, if it is, it 
may fail to be a K-curve-set. We proceed to prove | 


LemMA 1. If X is a subset of a continuous curve C such that X is open 
relatwe to X, and the K-derivative of X lies in F(X),* where K is the class 
1, 2, 3, 4 or 5, then X can be expressed as the sum of two open K-curve-sets 
which are closed in X. 


From the definition of baum im kleinen curve it follows that the derived 
aggregate of any set with respect to this class is identically the derived aggre- 
gate of the set with respect to the class of acyclic curves. So the proof for 
this case depends on that of the acyclic case. 

Let P be a point of X. By hypothesis, there exists an open subset W of 
C containing P such that W-X lies in a K-curve K’ which lies in C. Now 
K’ is a rational curve.t Hence there exists an open subset R of K’ contain- 
ing P such that W > R and F(R) is a countable set of points. Let U be an 
open subset of C containing P such that WD UD R and 0 -(K’ —R)=0.t 
It follows that X-F(U) is a countable set of points. Thus it follows that, 
for a given positive « and a point P of X, there exists an open subset U of ( 
containing P of diameter <e and such that U- F(X)—0, U-X lies in a 
K-curve in ©, and X-F(U) is a countable set of points. We will call 
such an open set a U-region. We note that U-X is a K-curve-set. Let 
d,>d,>d;,; >: be a sequence of positive numbers converging to zero. 
Let D, be the set of all points of X whose least distance d from F(X) satisfies 
the inequality d=d,. In general, let D; be the set of all points of XY whose 
least distance d from F(X) satisfies the inequality dj..=d=—d;. Then D; 
(j=1, 2,°- +) is a closed set, and may therefore be covered by a finite 
number of U-regions U,/, U%,,, all of diameter <1/j. Let 
T= > X-F(U;ji). Then T is countable and closed in X. Any com- 

jai 
ponent of 1 — 7 lies wholly in some region U;/, and therefore lies in a 
K-curve in C. If X —T possessed infinitely many components of diameter 
greater than some positive e, it would follow that infinitely many of them lie 


*P(X) =X—YX. 

+ That a perfect curve is a rational curve cf. G, T. Whyburn, “ Concerning heredi- 
tarily locally connected continua,” American Journal of Mathematics, vol. 53 (1931), 
pp. 374-384. Note also, on page 377, that the components of any subset of a perfect 
curve form a null family. We use this fact in the sequel. 

t For the existence of such an open set see, for example, K. Menger, Dimensions- 
theorie, p. 31. 
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interior to some region U;/._ But X - U;/ lies in a K-curve; so this is impos- 
sible. Hence the components of X — T form a null family. Let P,, P2, P3,--- 
be the points of T. There exists a U-region U, containing P,; of diameter 
<1. Since 7 is 0-dimensional, there exists a neighborhood V, of P, such 
that U,V, and T-F(Vi)=0. Then X-V, is a K-curve-set having no 
component of diameter > 1. Let Pn, be the point of lowest subscript of T not 
contained in V;. There exists a U-region U, containing P,, of diameter 
< 1/2, and such that U2-V; 0. And there exists a neighborhood V, of 
P,, such that U, V. and T:-F(V2)=0. Then X- V. is a K-curve-set 
having no component of diameter >1/2. We assume as defined the regions 
Vi, Vo, Let Pn, be the point of lowest subscript of not con- 


k-1 
tained in } V;. There exists a U-region U; containing P,, of diameter 
1 


k-1 
<1/k, and such that U;-}Vi—=0. And there exists a neighborhood V;, 


of P,, such that U, > V; and 7-F(V;)=—0. Then X- V; is a K-curve-set 
having no component of diameter > 1/k. Set 


8S:=>X-Vi, and 8. Vi. 
1 1 


Since V;- V;=0 (tj), the components of 8, are points or self-compact 
K-curves, and they form a null family. Furthermore S, is closed in XY. For, 
if P were a limit point of 8, in XY but not contained in S,, P would be a limit 
point of 7 since the diameters of the regions V; converge to zero. But 7’ is 
closed in X, and S, contains 7; so this is impossible. Thus S, is an open 
K-curve-set which is closed in X. It is obvious that S. is closed in X. Since 
T - S, every component of S, lies in a component of XY From this 
it readily follows that the components of 8, form a null family, and each such 
component is a point or a self-compact K-curve. Evidently X¥ = 8,+ &:, 
and the lemma is proved. 

It should be observed that the argument of Lemma 1 still holds even 
though the set X is closed. Should this be the case, the sets 8; and 92, being 
closed, will be K-curve-sets. 

We have need of one more lemma before proceeding to the proof of our 
principal theorem. 


Lemma 2. Let B be a closed subset of a continuous curve C; let ay, 42, 
* + +,a, be a finite number of closed subsets of B, and let N denote their sum. 
Then B can be expressed as the sum of h closed sets Ay, As,* - +, An such that, 
for every i, Ai = aj. 
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h 
Let b; = Sa;. Let U be an open subset of C such that U (b; — a, 1) 


j=2 


and U -(a,—a,-b,)=0. Set 4, = B—U-B, and B,—b,+U0-B. Then 
h 

B=A,+B,, and N-B,—b,;. Let We repeat the 
j=3 


argument and express B, as the sum of two closed sets A, and Bz such that 
(d2 + b2):Az = a, and (a2 + b2)-B. = bz. It readily follows that 
N-A,=a, and N-B,=—b.. Continue in this manner. At the (h—1)st 
step we shall have defined two closed sets An+. and Br. such that 
=> Apn-1 + An-1 = Mn-1, and JN: Dn-1 = ln. Now set 
An = By_, and the lemma follows as stated. 

We are now prepared to state and prove our principal theorem. 


THEOREM 1. Let K bea class of continuous curves, and let C be a con- 
tinuous curve such that Cx" =0 where n is an integer. If K 1s the class of 
perfect, regular, or bawm im kleinen curves, then C may be expressed as the 
sum of 2" K-curves. If K is the class of acyclic, or boundary curves, then C 
may be expressed as the sum of 2" K-curves; and 1f, as a special case, Cx" 
is a K-curve-set, then C may be expressed as the sum of 2" K-curves. 


We may suppose that n is the least integer such that Cx" —0. If K is 
the class of perfect, regular, or baum im kleinen curves, then Cx"* is a 
K-curve-set. For, if we assumed the contrary, we would find that Cg" con- 
tains a point P possessing no neighborhood U such that U-Cx"" can be 
imbedded in any K-curve whatsoever. But this contradicts the fact that the 
K-derivative of Cx" is vacuous. Thus, in these three cases, (x"! may be 
imbedded in a K-curve lying in C. If K is the class of acyclic or boundary 
curves, Cx" may fail to be a K-curve-set. We then set Y =Cx""*; from 
Lemma 1 we find that Cx”* may be expressed as the sum of two K-curve-sets. 
Then, for these two cases, (x""* may be imbedded in the sum of two K-curves 
lying in C. 

We now assume that (i+ 1 may be imbedded in the 
sum of a finite number h of K-curves lying in C. Let these curves be a, 
@>, °° * , a, and let N denote their sum. Then WN contains the K-derivative 
Cx of Ox'. Set X =Cx+—N-Cx*. Then X is open relative to X. Fur- 
thermore the K-derivative of X lies in Cx‘*1, therefore in N, and finally in 
F(X). By Lemma 1, X can be expressed as the sum of two open K-curve-sets 
S, and 8, which are closed in X. Evidently B = N + Q8, is a closed set, and 
A, M2, * * * , a» are closed subsets. By Lemma 2, B may be expressed as the 
sum of h closed sets A,, Ao, -**, An such that, for every 1, N- Aj =a. 


| 
q 
| 
i] 


564 NORMAN E. STEENROD. 


Then every component of A; is either a; or a closed connected subset of a com- 
ponent of S,. Hence the components of A; are points or K-curves, and they 
form a null family. If K is the class of baum im kleinen curves, we note 
that a; is the only component of A; which can contain a simple closed curve. 
Thus, in every case, A; is a K-curve-set, and may, therefore, be imbedded in a 
K-curve lying in C. It follows that N + S, may be imbedded in the sum of 
h K-curves lying in C. The same being true of N + S82, we obtain finally that 
Cx‘, which is contained in N + S, + S2, may be imbedded in the sum of 2h 
K-curves lying in C. Having established the initial and the general step in 
the induction, the proof of Theorem 1 is complete. 

Theorem 1 together with Whyburn’s Theorem B gives us the characteri- 
zations we have been seeking. 


THEOREM 2. In order that the continuous curve C should be the sum of 
a finite number of K-curves, where K is the class of perfect, regular, baum im 
kleinen, boundary, or acyclic curves, it 1s necessary and sufficient that there 
should exist an integer n such that Cx" =0. 


3. The classification. A continuous curve which is the sum of a finite 
number of K-curves we shall call a finite K-curve-sum. Since, in the five 
cases considered, a K-curve is also a rational curve, we have, by the theorem 
of Urysohn, mentioned in the introduction, that a finite K-curve-sum is always 
a rational curve. Furthermore, this is the most that we can say; for, as 
noted in the introduction, the sum of two acyclic curves, and, consequently, 
the sum of two K-curves may fail to be a perfect curve. 

There exist just two inclusion relations which are not immediate conse- 
quences of the definitions of these new classes. 


THEOREM 3. LHvery continuum containing no continuum of condensa- 
tion may be expressed as the sum of two acyclic curves. 


By a theorem due to Urysohn,* a continuum containing no continuum of 
condensation is the sum of a closed 0-dimensional set F' and a countable set 
of free open arcs which form a null family. Evidently the acyclic curve deriva- 
tive of such a continuum is a subset of the 0-dimensional set F. But F is an 
acyclic curve-set. Thus the second derived aggregate is vacuous, and the first 
derived aggregate is an acyclic curve-set. This is the exceptional case noted 
in Theorem 1. 

It follows from the definition of baum im kleinen curve that the acyclic 
curve derivative of such a continuous curve is vacuous. Thus we have 


* P. Urysohn, loc. cit., p. 57. 
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THEOREM 4. Every baum im kleinen curve may be expressed as the sum 
of two acyclic curves. 


It follows from Theorem 4 that two of these five classes of finite K-curve- 
sums are identical. That is to say: finite acyclic curve-sums and finite baum 
im kleinen curve-sums form identical classes. 

It might be thought, in view of Theorems 3 and 4, that it would always 
be possible to express an arbitrary rational, perfect, or regular curve as the 
finite or countable sum of a number of K-curves of a more restricted type than 
itself, This is not true, and we establish the fact by a series of examples. 
The constructions used in these examples are all similar, and are special cases 
of a general construction. This general construction follows. 

We suppose given a 1-dimensionail cyclicly connected continuous curve B. 
In every case the curve 8 will have all the properties necessary for making the 
construction. We start with a 2-dimensional sphere S, lying in a 3-dimensional 
Kuclidean space. Let J, be the interior of So, and Py a point of So. Set 
C,=S8)+1,. As a first step, we construct a curve £, similar to 6 (i. e. 
homeomorphic with 8, and distances altered proportionately) which has only 
P, in common with So, and otherwise lies wholly in Jo. We now construct a 
countable set of spheres S,*, 9,7, S,°,- - - such that (1) and 9,/ (17) 
have no points or interior points in common, (2) S,* has exactly one point 
P,‘ in common with £,, and has no point of B, in its interior, (3) S,* lies 
wholly in J), and has a diameter < 1/2 the diameter of Sy, (4) the point set 
=P,‘ is everywhere dense on £;. We note that the diameters of the spheres 
S,* necessarily converge to zero. Let J,+ denote the interior of 8,*. Now set 


C,— Bi + ~ - 


This completes the first step. As the second step, we perform, for each 7, the 
same construction on S,‘ with respect to the point P,*+ as we performed on 
S, with respect to the point P,. Let B.* be the curve similar to B which lies 
interior to save for the point Let (7 =1, 2,---) denote one 
of the spheres lying in the interior of S,*, and let P.2‘4 denote its point of 
contact with B.'. Let J,‘/ denote the interior of 8,44. Then set 


2 = Bit +B (Sa! + 


This completes the second step. The general step is now quite obvious. In 
this manner we define a sequence of continua Cy, C,, C2,- - - which converge 
to a continuum C’. For a given e > 0, there exists an integer nm such that no 
sphere S,,*---* of C, has a diameter >e. From this fact two propositions 
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follow (1) C is a continuous curve, (2) every true cyclic element of C is a 
curve similar to 8. Finally we remark that any neighborhood of any point 
of C contains a true cyclic element of C. 

Now let « be a class of continuous curves no one of which contains a sub- 
set homeomorphic with 8. From the last remark of the preceding paragraph 
it follows that the a-derivative of C must be C itself. In view of Theorem 
A, it follows that C is not the sum of any countable number of a-curves, 


There exists a regular curve which is the boundary of a plane domain 
but which is not the sum of any countable number of acyclic curves. 


Let « be the class of acyclic curves. Let the curve B be a circle. In this 
case C' will be a boundary curve and therefore homeomorphic with the boundary 
of a plane domain. 


There exists a regular curve which is not the sum of any countable num- 


ber of boundary curves. 


Let a be the class of boundary curves. Let the curve £ be a circle plus 
one of its diameters. C' will be a regular curve since each of its true cyclic 
elements is a regular curve. 


There exists a perfect curve which is not the sum of any countable number 


of regular curves. 


Let a be the class of regular curves. We shall let 8 be a perfect curve, 
as the one constructed by Whyburn,* which contains infinitely many mutually 
exclusive continua of diameter unity. £ is therefore not a regular curve. An 
application of Theorem 1 to Whyburn’s example shows that it is the sum of 
two acyclic curves. 


There exists a rational curve which is not the sum of any countable num- 
* ber of perfect curves. 


Let « be the class of perfect curves. Let B be the rational curve, men- 
tioned in the introduction, which is the sum of two acyclic curves, but which 
is not a perfect curve. C will be a rational curve since each of its true cyclic 
elements is a rational curve. 

It will be noticed that in every case we chose the curve £ so that it would 
be the sum of two acyclic curves, and therefore the sum of two curves of type 
a. Hence these examples suffice to establish the following proposition: 


*G. T. Whyburn, “Concerning points of continuous curves defined by certain im 
kleinen properties,” Mathematische Annalen, vol. 102 (1929), pp. 313-336, article 7. 
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The property of being the sum of a finite or countable number of K-curves, 
where K 1s the class of perfect, regular, baum im kleinen, boundary, or acyclic 
curves, 1s not cyclicly extensible. 


4. Conclusion. It is of interest to note that, if C is a continuous curve, 
we have proved the sufficiency of the condition Cx" = 0 for all the principal 
classes K of continuous curves for which the condition is sufficient. While 
the condition is sufficient for the classes K of rational and n-dimensional 
curves, the proof is trivial. For, if some countable derived aggregate of C 
with respect to the class of rational curves is vacuous, it follows, from Theorem 
A, that C is the sum of a countable number of rational curves. Then C is 
itself a rational curve. A similar argument holds if K is the class of n-dimen- 
sional curves. 

For the classes K of simple arcs, simple closed curves, node curves,* and 
continua containing no continua of condensation, the condition Cx” = 0 is not 
sufficient for the continuous curve C to be the sum of a finite number of 
K-curves. To see that this is true, we consider a few examples. 

Construct a continuous curve C’ by adding on to the unit interval a per- 
pendicular ordinate of length 1/q for each point p/q where p and q are rela- 
tively prime integers and p< q. If K is the class of simple ares or continua 
containing no continua of condensation, then Cx?=—0. But C contains a 
continuum of condensation, and is therefore not the sum of any finite number 
of K-curves. 

To the unit interval plus the line segment yz (0 S431) add ona 
sequence of line segments joining the point (1/q, 0) to the point (1/q, 1/q) 
for every positive integer g. Let C be the resulting continuous curve, and let 
K be the class of simple closed curves. Then Cx? 0; but no simple closed 
curve of C can contain more than two of the perpendicular line segments, so C 
is not the sum of any finite number of simple closed curves. 

For the case of the node curve, we shall start with a cyclicly connected 
plane regular curve of order 3 recently constructed by Whyburn.t Let M 
denote this curve. It is evident that no ramification point of M is an im 


* A continuous curve M is a node curve if, for each e > 0, M is the sum of a finite 
number of e-continua each having at most two points in common with the rest of M. 
Cf. G. T. Whyburn, “Concerning points of continuous curves defined by certain im 
kleinen properties,” loc. cit., article 5. Note, in particular, Theorems 20, 22, and 29 
which we use in the sequel. 

+ G. T. Whyburn, “ On the existence of totally imperfect and punctiform connected 
subsets in a given continuum,” American Journal of Mathematics, vol. 55 (1933), 
pp. 146-152. 
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kleinen cycle point * of M. Thus M is a node curve. Also the im kleinen 
cycle points of M are dense in M. Let us select a countable dense set 
P,, P2, Ps, - + of these im kleinen cycle points. Construct, for every integer 
n, perpendicular to the plane of M, a line segment of length 1/n with one end 
at P,. Let C be the resulting continuous curve. Then Cx? —0 if K is the 
class of node curves. Suppose C’ is the sum of a finite number of node curves 
N,,: ++, Nn. Then there exists a point P of C lying in M, an open subset 
U of C containing P, and an integer 7 such that N; ~ U. But this is impossi- 
ble since C is not a node curve im kleinen at any point of M. 

Finally it should be remarked that the numbers 2%" and 2”, obtained in 
Theorem 1, are not the least numbers which would in general suffice for the 
purposes of the theorem. In view of Theorem B, it is apparent that this least 
integer is not less than n. If K is the class of acyclic or boundary curves, 
examples may be found to show that this least integer is not less than n + 1. 
It seems quite possible that Theorem 1 would still be true if the numbers 
2"-1 and 2" were replaced by n and n + 1, respectively. 


HARVARD UNIVERSITY. 


* A point P of the continuous curve M is said to be an im kleinen cycle point of M 
if, for each e > 0, P lies on a simple closed curve of M of diameter < e. 


PROPERTIES OF PLANE SETS AND FUNCTIONS 
OF TWO VARIABLES. 


By DEANE MONTGOMERY.* 


Recently mathematicians have been interested in a certain operation on 
plane sets and in the types of sets which may be obtained by meanis of its use.t 
This operation, which is an extension of the concept of projection, may be 
defined as follows. If # is any plane set and if p is any property of linear sets, 
T,(f) is defined to be the collection of all points on the z-axis such that 
vertical lines through these points cut H# in a set having property p. For 
various types of sets # and various properties p, it is an interesting problem 
to determine the nature of the set T,(#). This is done in the present paper 
for certain properties additional to the ones already considered, and a condition 
is found under which the projection of a Borel set is a Borel set. A similar 
operation on functions, which has so far not been used, is also considered. 
If f(z, y) is any function of two variables and p is any property of functions 
of one variable, ',(f) is defined to be the set of all points ¢ on the a-axis such 
that {{Z,y) has property p. When f(z,y) is in the Baire classification the 
nature of the set I',(f) is determined for several different properties p among 
which may be mentioned the property of being Riemann integrable, the 
property of having limited variation, and the property of being of class one. 
Some of the methods are applied to obtain a result concerning the measura- 
bility of functions used by Tonelli in his definition of bounded variation of 
functions of two variables. 

Instead of defining these operations on plane sets and on functions defined 
in the plane one might define them on a set H which is a subset of the com- 
binatorial product of two metric spaces suitably restricted and on functions 
defined on such a product space. Many of the theorems which retain meaning 
in this gener! case could be proved essentially as they are here. A generaliza- 
tion in a different direction could be made by considering functions whose 
values are points in a metric or vector space. In this case also some of the 
present proofs would be adequate. 


* National Research Fellow. 

+ The references given here, and the articles to which they in turn refer, include 
most of the known results on this type of operation. Sierpinski, Mathematica, vol. 5 
(1931), p. 49; Kuratowski and Szpilrajn, Fundamenta Mathematicae, vol. 18 (1932), 
p. 160; Hahn, Reelle Funktionen I (1932), p. 368; Kuratowski, Topologie I, p. 262. 
The notation used here is due to Sierpinski. 


569 


| 
5 
| 
| 


570 DEANE MONTGOMERY. 


2. The property p in this section is the property of being of the second 
category.* In some of the proofs it is convenient to use the symbol A X B 
as indicating all points in the plane whose abscissas are in A and whose 
ordinates are in B. The set A is occasionally a single point. The symbol 
(x =a) means all points lying on the line «=a. 


THEOREM 1. If EF is open, T,(E) is open and tf E is closed, Ty(E) 


is an 


When £ is open, T'y(#) is merely the projection of and this is open. 
If EF is closed, (x = q) - H is of the second category when and only when it 
contains an interval. From Theorem 9 of a previous paper,f it can be deduced 
that the points of # which lie on vertical intervals containing only points of F 
form an F's. Since the projection of an Fs is an Fo, the theorem follows. 


THEOREM 2. If EH is an Og, Tp(E) is an Og; and if E ts an Fo, Ty(L) 


is an 


That the theorem is true when @ is zero follows from the preceding 
theorem. The proof for the general case is by transfinite induction. There 
are two cases to consider and in each case the theorem is assumed for ordinals 
less than @ and on that basis is proved for « The first case is that in which 


a is of the first kind. 
If Fis an Og, H=> F, where is an By assumption, 


is an Og, and from the fact that T,(#) = STp(Fn), it follows that T,(/) 
is an Og. : 

If # is an Fy, CE is an Og. Let all open intervals on the y-axis whose 
end points are rational be arranged in a sequence {dm} and let Rm be the set 
of all the points in the plane whose ordinates lie in the interval dm. Let Hm 
be the complement of Ty[m- (CH) ], the set Hm being therefore an F,. For 


each point of q of Hm, (CE)-(q X dm) is of the first category so that 
EF: (q X dm) is of the second category. Hence } Hm < Ty(F), and it will 


now be shown that T,(#) < } Hm. For this purpose let q be any point in 
m 


* The term “second category ” is not as descriptive as the term “ inexhaustible ” 
suggested by Denjoy, but because of its very general usage the first term is preferable. 
t Transactions of the American Mathematical Society, vol. 35 (1933), p. 915. 

¢For a discussion of Sets O, and F, see de la Vallée Poussin, Intégrales de 
Lebesgue, pp. 132-139. It should be noted that by a set of a given class de la Vallée 
Poussin means a set which is at most of this class. The same convention is used in 
this paper, and a similar convention is followed with regard to the class of a function. 
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r,(#). The set # must then be uniformly of the second category * in some 

interval on eg. There is then some d, such that H- (q X dn) is of the 

second category uniformly in (¢ X dn). Since every Borel set possesses the 

property of Baire,+ the set CH must be of the first category in g X dn. There- 

fore g isin H, and T,;(Z) < SHm. It follows that Ty(#) = > Hm and that 
m 


T,(F) is an Oq,;. This concludes the proof in case « is of the first kind. 

Suppose now that @ is of the second kind and that the theorem is true 
for all ordinals less than «. According to de la Vallée Poussin,{ sets F, and sets 
Og, where a is of the second kind, are constructed as follows. From sets A 
already defined,§ form all sets A’ = 3A and all sets A” —TIIA, the sum and 
product being taken over all enumerable collections of sets A. Then 


Og =3A,"” and 
Let Q@ be any A’,. Since an Ag is also an F's, Q => Qn where Qn is an 
Fp, (Bn Since Ty(Q) = STp(Qn), and since Ty(Qn) is an Og,.. and 


an F'g,,2, it follows that T,(Q) is a set A’,. By taking complements in a 
manner analogous to the one already used it can be shown that in case Q is 
an A,” that Tp(Q) =A”, that is, it is an Og. Now if H is any Og, 
Fn where is an A”%g. Since is an Og, and since 


=> T,(f,) it follows that T,(#) is an Og. By taking complements 


as before it can be shown that when £ is an Fg, that Ty(#) is an Ogu. This 
completes the proof of Theorem 2. 

If T is any linear Og, there is a plane set H which is an O, and for which 
l,(#) =T. In order to obtain such a set FH, it is only necessary to take all 
the points on all vertical lines passing through points of 7. 

If T is any linear Og, there is a plane set # which is an F, and for which 
I,(#) =T. To demonstrate this fact let 1, be the closed interval on the y-axis 
whose end points are n + 1/4 and n+ 3/4. Since T is an Ogun, T=DSTn 


where T;, isan F,. A set # having the desired properties is the set 5 (Tn X in). 
n 


The above examples show that the determination of T,(#) given in the 


*That is, of the second category at every point of the interval. See Banach, 
Théorie des operationes linéaires, p. 13. 

+ A set E is said to possess the property of Baire if there is no perfect set in which 
both # and CH are uniformily of the second category. For a proof that Borel and 
analytic sets possess this property see Lusin, Legons sur les ensembles analytiques, 
p. 88 and p. 153. 

t See the previous reference. 

§ An A, is a set which is both an FP, and an 0.: 
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theorem is the best * determination that can be given. It would be interesting 
to know the best determination of [,(/) for analytic sets and their comple- 
ments. The following theorems give a determination of T,(/) in these cases 
but it is not known whether or not this determination is the best one. 

In some of the remaining proofs it is convenient to use the method of 
evaluating classes which has been invented by Kuratowski and Tarski.t This 
method makes use of the logical symbols [J meaning “ for all x”; } meaning 


“there exists an x”; ’ meaning “not.” Where a set is defined in terms of 

these symbols one may obtain the class of the set by replacing these logical 

symbols by certain other symbols which operate on sets. Thus (where P means 

projection and C means complement) [| is replaced by CPC; > is replaced 
@ @ 


by P; and’ is replaced by C. In case m runs over an enumerable set, > is 


replaced by o and J] by 8, o and 3 meaning the sum and product of an enu- 


merable number of sets. The symbols + and - have their usual logical meaning 
and replace themselves. In this symbolism the inclusion of A in B is written 
[(a<A)’ + (xe B)], € denoting the inclusion of an element in a class. For 
brevity, an analytic set is written as A, the complement of such a set as (A, 
and soon. The letter A in this sense should not be confused with the A used 
previously which referred to the sets A of de la Vallée Poussin. 


THEOREM 3. If isa is a PCA. 


Let U be a universal Go,f{ that is a plane Gs such that for any linear Gs 
there is a g such that U- (x =) is the given linear Gs. If H- (4 =—q) is of 
the second category, it must contain a (7s of the second category.§ The formula 
for the set [,(#) may now be written. 


Therefore = P[Gso] [CPC(CGs + CA)]. A set which is a CGs + CA 
is a CA. The complement of a C/A is an A, and the formula is thus reduced 
to P[Gsc] [CPA]. The projection of an A is an A and a Gso multiplied by 
aCAisaCA. Therefore is a PCA. 


*The word “best” is here used as by Kuratowski to mean that Ty, (2) has been 
shown to belong to as simple a class as possible. 

7 See Kuratowski and Tarski, Fundamenta Mathematicae, vol. 17 (1931), p. 240, 
and Kuratowski, Fundamenta Mathematicae, vol. 17 (1931), p. 249; also Kuratowski 
Topologie I. 

¢ For the existence of universal sets see Sierpinski, Fundamenta Mathematicae 
vol. 14 (1929), pp. 88, 89. 

§ See Sierpinski, Fundamenta Mathematicae, vol. 4, p. 319. 
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By taking complements in a method analogous to one already used, it can 
be shown that if # is analytic, T,(H) is a CPCA. 


TueoreM 4. If has the property of Batre, has the property 
of Batre. 


The proof is by contradiction. If the theorem is not true there is a 
perfect set H on the z-axis on which I,(#) and CT,(£) are both uniformly 
of the second category. Let q be any point of H-T,(H). Since HE: (41—q) 
is of the second category it must be uniformly of the second category in some 
vertical interval d,. Let K be the set of points on all such vertical intervals. 
By Lemma 2 of my previously cited paper, there exists a vertical interval d 
and a set M,, uniformly of the second category in H;, a portion of H, such 
that M, xX d< K. It follows that H is uniformly of the second category in 
H, X d.* But H,-CT,(/) is also uniformly of the second category in H;, 
and therefore [H,-CT,(£)] Xd is uniformly of the second category in 
H, Xd. For each qeCT,(#), E-(q Xd) is of the first category; and 
therefore (CE) - (q X d) is of the second category (in g Xd). Hence the 
set CE is uniformly of the second category in H, Xd. The fact that both 
E and CE are uniformly of the second category in H, X d, a perfect set, is a 
contradiction to the hypothesis that H possessed the property of Baire, and 
the theorem follows. 


3. In this section p, is the property of having measure greater than or 
equal to r, p’, is the property of having measure greater than r and p is the 
property of having positive measure. In some of the following theorems it is 
assumed that # is bounded and for convenience it will be assumed that F is 
in the square S whose corners are (0,0), (0,1), (1,0), and (1,1). 


THEOREM 5. If is closed and in S, is closed.t 


Let wm be a sequence of points in Ty,(#) approaching a point 2) and 
suppose that is not in Ty,(#). Since is not in Ty,(/) the set (2 = a) 
is in a set 2 X O where O is a set of points lying on open intervals of total 
length less than r. Since H- (2 =») has measure greater than or equal'to r, 
there must be a point of #, say qn, which is in H-: (2 =2,) but which is not 
in an X O. The set {qn} must have a limit point g on x= 2. The point q 
is in F because ZF is closed but this point cannot be in 2 X O. From this 
contradiction the theorem follows. 


* See Kuratowski and Ulam, Fundamenta Mathematicae, vol. 19 (1932), p. 249. 
+ For a similar theorem concerning content see Hobson, Theory of Functions of a 
Real Variable I, Third Edition, p. 198. 
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THEOREM 6. Jf EF is open and in S, Ty,(H) ts open. 


The set Ty,,(S—) is closed. If z is any point in this set, then 
Hence Sr. If is in 
CT»,.,(S— then m[ (S— F) (4 =a) ]<.1—r, and m[E: 
Therefore Ty,(H) = CT»,,(S — and the theorem follows. 


THxrorEM If Ets an and in S, then 1s an Fa; if His an Og 
and in 8, then Ty,(F) is an Og. 


The proof of the theorem when « is zero follows from Theorems 5 and 6. 
The proof in the general case is by transfinite induction. Assume first that « 
is of the first kind and that the theorem is true for all ordinals less than «a. 


If H is an Og, EH => FE, where EF, is an Fy_, and where for convenience the 


sequence of F,’s has been chosen as monotonic and increasing. If q is any 
point of Ty,(#), g must be in Ty,(H,) for a sufficiently large n. Therefore 
= and from the fact that T,,(#,) is an it follows 


that Ty,(#) is an Og. If # is an Fo, ly,(H) = CTy,,(S — F) which proves 
that T,,(#) is an Fy. The proof in case « is of the second kind is omitted 
because it can be made by a combination of the methods already given. 


Corotyary 1. If E is an Fag, ts an Oa; tf is an Og, Tp(F) 
is an Og. 


If # is an F,, divide the plane into an enumerable number of squares S, 
whose edges are parallel to the axes and have length 1. Let {ri} be a sequence 
of positive numbers approaching zero. Then = > Sn). 

ion 


Since Ty,,(#-S8,) is an Fa, the corollary follows. The proof in case His an Og 
is similar. 

For the statement of the next two corollaries, let p, be the property of 
being of the second category and pz be the property of having positive measure. 
In general the projection of a Borel set is not a Borel set, but Corollary 2 
gives a condition under which this is true. 


CoroLuary 2. If H is an Fa (Og) such that every point of E lies ona 
vertical line on which E has either property p, or property po, then the pro- 
jection of E is an Og: (Oa). 


This follows from the fact that the projection of equals Ty,(#)-+ T,,(F). 
The conclusion of the corollary obviously remains the same if the vertical lines 
which cut F, bat on which # does not have property p; or po, cut the z-axis 


if 
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in an Og.: (Oq). This corollary has an application to the theory of implicit 
functions.* If F(z,y) is a Baire function, F(z, y) =0 defines y implicitly 
as a function of x. The field of definition of the implicit function is the pro- 
jection of E[F (x, y) = 0], this projection being in general not a Borel set. 


3. If F(z, y) is a function of class a such that every point 
of E[F (x,y) =0] is on a vertical line on which E[F (2, y) =0] possesses 
either property p, or property ps, then the field of definition of the implicit 
function is an Oas1. 


THEOREM 8. Jf 1s is a PCA. 


Every linear set of positive measure contains a closed set of positive 
measure, and therefore to make the proof, choose a universal closed set and 
proceed in a manner analogous to the proof of Theorem 3. Similar theorems 
can be proved for the properties p, and p’r. 

If a set is of measure zero it is included in a Gs of measure zero. There- 
fore if U is a universal Gs, we have for any analytic set F, 


Therefore CT,(#) isa PCA, and is a CPCA. 

In case F is a set having closed vertical sections, it is possible to draw a 
somewhat stronger conclusion. The reasoning is based on the lemma given 
below. 


Lemma 1. There exists an enumerable family of open sets {On} each On 
of measure less than r such that any closed set of measure r is in some one 
of them. 


In order to define the family {On} let {d,} be the set of all open intervals 
having rational end points. An Or, is obtained by adding together a finite 
number of d;’s of total length less than r and all O,’s may be obtained in this 
manner. This follows from the Heine-Borel theorem. 


THEOREM 9. If EF is an analytic set having closed vertical sections, then 
Ty, (£) is an analytic set. 


The proof is obtained from the formula below. 


* For the theory of implicit functions see Lusin, loc. cit., p. 222. 
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4. In this section p is the property of being everywhere dense and 7/ is 
the property of being nowhere dense. 


TueoreM 10. Jf is any set, =[P(O- where O is the 


symbol for an open set. 


Let {d;} be the set of all open intervals with rational end points.* 
[y«d&] [(t,y) « 
y 


On application to special cases, this theorem yields such results as: if F is 
analytic, T,(#) is analytic; and if # is a CA, Tp(E) is a PCA. Examples 
are easily constructed to show that these results are the best obtainable. By a 
slight variation of the above formula, it can be shown that if # is a Borel set 
or an analytic set, that Tp (#) is a CA, and that if # is a CA, Ty (F) isa 
CPCA. Examples show these also to be the best results possible. 

5. The property p is here the property of being at the same time an Fa 
and a Gs. The necessary and sufficient condition that a set H be at the same 
time an /’g and a Gs is that for every perfect set H, there is some portion ,, 
of H, which is contained entirely in either H or CH.+t The truth of this 
condition is unchanged if the word closed is substituted for the word perfect. 
It is in this last form that the condition is used here. Let F denote any 
element of the space of all closed linear sets,{ and let {d,} denote all open 
intervals with rational end points. Then the formula for determining T,(/) 


is given below. 
x (I [yeP “4 (ay) +1 (yeF- de + (2,y) «CE}}. 


From this formula, Theorems 11 and 12 follow. In the case of Theorem 12 
it should be remembered that an A is a PC'A.§ 


THEOREM 11. If is a Borel set, is a CA. 


THEOREM 12. If isan A ora CA, isa CPCA. 


These theorems give the best evaluation of T,(H) as is shown by the 
theorems below. 


* By taking closed intervals the O of the theorem could be changed to an F. 
+ Blue, Mathematische Annalen, vol. 102, p. 628. 

t For a definition of this space see Kuratowski, loc. cit., p. 259. 

§ Lusin, loc. cit., p. 284. 
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THEOREM 13. If M is any linear set CA, there is a Borel set E such that 
T,(Z) = M. 

Since M is a CA, it follows that CM is an A, and as such, must be the 
set of values taken by a funetion «=f(y) defined and continuous on the 
irrational points on the y-axis.* Let J be the image of this function, that is 
the set of all points (2, y,) such that 7, =f(yi). The set I is a Gs and the 
projection of J is CM. Every point of J has an irrational ordinate. Let {rn} 
be the set of all positive rational numbers. From the set J form the set In by 
adding r» to each ordinate of J and form J, by subtracting r», from each 
ordinate of J.. More explicitly if (vy) is in I, (z,y-+-1) is in J» and 
(z,y—n) is in In. Let Ip = (In +In). The set is a Go and every 

n=1 
point in J) has an irrational ordinate. If q¢ is any point of CM, I) is every- 
where dense in (x=q), but CJ, which includes all points on this line 
having rational ordinates, is likewise everywhere dense in (xq). Therefore 
I, =q) cannot be an Fo and a Gs, and the same is true of 4@q). 
In letting FH be either Jy, or CI, one has Tp,(#) = M. In the one case H is a 
Gso and in the other it is an Fos. 


THEOREM 14. Jf M is a CPCA, there is a set FE, which is an A and a set 
FE, which is a CA such that T)(#,) =T,(#2) = M. 


Sierpinski + has shown that CM, being a PCA, must be the set of values 
taken by a function « =f(y) on a set K, where K is a CA which is a subset 
of the irrational numbers. The function f(y) is continuous on K. Letting J 
be the image of the function, form the sets J, and J_, as before and from these 
the set Jy. Since J isa CA, I, isa CA. If and I), the sets 
and satisfy the theorem. 

Suppose that p’ is the property of being an F,. Let U be a universal Fy 
in the plane. If F is any set, 


reTy(B) = (GB + y) 
xX CH {(%1,y) «U (x,y) 


Hence if # is any Borel set, [y(2) is a PCA. The formula also enables us 
to show that if # is an A or a CA, that T,(F) is a PCPCA. It is not known 
whether or not these evaluations of T',(#) are the best possible when a is any 
transfinite ordinal. 


* Lusin, loc. cit., p. 135. 
+ Fundamenta Mathematicae, vol. 11, p. 117. See also Lusin, loc. cit., p. 275. 
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Let K denote the property of being connected. Assuming that null sets 
and sets of a single element are connected, one has for any set E, 


ae CT;(E) = [(z, y:) ys) y2) [ys < ye < ys). 


Y2 


Hence if E is a Borel set Ty,(/) is the complement of an analytic set and if 
E is analytic or the complement of an analytic set, T,(#) isa CPCA. Simple 
examples show that these evaluations are the best possible. 


6. Let us turn now to operations on functions. In this section and in 
the seventh and ninth sections f(z, y) is assumed to be defined on the finite 
rectangle a= 2b, cSy=d. In the remainder of the paper f(z,y) is 
assumed to be defined throughout the entire plane. Let (Yo, 41,° °°, Ynsi) be 
any finite system of points in the interval (c,d) such that yo =d, ynu = d, 
and S y2* *SYnu- The total variation of a function ¢(y) defined 


n+1 
on the interval (c,d) is the least upper bound of the sum © | t(yi) — ¢(yi-s)| 
4=1 


for all such finite systems of points as the one above. When the total variation 
is finite the function is said to be of limited variation, abbreviated as LV. 


THEOREM 15. If f(x,y) is in the Batre classification, Tiy(f) ts a CA. 


It is convenient to introduce a function g, defined as follows (where 
o=c and Yn, 


n+1 
9n(Z, Yi, Y2," * * Yn) >| f(z, Yi) — f(z, yi-1) |. 


This function of the variables (2, y:, y2,° * -, Yn) must be of the same Baire 
class as f and it is defined for all points of an (n+ 1) dimensional cell, 
aSeSbeSySd (t=1,2,---,n). Let Ann be the points of this cell 
at which g, is greater than the integer m, and let HZ, be the points of this cell 
for which Sy; S The set Ly is closed and Amn is a Borel 
set. Consequently the set Bmn, which is the projection of Amn: En on the 


x-axis, is an analytic set. Let Bm = > Bmn. The set Bm consists of all points 
n 


& for which the total variation of f(Z, y) is greater than m. The set B =] Bn 


is therefore the set of all @s such that f(Z,y) is of unlimited variation. The 
set B is analytic and since Tz r(f) is the complement of B (with respect to the 
interval from a to b), it follows that Tzy(f) is the complement of an analytic 
set.* 


*In the proof of this theorem and some of the following theorems the method of 
Kuratowski and Tarski might conveniently be used. The methods which are used were 
chosen because of their simplicity and because they involve little if any sacrifice in 
space. 
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Corottary 4. If f(x,y) is a function of class one, Tiv(f) ts a Geo. 


The set Amn is in this case an Fo so that Amn: Hy, and its projection Bmn 
are also F'o’s. Therefore Bm is an Fo and Bis an F'o5. By taking complements 
it follows that Ti y(f) is a Geo. 


Corottary 5. If f(x,y) is lower semi-continuous, Try(f) ts an Fo. 


In this case Amm is open or at least it is open if the end points of intervals 
are neglected and the exclusion of such points will not affect the conclusion 
of the corollary since a finite number of points added to a Gs gives another Gs. 
For the proof of this corollary let £, be all points of the (n + 1) dimensional 
cell for which yo < yi < Yo" + * < Ynui-* The set Hy, is open (except for end 
points) and therefore Bmn and Bm are open; it follows that B is a Gs and 
that Tzy(f) is an Fo. 

In §5 it has been shown that there exists a plane Borel set Mz whose 
projection on the z-axis is any specified analytic set # and such that for any 
point ¢ in H, both My and its complement are everywhere dense in the line 
z==t. Let # lie in the interval (a,6) and let Hy be the part of My which 
lies between the parallels yc and y=d. The characteristic function 
he(x,y) of Hz is in the Baire classification, and from the nature of Hz, 
it follows that Tz y(hz) is equal to the complement of #. This fact together 
with Theorem 15 is formulated in Theorem 16. 


THEOREM 16. A necessary and sufficient condition that a set E on the 
interval (a,b) be the complement of an analytic set is that there exist a func- 
tion f(x,y) in the Baire classification such that T,1(f) = 


Tonelli ¢ defines the function ¢(Z) as being the total variation of the 
function f(z, y) and gives a corresponding definition of y(9). 


THEOREM 17. Jf f(z, y) 1s in the Baire classification, and (9%) 
are measurable in the Lebesgue sense. 


It is evidently sufficient to give a proof for the case of ¢(#). Define the 
set Bry in the same manner as Bm» was defined in Theorem 1 except that now 
the number 7 may have any real value instead of being restricted to integral 


*In the proof of this corollary it is assumed that no two successive points of the 
finite set used in defining total variation are identical. This can be done without 
altering the value of the total variation. 

+ Tonelli, Academia dei Lincei, Rendiconti (6), vol. 3 (1926), p- 357. For a 
discussion of this and other definitions of limited variation see the paper by J. A. 
Clarkson and C. R. Adams, Transactions of the American Mathematical Society, vol. 35 
(1933), p. 824. It is there shown that ¢(#) and ¥(y) are lower semi-continuous when 
f(a, y) is continuous. 
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values as m was. As before let By = > Brn. The set B, is the set of all z’s 


such that f(Z, y) has total variation greater than r, that is, it is the set on 
which ¢() is greater than r. From the fact that B, is analytic it follows that 
B, is measurable in the Lebesgue sense and hence that #(Z) is a measurable 
function. 

The function ¢(#) may be outside the Baire classification even though 
f(z, y) is in the Baire classification as is shown by the example leading up to 
Theorem 16. However it is possible to prove that ¢(Z) is in the Baire classi- 
fication in a certain special case. 


6. If f(x,y) is of class one, the functions and 
are of class two. 


The set A,» is here an fo. Therefore Arn: Hy and its projection By» are 
Fo’s, and it follows that B, is an Fo. The set at which ¢(<) is greater than 
or equa! to r can be shown on the basis of this fact to be an Fos. Therefore 
the set at which $(Z) is less than r is a Goo. Since the set at which $(@) is 
greater than r is an O, (in the notation of de la Vallée Poussin), it is also 
an O,; since a Goo is an Oo, (#) must be of class two at most. 


%. A function ¢(y) defined on the interval (c,d) is said to be absolutely 
continuous if for any positive « there is a positive § such that for any finite 
set of non-overlapping intervals ¥2), (Ys, (Yen-15 Yon)* lying in 
(c,d) and of total length less than or equal to 6, the sum 


n 
2 | —t(Yy2i-) | 
is less than «. The abbreviation AC will be used for this property. 


THEOREM 18. If f(x,y) 1s in the Baire classification, Tac(f) is the 
complement of an analytic set. 


In making the proof of this theorem it is convenient to define a function 
gn somewhat like the function used in proving Theorem 1. 


Yi, Yo,° * * Yon) = f(a, — f(z, 


This function is of the same class as f(a, y) and is defined at all points of a 
(2n +1) dimensional cellaS y;<d for alli from 1 to 2n. Let 
€m and 8; be sequences of positive numbers approaching zero. Let Amn be the 
points of the (2n-+1) dimensional cell at which gn is greater than em, 


* There is no loss of generality in assuming 
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and let Ens be the points of this cell for which y; S y2.S: + -S yon, and 
| Y2i— Yoi-r | 8s. Let be the projection on the z-axis of the set 
i=1 


Eng‘ Amn. Since Eng and Amn are both Borel sets, Bmng must be an analytic 
set. The set Bns = > Bmns is the set of all z’s for which the sum 8 [taken 


for f(Z,y)] is greater than em on some set of intervals of total length at 
most 8,. Let Bm J] Bms; this set is the set of all @s for which the sum 8 


is greater than «m for a set of intervals of total length at most equal to any 
preassigned 8,. The set B= > Bw» is therefore the set of all 2s such that 


f(4, y) is not absolutely continuous. This is an analytic set and consequently 
its complement, T'uc(f), is the complement of an analytic set. 
A special result which may be proved in a similar manner is embodied 


in Corollary 7. 

Corottary 7. If f(x,y) ts of class one, Tao(f) 1s a Geos. 

The example used to prove Theorem 16 together with Theorem 18 makes 
it possible to state Theorem 19. 


THEOREM 19. A necessary and sufficient condition that a set E on the 
interval (a,b) be the complement of an analytic set 1s that there exist a func- 
tion f(x, y) in the Batre classification such that Tac(f) = #. 


8. Two lemmas will be established in this section and because of a later 
application they will be formulated for metric spaces in general instead of for 


Euclidean spaces only. If X and Y are two separable complete metric spaces,* - 


their combinatorial product is denoted by X & Y and is the collection of all 
pairs of elements (x,y) where visin andyisin Y. If (a, 41) and (22, y2) 
are any two elements of this product space the distance between them is defined 
to be [ (a, 2)? + (41 y2)*]* where (pq) is a symbol denoting the distance 
between the two elements p and q of a metric space. Functions may be defined 
on metric spaces, and their theory is in many respects similar to the usual 
theory.t The functions used here will be defined on subsets of X X Y and 
will have real numbers as functional values. The necessary and sufficient 
condition that such a function be of class « is that the set at which the function 
is greater than (and smaller than) any real number is an Og. A point (4, 7) 
is a y-discontinuity of a function if ¥ is a discontinuity of f(Z,y). It may 
happen that a function is defined only on some closed subset of X¥ xX Y. 


*For definition of terms concerning metric spaces see Hausdorff, Mengenlehre 
(1927). 
¢ See Kuratowski, Fundamenta Mathematicae, vol. 17, p. 275. 
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Lemma 2. If f(z,y) ts any function in the Batre classification defined 
on a closed subset E of X XY, the set D, of points at which f(x,y) has a 
y-discontinuity greater than or equal to r (any positwe real number) 1s an 
analytic set with closed vertical sections.* 


Let 9(2,y, 4:1) =|f(2,y) —f(%,4:)| where g is defined on all points 
(x, y, y1) of (X X Y) X Y which are such that (z,y) and (2, y,) are in £.t 
The range of definition of the function g is therefore a closed set. Let Rm be 
the points of this closed set at which g(z, y,y,) is greater than r—1/m and 
let E, be the points of this closed set at which (yy,) =1/n. The pro- 
jection of the set Rm- Hy, on X X Y is an analytic set which will be denoted 
by Bmn. The set Bmn is the set of all points (x,y) such that there is a point 
in for which (yy:) S1/n and | f(z,y) —f(«,4:)| > r—1/m. 
If Bn =I] Bmn, Bn is the set of all points (x,y) such that for any m, there 


is a point (x, y,) for which (y y,) = 1/n and | f(x,y) —f(2, > r—1/m. 
Therefore D, = [][ Bn, and D,; is analytic. The fact that D, has closed vertical 


sections is demonstrated in the usual manner. 


Lemma 3. If f(z, y) 1s any function in the Batre classification defined 
on a closed subset E of X X Y, the set D at which f(z, y) has a y-discontinuity 
is an analytic set. 


If en is any sequence of positive numbers approaching zero, then D = > D,, 


which, in view of Lemma 2, completes the proof. 

The symbol (xa) is used to denote all points of XY X Y of the 
form (a, y). 

The following lemma contains a sharpened form of a statement made 
in § 4. 

Lemma 4. If R is any analytic set included in a closed subset E of 
X X Y, the set A of points a in X such that (x =a) -R is nowhere dense in 


Let O; be an enumerable family of open sets in Y such that any open 
set in Y is the sum of some combination of them. Such a family exists since 
Y is a metric separable space. For any a in A it is necessary, if there is an 0; 


* A vertical section of a set consists of all those points of the set which have a 
fixed “ abscissa.” 

+ The function g(a, y, Yy,) can be shown to be in the Baire classification as follows: 
The functions f(a, y, ¥,) =f(#, y) and h(a, y, y,) =f(#, y,) are in the Baire classi- 
fication on the space H X Y, and therefore the absolute value of their difference is in 
the Baire classification on this set. The set on which g(a, y, y,) is defined is a closed 
subset of H X Y, and therefore g(a, y, y,) is in the Baire classification on this set also. 


En 
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such that a X O; includes a point of H, that there is an Oj; in O; such that 
a X O; includes a point of EH but includes no point of R. Let On denote the 
collection of O;’s which lie in On, and let An and An; denote the projections 
on X of (X X On)-H and (X X Oni): EH. The sets Ay, and An; are Fo’s. 
Let Bni be the projection on X of (X XK Oni): R; the set Bni is analytic. 
If a point a is in Anj — Bni, then a X On; includes a point of H but does not 
include a point of R. Therefore if a point a is in An = ~ (Ani — Bni) there 


is some On; such that a X Oni includes a point of # but not a point of R. 
Since Ani — Bn; is the complement of an analytic set, A» is also the comple- 
ment of an analytic set. If a point a is in J] An, there is, for every On such 


that a X On includes a point of H, an Oni (in On) which includes a point of # 
and does not include a point of R. It is seen that A —]][ An and therefore A 


is the complement of an analytic set. 


9. It is assumed in this section that f(x,y) is defined on the rectangle 
aSeSb,cS=x=d. The property of being integrable in the Riemann sense 
will be denoted by R. 


THEOREM 20. Jf f(x,y) 1s bounded and in the Batre classification, 
Tr(f) isa CA. 


Using the notation of the proof of Lemma 3, f(Z,y) will be integrable 
in the Riemann sense if and only if (2 =) -D has measure zero; this will 
be true if and only if (x =) - D,, has measure zero for all n. Since vertical 
sections of D,, are closed it is possible to apply Theorem 9. It may be deduced 
from this theorem that the set of z’s for which (1 = Z) - D,, has measure zero 
is the complement of an analytic set. By multiplication it follows that the 
set of Z’s such that (c—)-D has measure zero is the complement of an 
analytic set. This set is exactly ['p(f) so that the theorem is proved. 

The example used in the proof of Theorems 16 and 19 might be used to 
prove a similar theorem for the property R. 


10. From this point on the function f(z, y) will be assumed to be defined 
in the entire plane. The property of being pointwise discontinuous will be 
indicated by PD. By definition f(<, y) is point-wise discontinuous if and only 
if points of y-continuity are everywhere dense on (=). The necessary and 
sufficient condition for this is that (c=) - D,, be nowhere dense for all n. 
If f(z, y) is in the Baire classification it is possible to apply Lemma 4 where 
X X Y is now the Euclidean plane and the closed subset # in which D,, lies 
is also the entire plane. According to this lemma the set of z’s for which 
(t=) -D,, is nowhere dense in (x =) is the complement of an analytic 
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set. By multiplication the set of @’s for which (% =) - D,, is nowhere dense 
in (c=) for all n is the complement of an analytic set; this is exactly the 
set I'pp(f), so that Theorem 21 may be stated. 


TueorEM 21. If f(x,y) is in the Baire classification, Tpp(f) is the 
complement of an analytic set. 


For this property also a theorem similar to Theorems 16 and 19 might 
be stated. 

The set of Zs such that f(Z, y) is continuous is also the complement of an 
analytic set. This follows from the fact that this set is the complement of the 
projection of the set D. 

Let M denote the property of being non-decreasing. 


THEOREM 22. If f(x,y) is a function in the Baire classification, Ty(f) 
isa CA. 


Let A denote those points of (2, y, y,) space for which f(z, y) > f(z, 41) 
and let B denote the points of this space for which y < y;. Since A and B 
are both Borel sets the projection, W, of A-B on the. (a,y) plane, is an 
analytic set. Let V be the projection of W on the z-axis. If x is in V there 
is some y such that (Z,y) is in W, and therefore there is some y, such that 
(x,y, 4:) isin A: B. This means that y < y;, and f(z,y) >f(z,y:). It is 
seen that T'y(f) is the complement of V. Since V is analytic Ty(f) is the 
complement of an analytic set. 

If f(x,y) is continuous, Ty(f) is closed; and if f(2,y) is of class one, 
T'w(f) is a Gs. These facts follow as corollaries from the above method of proof. 


THEOREM 23. If f(x,y) is im the Baire classification the set L of points 
(Z, ¥) at which f(x,y) has a unique finite y-limit is a CA. 


Let g(x, y,h,k) =| +h) —f(x,y +k)| where the function is de- 
fined at all points (2, y, h, k) of four dimensional space. This function is of the 
same class as f(z,y). If €m and 8, are two sequences of positive numbers ap- 
proaching zero, let Am be the set of points (<, y, h,k) at which g(a, y, h, k) > €m 
and let be all points (x, y,h,k) such thatO < |h| <8, andO <|k| 
The set Bmn which is the projection on the (z,y) plane of Am: Hy is an 
analytic set. If Bm IJ] Bmn then B,, is the set of all points (a, y) for which 


g(x, y,h, k) > €m for some h and some k where the absolute values of h and k 

may be made less than any preassigned §,. A unique finite y-limit can not 

exist at such points. The set of all points at which a unique finite y-limit fails 

to exist is the set B= By. The set of points Z at which a unique finite 
m 
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y-limit does exist is the complement of B and is therefore the complement of 
an analytic set. 

By projecting the set Z and its complement on the z-axis it is possible 
to obtain theorems concerning the set of z’s for which f(<,y) has a unique 
finite limit at some point, at no point, or at every point. A special result 
concerning I may be obtained when f(z, y) is of class one. 


Lemma 5. If g(«,y,h) is in the Baire classification, the set of points 
(z,9) for which g(x,y,h) has a umque finite h-limit as h approaches zero 
isa CA. 


By the method, of the proof of Theorem 23, it can be shown that the 
set K of points (x,y,h) at which g(a, y,h) has a unique finite h-limit is the 
complement of an analytic set. The section of K by the plane h = 0 gives the 
set desired in the lemma. 


THEOREM 24. If f(x,y) is in the Baire classification the set M of points 
(z,Y) at which this function possesses a unique finite y-derwative ts a CA. 


This function, if we assume it is 


Let (2, y, h) — 


equal to any constant value, say 1, when h 0, is defined on all of three 
dimensional space, and is in the Baire classification. By Lemma 4, the set 
(z,¥) at which g(z,y,h) has a unique finite h-limit as h approaches zero is 
the complement of an analytic set, and this is the set at which f(z, y) has a 
unique finite derivative. 

By projecting the set M and its complement on the z-axis it is possible 
to obtain results concerning the set of <’s for which f(Z, y) has a unique finite 
y-derivative at every point, at no point, or at some point. 

In the proof of the next theorem use will be made of the space % of all 
closed point sets on the y-axis. Elements of this space will be denoted by F. 
The property of being of the first class will be denoted by J. The z- and y-axes 
will »e denoted by X and Y. 


THEOREM 25. If f(a, y) is in the Baire classification, T;(f) ts a CA. 


Let Q be all points (z, F,y) of the space (X & %) X Y for which y is 
in F, The set Q is closed. The function g(z, F, y) is defined everywhere on Q 
and is equal to f(z,y). In order to prove that this function is in the 
Baire classification consider the function h(2z, F,y) defined on the whole of 
(X & &) X Y and equal to f(x,y). The function h is obviously in the Baire 
classification and therefore that part of it which is defined on Q is in the Baire 
classification. But that part of h which is on Q is the function g and therefore 
the function g is in the Baire classification. 
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If €, is a sequence of positive numbers approaching zero, let D,., be the 
points of (X &K %) X Y at which g(z, F, y) has y-discontinuities greater than 
or equal to<,. The set D,, is an analytic set lying in the set @. From Lemma 4 
the set A, of points (Z,F) in (X such that* F =P) - D,, is 
nowhere dense in (1 —=Z, F =F) -Q, is the complement of an analytic set. 
The set A —]][ A, is the complement of an analytic set and it is the set of 


points in X such that g(Z, F, y) is pointwise discontinuous. Let 
B be the projection on X of the complement of A in X XK }. The set B is 
analytic. The complement of B, denoted by H, is the complement of an 
analytic set. If Z is in H, then for every F, g(Z,F,y) is pointwise dis- 
continuous in y; that is for every F, f(z, y) is pointwise discontinuous on F. 
This is exactly the condition that f(Z,y) be of class one, and therefore 
I';(f) =H which completes the proof of the theorem. 

This theorem contains Theorem 11 as a corollary, but it does not contain 
Theorem 12. It would be interesting to know more concerning T',(f) where 
a is the property of being of class # and «@ is greater than one. If f(z, y) 
is a Baire function, T'g(f) is a projective set but it appears difficult to show 
that a given evaluation is the best possible. The example used in Theorem 16 
shows that the evaluation in Theorem 25 is the best possible. 

The remaining theorem treats a case different from the preceding ones 
in that the condition on f(z, y) is of a different nature. 


THEOREM 26. If f(z,y) is pointwise discontinuous, CT'pp(f) 1s of the 
first category. 


If Z is in CT'pp(f) there is some positive number, ez and some interval dj 
on the line z = Z, such that f(z, y) has a discontinuity greater than «7 at every 
point of the interval dz. Let Q, be the points of CI'pp(f) for which the 
chosen ¢; is greater than 1/n. Suppose that CTpp(f) is of the second category. 
Then there is an n such that Q, is of the second category. Let Dn be all the 
points of all the dz’s which are associated with the ’s in this set Qn. By 
Lemma 2 of my previously cited paper it follows that there is some open set 
in the plane in which D, is everywhere dense, and the function f(z, y) can 
have no point of continuity in this open set. This contradicts the hypothesis 
and therefore the assumption that CI'pp(f) was of the second category was 
wrong. 


HARVARD UNIVERSITY. 


* F=F) denotes all points of (X X &) X Y such that «= @ and F=F. 


MATRIX DIFFERENTIAL EQUATIONS.+ 


By M. WuHysurn. 


Systems of first order, linear, ordinary differential equations have been 
studied extensively through the use of matrix algebra.t This algebra provides 
a simple notation for the differential systems and affords useful tools for work 
with the systems. Some recent work on non-linear systems of differential 
equations lead me to a linear system of the matrix form dY/(dx)+ A(x)Y 
+ YA(x)—0, where Y, A, dY/(dz) are square matrices of n-rows. This 
equation naturally leads one to study the more general matrix equation 


dY /(dx) + > A;(x)Y Bi(x)= R(x). The present paper is designed to indi- 
4=1 


cate the essential relations between matrix equations of the above type and 
equations of the usual matrix form, namely, dU/(dr)+ A(xz)U = R(z). 
Analogous algebraic equations have been studied extensively by a number of 
authors § and applications of this work have been made in quantum mechanics. 
The present paper includes some, applications to non-linear differential sys- 
tems. The notation and terminology of the paper are in agreement with Mac- 
Duffee’s recent treatment of matrices in Ergebnisse der Mathematik, vol. 2, 
heft. 5. The work of the paper is confined to the real domain. 
Consider the differential system 


(1) a¥/(dx) + ¥ R(2), 


where Y, R, Ai(x), Bi(x), are square matrices of n-rows. The elements of 
the coefficient matrices R(x), Ai(x), Bi(x), (i = 1, 2,- -, m), are Lebesgue 
integrable on X : a= 2b and a solution of a differential equation is 
understood to mean a matrix with absolutely continuous elements that satisfies 
the differential equation almost everywhere on XY. Let J, be the unit matrix 


+ Presented to the American Mathematical Society December 2, 1933. 

ft Volterra, Memoria della Societa Italiane delle Scienze, t. VI (1887) and t. XII 
(1899), developed the infinitesimal calculus of matrices. H. F. Baker, Proceedings of 
the London Mathematica Society, vol. 34 (1902), pp. 347-360, and vol. 35 (1903), pp. 
333-378, used matrices extensively i\ a study of linear differential systems. See also 
an article by Birkhoff and Langer, Proceedings American Academy of Arts and Science, 
vol. 57 (1922), pp. 51-128, where other references to work along these lines are given. 

§ See C. C. MacDuffee’s article in Ergebnisse der Mathematik, Vol. 2, Heft 5, 
Springer, 1933, for references to this work. 
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of n-rows and let 0 represent the zero matrix of proper order when it is used 
in an equation. The equation 


(2) a¥ /(dr)+ Ai(x)¥ Bs(2)—0 


is the homogeneous equation corresponding to (1). We define 
(3) dZ/(dx)— > Bi(x)Z Ai(x)=0 
i=1 


to be the adjoint equation of equation (2). We form the equations 


(4) aU / (de) + Bit (2): X As(2)] = 
(5) aV /(de)—V [ X As(2)] =0, 


Where U, V, and S(a) are square matrices of n? rows. The notation 
B;"(x) +X Ai(x) means the direct product (or the left direct product) of 
with A; The matrix S(x) is formed +t from by letting 
Sij (1, =1, +, n?), where k=O is a whole number such 
that kn <iS(k+1)n. Equation (5) is the adjoint of the homogeneous 
equation corresponding to equation (4). 


THEOREM I. Let U(x) be any solution { of equation (4). There cor- 
responds a solution Y(x) of equation (1) such that wij(X)= Yrsr,i-an 
j=1,:--, where k=O is a whole number such that kn <1 
=(k+1)n. Conversely, if Y(x) is any solution of (1), the matrix U(z) 
defined in the above manner 1s a solution of equation (4). 


Proof. Both parts of the theorem follow immediately from an examina- 
tion of the equations satisfied by U(x) and Y(x). We observe that a solution 
matrix U(x) of equation (4) has its columns alike. 

An examination of equations (3) and (5) along with the observation 
that a solution matrix V(x) of equation (5) has its rows alike yields 


THEOREM II. For each solution V(x) of (5), there corresponds a solu- 
tion Z(x) of (3) such that vj; = (4, =1, -, where 


+ We denote the element of the i-th row and j-th column of any matrix by the corre- 
sponding small letter with subscript ij. This is further indicated by the fact that in 
the equations specifying the quantities 8455 u,;(@), v54(@), the suffix j does not occur 
on the right hand side. 

+t U, V, and S represent degenerate matrices in that they either have their columns 
alike or else their rows are alike. 


ed 
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k= 0 1s a whole number such that kn <iS(k+1)n. Conversely, if Z(2) 


-is any solution of (3), the matrix V(x) defined in the above manner is a 


solution of (5). 


Fundamental Existence theorems and many properties of the solution 
functions for systems (1) and (3) follow directly from well-known theorems 
concerning systems (4) and (5) when Theorems I and II are taken into 
account. We show by direct substitution that if Y is a solution matrix for 
equation (2), then cY is also a solution of that equation, where c is an arbi- 
trary constant. However, it does not follow that the product of a constant 
matrix by a solution of, (2) yields a solution of that equation. It is well- 
known that there exists a matrix U* of solutions of the homogeneous equation 
corresponding to (4) such that d(U*)=40 on X and such that the general 
solution of this homogeneous equation may be expressed in the form U = U* C, 
where C is a constant matrix and d(U*) means the n?-rowed determinant of 
U* [the matrix U* is composed of n? column solutions of the equation]. It 
follows at once that there exist n? solutions Y;,- - -, Yn? of (2) such that if 
Y* is a particular solution of (1) and Y is the general solution of (1), then 


= Y*(x) + (2), where are arbitrary (scalar) 
constants. 

We note that the special case m = 1, = A(z), B, (x) allows 
system (1) to break up into n systems (identical in form) of the type 
dY/(dz) + A(x) In this case, system (3) breaks up into n 
systems each of which has the form dZ/(dx)— ZA(x)=0 and the adjoint 
relationship is consistent with the usual form of this relation. However, it 
is important to observe that the linear system remains of order n? and that a 
single equation dY /(dx)-+ A(x)Y=— R(x) cannot properly be regarded as 
completely equivalent to the original equation. This indicates that the matrix 
forms dY /(dx)-+ A(x)Y might be regarded as degenerate cases of 
the symrgetric matrix equation (1) [despite the fact, as shown in Theorem I, 
that equation (1) may be regarded as equivalent in a sense to an equation 
of the form dY/(dx)+ AYR]. This degeneracy offers a good explana- 
tion of the vector character of the matrices Y and R that occur in 
dY/(dz)+ AY —R. 


THEOREM III. Let Y(x) and Z(x), respectively, be any solutions of (2) 
n 

and (8). There exists a constant c such that > yij(x)2;i(x)=c for all 
4,J=1 


ron X, This may also be stated by saying that the sum of the main diagonal 
elements of YZ is constant on X. 
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Proof. Let U and V be the solutions of (4) and (5), respectively, that 
correspond under Theorems I and II to Y and Z. Direct computation from 
(4) and (5) shows that d(VU)/(dz)=0 on X. Integration of this equation 
yields VU —C, a constant matrix, and interpretation of this result in terms 
of Y and Z yields Theorem III. This theorem may be proved without using 
(4) and (5) if one makes use of the component equations for (2) and (3). 
This proof, however, is slightly more complicated in detail. 

We shall not pursue the study of equation (1) further although many 
interesting questions present themselves for investigation. For example, the 
distribution of the roots of d(Y) on the interval X is of interest. An exami- 
nation of the equation dY/(dx) — AYA =—0, where all of the elements of A 
are equal to unity, shows that it has a family of solutions such that d(Y) has 
exactly one root on the real axis. Other examples may be given to emphasize 
the fact that the non-vanishing of d(Y) at one point fails to insure its non- 
vanishing at other points of an interval (contrasting the well-known result 
for systems of the type dY/(dz)+- AY =). We conclude the paper with 
some theorems which make use of systems of type (1) in a study of non- 
linear differential systems. 


THeEoREM IV. Let -, be solutions of the Riccati type ¢ non- 
linear differential system 


(6) dY/(d«)+ YY —R(2), 


where R(x), Y, and dY/(dzx) are square matrices of n-rows and where the 
elements of R(x) are Lebesgue integrable on X: aSuSb. If d(¥i—Y;j) 
on X, (1,7 =1,: n?+3), (17), there exist constants c(1, j, k) 
such that 

n?+8 
(7) & c(t, j, [Yi— Vu] =0, n? +8), 

i=1 

xi) 

hold as identities on X and at least one of the constants c(t, 7, k) im each equa- 
tion of (7%) is different from zero. 


Proof. Let Vi=Yi—YVyj, (tj), hence Yi; Y;-+ Vi, and substi- 
tute Y; into equation (6). When use is made of the fact that Y; and Yj; 
are solutions of (6), it is found that V; satisfies 


(8) (dV;)/(dv)+ 


+ See a paper of the author’s in part 2 of the Commemoration Volume of the 
Téhoku Mathematical Journal, vol. 38 (1933), pp. 447-450, concerning this equation. 


N- 
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while U; = V;/, the inverse of Vi, satisfies the equation 
(9) (dU;)/(dx)— — UiY;—In =0. 
The matrix Wj, U; — U; is a solution of the equation 
(10) dW/(dx)—Y,;W— WY; 


Equations (9) and (10) are of type (1). For fixed j and k, Wix(z), 
((=1, 2,---, (AIA), gives n?+1 solutions of (11). It 
follows from Theorem I and the remarks that follow Theorem II that there 
exist constants c(i, 7, &), not all of which are zero, such that 

n?+3 
(11) > 7, Wi, =0 on X. 

4=1 

(14j4k) 

We observe that Wx U; Uy = Vii = [In = 
= Vi [Vi — Vil Vit = [Yi — [¥en If this final value 
of Wix is substituted into (11) and the resulting equation multiplied on the 
right by — [Y;— Yj], equation (7) is obtained. The theorem follows when 
j and k are allowed to take on all possible values such that 147 Ak Ai, 


I. Jf Yi, +, are solutions of (6) such that 
d(Y¥,—Y;) ~0 on X and if ¥ is the general solution of (6), then 


where C:,° * *, €,2. are arbitrary constants and j and k are fixed indices. 


Corotuary II. The case n=1 in Theorem IV and Corollary i yields a 
well-known theorem concerning the anharmonic ratio of four solutions of the 
Riccati type differential equation.t 


THEOREM V. If equation (6) has a solution Y* such that each element 
of Y* is an even function of x, thus Y* (x)= Y*(—), and tf Y;, Yo, Ys, V4, 
are any four solutions of (6) such that d(¥Yi—Y*) ~0, (t—1,---,4), 
then the matrices Wij(x) = = [¥:.—Y*]! 
x [V5 — Vil [V; —V*]! have the property that the sum of the main diagonal 
elements of is constant on X, =1,-- -,4). 


Proof. An examination of the proof of Theorem IV shows that W,;(z) 
is a solution of the equation 


t See Ince, Ordinary Differential Equations, London (1927), page 24. 
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(12) dW/(de)—Y*W — WY* =0 


while Vi;(z)== Wi;(— 2) satisfies the equation 


(13) dV /(dx)+ V¥* + =0. 


A comparison of equations (12) and (13) with equations (2) and (3) shows 
that these equations are adjoints. An application of Theorem III yields 
Theorem V. 


THEOREM VI. If equation (6) has a solution Y*(x) such that each 
element of Y* 1s an odd function of x, thus Y*(x#)==— Y*(—72), and if 
Y,(x) and Y.(x) are any two solutions of (6) such that d(Y,— Y*)0, 
d(Y,— Y*)0 on X, then the matrix W(x)=[Y, — Y*]!? 
= [Y,— Y*]/[¥.—Y,] [¥2—Y*]/ ts such that on X, 


Proof. The matrices W(x) and V(z#)—W(—z) satisfy the equation 
(14) dU /(dx)— Y*U —UY* =0. 


Furthermore, W(0)— V(0) and equation (14) has a unique solution which 
takes on the initial values U(0)—W(0). It follows from this that 
W (x)= W(—2z) on X&X. 

The special cases of Theorems V and VI where n = 1 are of interest since 
equation (6) then becomes the generalized Riccati equation (after this equa- 
tion has been subjected to suitable changes of the independent and dependent 
variables). Interesting examples can be constructed by building the Riccati 
differential equations satisfied by specific even or odd functions and applying 
Theorems V and VI to these. 

In conclusion, it may be stated that the present paper emphasizes the point 
of view that the algebraic form of a differential system is important and that 
canonical forms for the system are not always desirable or obtainable.t 


THE UNIVERSITY OF CALIFORNIA AT LOS ANGELES. 


+ This point of view was definitely stated by Ritt on page iii of the introduction 
to his Colloquium lectures (American Mathematical Society Colloquium Publications, 
vol. XIV, New York, 1932). 


on 
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OF A POINT. 


By H. H. ALpEN. 


I. The problem of solving 0z/dx + F(a, y)0z/dy =0, where the real 
function F(a, y) is continuous and has a continuous partial derivative with 
respect to y in an open region R, is equivalent to the problem of finding an 
integral * of dy/dx =F (a,y) having partial derivatives with respect to x 
and y. This problem is treated in the small in standard books on differential 
equations, and Kamke ¢ has shown that in any simply connected open sub- 
region R’ of R having no boundary points in common with the boundary of 
Rf, there exists an integral. 

The equation 


(1) f(a, y)0z/dx + g(x, y)dz/dy = 0, 


where f and g are real functions which are continuous and have continuous 
partial derivatives with respect to 2 and y in an open region RF can be solved 
in a neighborhood of a point («, 8) of R if f(a, 8) and g(a, B) are not both 
zero, since the equation can then be put into one of the forms 


f(a,y) dy? g(2,y) da 
in a neighborhood of (a, 8). In Picard’s Traité d’ Analyse, vol. III, pp. 1-12, 
there is discussed the existence of solutions of (1) under the hypothesis that 
f and g are analytic functions of the complex variables z and y in a neigh- 
borhood of a point at which f(a,8) =g(a,8) —0. Under this 
hypothesis, letting f(z,y) =dio(t—%) +4i(y—B) and g(z,y) 
= «) + boi (y—B) and letting A; and be the roots of 
— A) —A) = 9, it is proved that there exist two analytic 
functions u,(z,y) and uz(2,y), both of which vanish for c= y=0, such 
that in a deleted neighborhood of (, 8), w:?/u27/* is a solution of (1) if A, 
and Az are distinct and if the line joining the complex numbers A; and 2 in 
the complex plane does not pass through the origin. It will be noted that 


* An integral of this equation is a function z(#,y) which is constant along each 
solution curve of dy/dw =F (a,y); the constant may vary from curve to curve. 
{ Mathematische Annalen, vol. 99, p. 602. 
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these conditions are not satisfied when f—2, g——vy, or when fy, 
=— although the equation — ydz/dy = 0 has the solution z = zy, 
and the equation ydz/dx — x0z/dy = 0 has the solution z= 2? + y’. 

In this paper we propose to discuss under the following conditions the 
existence of solutions of (1) over (a, 8): 


(a) f(x,y) and g(a,y) are real functions which are continuous and 
have continuous first partial derivatives with respect to x and y in an open 
region R; 

(b) f and g vanish together at only one point (a, 8) of R; 

(c) by a solution of (1) shall be understood a continuous function 
2(z,y) which is constant in no circle in R, and for which first partial 
derivatives exist and reduce (1) to an identity in a and y. 


We note that an integral of the system 


(2) dz/dt = f(x,y), dy/dt =g(z,y) 


which is a function of z and y alone is a solution of (1) if it has partial 
derivatives, and conversely a solution of (1) is an integral of (2). We are 
therefore to consider the existence of integrals of (2) in a neighborhood NV 
of (a, 8), where by an integral we shall now understand a function J(z, y) 
satisfying the following conditions: 


(i) J is continuous and has partial derivatives with respect to x and y; 
(ii) J has the same value at all points of each orbit * of (2); the value 
may vary from orbit to orbit; 
(iii) J is not constant in any circle in N. 


From condition (a) above, we find that through each point of R there 
passes one and only one orbit of (2), and the unique orbit through (a, 8) is 
u—=a, y=; i.e., the point itself. The orientation of the orbits about 
(a, 8) will largely determine whether or not an integral of (2) exists in a 
neighborhood of that point. Suppose first that each of the orbits in a neigh- 
borhood W of (4,8) has (a, 8) as a limit point, as is the case when (a, 
is a knot point or a spiral point of (2). Then no integral exists in N. For 
suppose J(z, y) satisfies (i) and (ii). Since («,) is a limit point of each 
orbit in NV, J(a, 8) is the limit of values of J(z,y) for (x,y) on any orbit 
in N, according to (i). Hence on each orbit in NV, J(z, y) =J(a, B), accord- 
ing to (ii), and hence in NV, J(z, y) =J(«, 8), whence condition (iii) is not 
satisfied. 


* An orbit of (2) is the projection on the a, y plane of a solution curve of (2) in 
t, 2, y space. 
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Suppose next that among the orbits there is a sequence of closed curves 
converging to (,f), each being interior to the area bounded by the pre- 
ceding one, and suppose that in the area between any two consecutive closed 
curves of the sequence the orbits are spirals asymptotic to the closed curves. 
Then no integral exists in any neighborhood of (a, 8). For suppose J(z, y) 
satisfies conditions (i) and (ii) in N, a neighborhood of (a, 8). Let Ox be a 
closed orbit entirely in NV, and let 7 be the value of J(z,y) on Ox. Then also 
J(x,y) =j for (x,y) on a spiral asymptotic to Ox, and hence J(2, y) =j 
in the entire area bounded by Ox, and Ox,1, whence condition (iii) is not 
satisfied. 


II. Two simple orientations remain to be discussed; namely, that in 
which all the orbits are closed curves with (a, 8) interior to the area bounded 
by each, and that in which the orbits form a saddle. We shall prove here that 
if all the orbits are closed, and if A denotes a subregion of R bounded by one 
of the closed orbits, then there exists an integral in all of A. Without loss of 
generality we may assume that the point (a, 8) is the origin. Let r(x, y) be 
the greatest lower bound of (#*-+ y?)” for all points (#,¥%) on the orbit 
through (zy); i.e., let r be the least distance from the origin to the orbit 
through (z,y). Now r itself is not a solution of (1), for in the case where 
f=y and g =—zg, the orbits are circles and r is (z* + y”)%, so that the 
surface z—r(x,y) is a cone with its vertex at the origin, and hence the 
partial derivatives of r(az,y) do not exist at the origin. We shall prove, 
however, that r? is an integral J(z,y) satisfying the three prescribed con- 
ditions. That this is a function of x and y is apparent from the fact that 
through every point (z,y) of A there passes an orbit entirely in A, and this 
orbit has a least distance from the origin. It is also evident that for each 
orbit of A, J(z,y) has the same value at all points (x,y) of the orbit. 
Hence condition (ii) is satisfied. 

Also condition (iii) is satisfied. For take any circle p in A, with center 
(1, 1), and let (2, y2) be any point in p within the orbit 0, through (2, y:). 
Then the orbit O2 through (a2, y2) is within O;. Since O; is a closed point 
set, there is at least one point p; on O, such that the line op, joining the 
origin o to p, is of length 7;, where r, is the least distance from the origin 
to O,. Now O, cuts Op, in a point p., and hence op, <1;. Also, 12, the least 
distance from the origin to O2, satisfies the inequality rz op2. Hence 
Tr. <1, and condition (iii) is satisfied, since every circle p in A contains two 
points for which J has different values. We have now only to show that 
J (x,y) is continuous and has partial derivatives with respect to x and y in A. 


III. J(z,y) is continuous. At the origin, r = 0, and for a point (z, y) 
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other than the origin we have 0<r<|a2|+|y]|, whence lim r? =0, 
@,y—0,0 


Hence at the origin we have continuity. Consider next J(z,y) at a point 
(21, y:) in A, other than the origin. Let 0; be the orbit through this point, 
and let r, be the least distance from the origin to O,. Let {(2n, yn)}, 
n = 2,3,° - - be any sequence whatever of points of A convergent to (21, 1); 
let On be the orbit through (an, yn), and let rn be the least distance from the 
origin to On. It is known that for every « > 0 there exists a 8. such that for 
every (a, y) satisfying 2, | < & | | < & it is true that within « of 
any point on O, there is a point on the orbit through (2, y), and within « of 
any point on the orbit through (z,y) there is a point on O;. Let « > 0 be 
given, and let n be so large that | — | < & and | yn»n—yi | < &. Since 
there is a point on O, whose distance from the origin is 7:, we have that there 
is a point on On whose distance d, from the origin satisfies | dn—r,| <«. 
Hence, from rn S dn, we have 


Also there exists no point pn on On whose distance J, from the origin satisfies 
ln <11—«. For if d is the distance of any point whatever on O,; from the 
origin, then 7; = d, whence r, —e = d—e. Hence from In < would 
follow In < d—e, so that there would be no point on O,; within ¢ of pn, which 
is false. Hence 1, =1,;—«, where I» is the distance of any point whatever 
en O, from the origin. From this follows r, = 7r,—e, and this, with (3), 
gives |r,—1n |S «. Since the sequence {(4n, Yn) } was any sequence what- 
ever in A converging to (2,4), it follows that J(z,y) is continuous at 
(21, y1), and since (2, 4:1) was any point of A other than the origin, J(z, y) 
is continuous throughout A. 


IV. At the origin, Jz and J, exist and are zero. For Jz2(0,0) 
=lim r:(r/z). Now |2| is the distance from the origin to some point 
2-0 


on an orbit, and r is the least distance from the origin to the same orbit. 


Hence surely r<|2z|, whence lim r =O and lim |r/x|<1. Therefore 
2-0 


lim r-:(r/z) =0. Similarly J,(0,0) = 0. 


Considerable difficulty is encountered in proving that the partial deriva- 
tives of J(z, y) exist at points of A other than the origin. In the next eight 
sections of the paper we shall be concerned with establishing facts which when 
collected in section XIII will constitute a proof that Jz(z, y) exists at every 
point (x,y) of A other than the origin. 
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V. Consider the differential equations 


(4) g(x,y), dy/dr=f(z,y). 


These have an orbit through each point of A, and have the origin for their 
only singular point. At all other points their orbits are perpendicular to the 
orbits of (2) through those points. We shall continue to speak of the orbits 
of (2) as orbits, and shall call the orbits of (4) trajectories. Let the orbits 
be given by ; 
(5) = $(t, Xo; Yo), y = Xo, Yo) 
ty = $(0, Lo, Yo), Yo= Lo, Yo) 


and let the trajectories be given by 


A(z, Lo; Zo, Yo) 
(6) _ 
Ly = A(0, Los Yo = Los Yo). 


Then the functions ¢, y, A, and @ are continuous and have continuous partial 
derivatives with respect to each of their arguments for (2, yo) and (2, y) 
and the arc of the orbit or trajectory joining them in A. In particular ¢ 
and y have this property for (a, y.) in A, and +o. 

Suppose an arc C of a trajectory lies entirely in A. Then C cuts no orbit 
in more than one point. For suppose an orbit O is cut by C in at least two 
points P, and P,. Let a and yo in (6) be the codrdinates of P, so that 
(6) with r= 0 give the point P;, and let P, be given by (6) with r= 7». 
Without loss of generality we may assume 72 > 0, for if rz < 0, an interchange 
of the subscripts of Pi and P, renders the statement true. Now let 7; be the 
least positive value of + for which equations (6) give a point on O, and let 
this point be called P;. Then at one of the points P, and P;, C enters the 
area bounded by O with increasing +, and at the other of these points (’ 
emerges from this area with increasing r. We shall show this to be impossible. 
Let S, be the set of points on O such that the trajectory through each point 
of 9, enters the area bounded by O with increasing 7, and let S2 be the set of 
points on O such that the trajectory through each point of S. emerges from 
this area with increasing r. Since neither S; nor S2 is empty, and every point 
of O is in either S; or Sz, there must be at least one point Q on O such that 
in every neighborhood of Q there are points of S; and points of S,. From 
the continuity of f and g it follows that both f and g must be zero at Y. This 
is not true however, since f and g both vanish only at the origin, and Q is not 
the origin. Hence we have a contradiction, and hence C cuts no orbit in more 
than one point. 
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Suppose next that C is a trajectory which has a point (2, yo) in A. 
Then C cuts each orbit in A except the origin. For let O, be the orbit through 
(Zo, Yo), and let 1 be the least distance of O, from the origin, and let r be the 
greatest lower bound of the least distances between the origin and the orbits 
which C cuts. Since C cuts Oo, it cuts some of the orbits within Oo, and 
hence r < 79, and every orbit for which the least distance r from the origin 
satisfies r < r= 1o is cut exactly once by C. If we can show r—0, we will 
have proved that every orbit within O, is cut just once. Suppose r > 0. 
Then we need only show that C cuts the orbit O, for which the least distance 
from the origin is r, for if it cuts O,, it cuts orbits within O,, which contra- 
dicts the definition of r. Now C has at least one limit point on O,, for it cuts 
every orbit between O, and O, once and only once, and does not cut O, by 
assumption. If P, is the only limit point which C has on O,, then P; ‘isa 
singular point of (4); this is not true since the origin is the only singular 
point of (4), and the origin is not on O,. Hence C must have at least two 
limit points P; and P, on O,. On each of the two arcs of O, having P; and 
P, for end points, select a point between P, and P2. Let these two points be 
called P and P, and let the trajectory through P and that through P be con- 
structed. ach cuts all the orbits in a neighborhood of O,. Hence in order 
to pass from a neighborhood of P; to a neighborhood of P2, C must cut one 
of these trajectories through P or P. But if C has a point on a trajectory, 
it coincides with that trajectory, and hence it cuts O,. 

Similarly it is proved that C cuts all the orbits of A outside of Oo. We 
shall now be free in what follows to speak of the point in which a trajectory 
cuts an orbit, for we have shown that each trajectory in A cuts each orbit in 
A once and only once. 


VI. Consider the functions 
(7) a,b), 6(7, 4, b)), y = w(t, A(z, a, b), O(7, a, ) 


where (a, 6) is a point P of A other than the origin. According to (5) and 
(6), for r= 0 and ¢ variable the right members of (7) give the orbit through 
P, and for t 0 and 7 variable they give the trajectory through P. For + 
fixed and ¢ variable they give the orbit through a point Q whose codrdinates 
are [A(r, a,b), a,b) ], whence Q is a point on the trajectory through P. 
We shall need to examine the right members of (7) with ¢ fixed, say at h, 
and + variable. For 70 we get a point § on the orbit through P. Hence 
for |r| small, since the functions are continuous, we get points near S. We 
shall show that we get a continuous arc with a continuously turning tangent. 
Let Q be a point variable with +, obtained as above by setting t=0, 7=7 
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in the right members of (7), and let T be the point given by setting t = t,, 
7==7 in (7). For simplicity we shall write $2,(Q, 7) for d2,(t:, 20, Yo) with 
% and Yo replaced by A(t, a,b) and @(r,a,6) respectively after the differen- 
tiation; similar interpretations of the other symbols appearing are readily 
made.* 

Now we have, by differentiating (7) with respect to 7, 


= — b2,(Q,T)9(Q) + T)F(Q); 
dy/Or = —Y2,(Q,T)9(Q) + T)F(Q)- 


The right members of (8) are continuous functions of 7, and they do not 
vanish together, for if both were zero, the equations 


(9) T)E+ dy (Q; T)n=0 
Ya(Q, T )é + = 0 


would have a solution (&,7) = (—g(Q),f(Q)). Now 


T) bu (Q; T) 
T) T) 


since it is the determinant of a fundamental set of solutions of the equations 
of variation for the orbit through Q.f Hence the only solution of (9) is 
(é,7) = (0,0). But f and g do not both vanish at Q, since they vanish 
together only at the origin, and Q is not the origin. Hence (0x/dr)? 
+ (dy/dr)? > 0, and the equations (7%) with ¢ fixed and 7 variable give a 
continuous curve with a continuously turning tangent. 

Let » be the angle made by the curve given by (7) with ¢ fixed at ¢, and 
rt variable, with a parallel to the x axis. Then we have 


~0 


(10) 
COs p= 
8) 9g(P) S)F(P) 
8) 9(P) 8) f(P) )?+ (ha (P, 8) g(P) S)f(P) 


sin p= 


—Woo(P, 8) g(P) +4 (P, S)F(P) 
[(—a(P, 8) 9(P) +4u(P, 8) 9g(P) 8) 


*This designation is not entirely satisfactory, for ¢, (9 T) might also be inter- 
preted as ¢,, (tos Zo, Y,), where t, is another value of t having all the properties we have 
demanded of t,. To be definite therefore let us assume that ¢, is the least positive value 
of ¢ for which. ¢(t, a, b) and y(t, a, b) are the coérdinates of S. Obviously there is a 
least such value. With the adoption of this convention $,,(9; T) becomes a well defined 
quantity. The only exception to the convention will be made in section XI, where a 
quantity ¢,, analogous to the above t, is explicitly defined in another way. 
¢ See Moulton, Differential Equations, pp. 234-238. 
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We observe that for each point Q on the trajectory through P there is 
exactly one point 7 on the curve through S given by (7) with ¢ fixed at t, 
and + variable, and that Q and T lie on the same orbit. Hence if O is any 
orbit in A, and Q is the point in which the trajectory through P cuts O, there 
corresponds to @ exactly one point 7 on O in which the curve through S 
under consideration cuts 0; i.e., the curve through § cuts each orbit of A 
in one and only one point. We shall therefore be able to legitimately speak 
of the point in which an orbit of A is cut by a curve of the type considered 
here. 


VII. Consider the trajectory PQ and the curve ST’ of the previous 
section. Let the length of PQ be An and let the length of ST be Ac. We 
now prove that as Q approaches P along the trajectory through P, and T 
approaches S along the curve through 8 and T, with Q and T always on the 
same orbit, 


(11) tim 
Ano AN 
S)g(P) +4, (P, 8S) g(P) 
P(P) +9? (P) 


Let the coordinates of S be (a, 8) and those of 7 be (é,7). Then 


A(7, a, b), a, b)) — r(0, a, b), 6(0, a, b)) 


(18) n—B=wW(th, A(t, a, b), O(7, a, b)) —w(t, A(0, a, a, b)). 


Hence by the theorem of the mean, 


E— a = 8’) (— g(P")) + bul 
— B= 8”) (— g(P")) + SY F(P”)] 


‘where S’ and S” are points on the given curve ST between S and 7’, and P” 
and P” are points on the trajectory PQ between P and Q. Hence 


[(—d2,(P’, S’)g(P’) + 8’) f(P’))? 
+ 8") (P”) + P”, 8”) f(P”) 


(13) 


Also 

(P(P") + (P") 1%, 

where P’” is a point on the trajectory PQ between P and Q. Using the fact 


that for a curve with a continuously turning tangent, the limit of the length 
of an are divided by the chord of the arc is unity, we have 


600 


SOLUTION IN A NEIGHBORHOOD OF A SINGULAK PvuILN'r. 


(16) = An An 
Now as An—>0, 0, and hence P’, P’ > P, and 8’, 8” > 8. Hence 
(14), (15), and (16) give (11). The right member of (11) is obviously a 
continuous function of the two points P and S on the same orbit. By the 
argument of section VI it is never zero, since P is not at the origin. Also, 
as Ac—>0, An — 0, since r—> 0. Hence we may write 

. An 
(17) lim = 


Aco0 AC 


(—$2.(P, 8) g(P) Fen (P, S)f(P))?+ 8) g(P) 


VIII. Let U be the point in which the trajectory through S cuts the 
orbit through Q, and let Al be the length of the trajectory SU. We now show 
(is) lim 


Ac-v Ac 
—9 (8) (P, 8) 9(P) +4, (P, 8) f(P 9(P) +¥,, S)F(P)) 
{(f?(8) +9°(8) (—#,, (P, 8) 9(P) (P, (P, 8) 9 (P) +¥,, (P, 


Let v be the angle made by SU and a parallel to the z axis at S. Then 


(19) (FS) + 
sin vy = KS) 


(f?(S) + 
As in the previous section, the arcs may be replaced by their chords, and since 
the angle SUT is a right angle, we have 


lim = cos (u— v) = cosy + sin psin v, 
Acoo AC 
which, by (10) and (19), gives (18). 
As Al—0, 7-0, whence Ac—>0O. MHence if we can show that 
lim (Al/Ac) #0, we will have’ that lim (Ac/Al) exists and is finite, and 


Al-0 


equals the reciprocal of the right member of (18). Now we have 

(20) An/Al = (An/Ac) « (Ac/Al). 

Suppose that lim (Al/Ac) = 0, so that lim (Ac/Al) is infinite. From (17) 
Al-0 


we see that lim (An/Ae) ~ 0, since the right member of (17) is the quotient 
Ac->0 


of a positive numerator and a finite denominator. Hence from (20) we 
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see that our assumption that lim (A//Ac) —0 leads to the requirement 


lim (An/Al) = «, and lim (Al/An) —0, since as An—0, 7-0, and 

An-0 

hence Al—>0. However, lim (Al/An) ~0, as we now prove. Let (a, 8) 
An-0 


be the codrdinates of S, and (a,b) those of P. Since P is on the orbit 
through 8, and since this orbit is given by $(t,%, 8), y=y(t, a, B), 
where «—¢(0,%,8) and 8B =y(0,a,8), we have that for some t, say to, 
a= ¢(t2,%, 8), and b—y(t.,a, 8). Now consider the equations 


= $(te, A(z, a, B), a, B)) 


(21) y = (te, B), O(7, B)). 


By section VI, these give a curve through P having a continuously turning 

tangent. Let Ak be the length of the arc of this curve from P to the orbit 

through U. Then Al/An = (Al/Ak) - (Ak/An). Also, as An—>0, 7-0, 

whence Ak-—>0. From the requirement lim (Al/An) =0 it follows that 

either lim (Al/Ak) =0 or lim (Ak/An) =0. Now lim (Al/Ak) £0, 
An-0 Ak->0 

by a proof analogous to the proof in section VII that iim (An/Ac) exists 


and is not zero. Also, by the method of deducing formula (18), we have 


lim 4* 
An An 


+9°(P) (8, P)9 (8) +4, (8, P)F(S) )?-+ (—¥,, (8, P) 9 (8) (8, 


—9(P) (—#, (8, P) (8) +4, (8, P)F(S)) +h(P) (8; P) 9 (8) (8, P)F(S)) 


The denominator of this expression is finite, and the numerator is not zero, 
for the first bracket of the numerator is positive since P is not at the origin, 
and the second bracket is not zero by the argument of section VI. Hence 
the requirement timo (Al/An) =0 is not satisfied, so the assumption 


lim (Al/Ac) 0 is false, whence lim (Ac/AZ) exists and is finite and is 
Ac->0 Al-0 
given by 
(22) lim 
Al-0 Al 


{[f?(8) +9? (8) 1[—#,,(P, 8) 9(P) +o, (P; S)F(P) (—¥,,(P; 8) 9(P) +, (P, 


(8) (—¢,,(P, S\9(P) +4, (P, S)F(P)) (Va, (Ps 8) 9(P) S)F(PY) 


In carrying through the above proof we have established the interesting 
fact that lim (Al/An) exists and is different from zero. This is analogous 
An->0 


to the property dy(x, a, b) /db ~ 0 of a solution y(z, a, b), where b = y(a, a, b), 


ro 


f (8)) 


f(S8)) 


(P)) 
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us 
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of the equation dy/dy = F(a, y), where F is continuous and has a continuous 
partial derivative with respect to y. 


IX. Let Az be the distance along a parallel to the z axis from § to the 
orbit through Q. Then 


| 


since the limit is the cosine of the angle between the trajectory through S 
and a line parallel to the x axis at S. 


X. Let O be a fixed orbit other than the singular point, and let r be its 
least distance from the origin 0. There is at least one point g on O such that 
the distance og from the origin to q is equal to r. Let & be the set of points 
on O such that the distance of each from the origin is r. Since q is in 3, the 
set S is not empty. Now consider any sequence of orbits {On} converging to 
0; let 1 be the least distance from the origin to On, and let Sn be the set of 
points on O, such that the distance of each point from the origin is rn. No 
set Sn is empty. Hence within every ¢« neighborhood of O there is an infinite 
number of points on sets Sn, and therefore there is at least one point on 
0 which is a limit point of the points of the sets 3». For suppose the points 
cf the sets =» had no limit point on O. Then about each point ¢ of O 
there would exist an open set N¢ containing ¢ but containing no points of 
the sets =». Since O is a closed point set, by the Borel covering theorem 
there exist a finite, number of points ¢1, £,° * *,€m on O such that the set 
Ns, + Ng. + covers O. Let M be the complementary set of 
Ng, + Ny, Ng,,- Then M is closed and has no points in common 
with O. Let h be the greatest lower bound of distances between pairs of 
points taken so that one point ¢ of each pair is on O, and the other point z 
isin M. Then since O and M are closed, there exists a pair of points fon O 
and Z in M such that the distance between t and Zish. Hence h > 0, for if 
h =0, then ¢ and 2 coincide, which is impossible since M and O have no 
points in common. Letting «—h/2, we see that the assumption that O 
contains no limit points of points of the sets X» gives the existence of an « 
neighborhood of O which contains no points of the sets %,, which is impos- 
sible since the orbits {On} converge to O. Hence there is at least one point 
on O which is a limit point of points of the sets 3». Let o be the set of points 
p on O such that to each point p of o there corresponds a sequence {0,‘”’} 
of orbits converging to O, such that p is a limit point of points of the 
corresponding sets =». 
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We assert that o is contained in =. For suppose that z is a point in o 
but not in 3. Then the distance from the origin to z is =r + 8, where 8 is 
sufficiently small but positive. Since the distance of points from the origin 
varies continuously along the orbit, there exists an arc s on O, containing 7, 
and such that every point of s is distant at least r-+ 8/2 from the origin. 
Since {0,‘"} converges to O, for every 5 > 0 there exists an integer N5 such 
that for n > Ng the distances from the origin of all points on arcs sn of On‘” 
converging to s are at least equal to r+ 6/4. On the other hand, since 
1 — r by section III, we have that z is not a limit point of points of the sets 
=,‘”. This is a contradiction, and hence o is contained in 3%; i.e., every 
point which is a limit point of points of least distance on orbits is a point of 
least distance on the orbit on which it lies. 


XI. Let P be a point of o on an orbit O, and let {O,”} be a sequence 
ot orbits converging to O, such that P is a limit point of points of the sets 
x. Let Q be the point in which the trajectory through P cuts the orbit 
O;?, and let An, be the length of the are PQ, of the trajectory. Let Ar; be 
the difference of the least distances from the origin of O;,‘” and O; i.e., let 
Ar, = —r. We shall prove lim = 1. 

—>0O 


To prove this we shall first need another relation. Draw circles about 
the origin as center, with radii r and r+ Arn. The former is tangent to 0 
at P, and the latter is tangent to O;” at a point M;, which is such that the 
sequence {M;,} converges to P. Construct the trajectory through M;, and let 
N;, be the point in which it cuts O. Let Am, be the length of the arc M:N: 
of the trajectory. Then 
(24) lim = 1. 

k> 

For let the codrdinates of Mi be (ax, bx), so that the equations of the 
orbit through M; and Q; are c—¢(t,ax, bc), y=wW(t, ox, be), where 
ar = $(0, a:, by) and by = W(0, ax, Let the codrdinates of Qx be (ax, Bx), 
and let | t| be* the least value of |¢| for which % —¢(t, ax, bx) and 
Br = w(t, ax, Consider the functions 


x= A(7, dx, de), 6(7, ax, bx) ) 

y = (ti, A(T, Ax, dx), O( 7, ax, dx) ) 

with r variable. They are the equations of a curve with a continuously turning 
tangent, by section VI, and the curve passes through Qx. Let Ry be the point 
in which this curve cuts the orbit through P, and let Ad, be the length of the 
arc QxR; of the curve. Then by the method of section VII we have 


(25) 


* See first footnote on page 599. 
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(26) 
f?(M",) +9? 
-| Wx) g Q’x) f(M’x) )? ] 
+ (Wa, ( Qe) (Me) ( Mr, f (Mx) )? 


where M%;, and M’; are points on the are of the trajectory Mi.N:, and Q’: is 

a point on the arc of the curve By hypothesis Mz —>P as k— o. 

Hence M’;, Mx, Qx, > P as k and by the choice of lim 0. 


From the continuity of the right member of (26) we have 


f(P)+9°(P) 
P)g(P) P, P)F(P))? (P, P) g (P) P)F(P))? 


Since b2,(P, P) 1, dy (P, P) 0, Wa (P; 0, and P) 1, it 
follows that 


(28) lim (Amy/Adz) = 1. 
k->0o 

Also, 

(29) lim (Ady/Ang) = 1, 
k- 00 


as can be seen by considering the sequence of curvilinear right triangles Q:PR, 
of which Ad; and An, are sides. From = (Ads/An) (Ams/Adx) 
and from (28) and (29), equation (24) follows. 
In order to prove that (Ar;,/Anx) = 1, we shall first suppose -that 
00 


every Ar; is positive, then that every Ar; is negative. If the equality is proved 
for each of these two cases, it is clear that the result is true in the general 
case. Suppose then first that Ar, > 0 for every k. From a figure it is obvious 
that Anz, = Ar;, whence 

(30) lim 1. 

We shall also prove ee 

(31) lim (Ar;/An) = 1. 


Draw the chord M;.N;, and extend it to the circle of radius r. Let Am, be 
the length of the chord M;.N;, and let As, be the length of the chord from My 
to the circle of radius r. Now Am, As;. Hence Arz/Amz = 
and also 


lim =lim -lim 4% =lim —+ = lim — =—lim cosy, —1, 
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where yz is the angle between As, and the radius to the circle through M;, 

at M;. In the above we have used the equalities lim. (Am:/ASmz) =1 and 

lim cos y; = 1, both of which are true because of the uniform continuity 


of the slope functions of Am, and O;“ in a neighborhood of P. From 


Ar;,/An, = (Ar,/Ampz) + (Amp/Ang), and by the use of (24) and the last 
result, we have proved (31). But (30) and (31) together give, for every 
Arn, > 0, 
(32) lim (Ar./Anx) = 

k-0o 


For every Arg, <0, obviously — Am, = — so that lim (Ar, /Am:) 
= 1, and hence by (24) 
(33) lim (Arz/An,) < 1. 


Also, extend the trajectory PQx to the circle of radius r + Ar;, and let the 
length of the arc from P to the circle of radius r+ Ar, be —Au. Then 
—Amj=—An,, and Aux, whence lim (Ar; /An;,) = lim (Ar;,/Aux). 


k->00 k-00 


Now lim (Ar;,/Aux) = 1, as can be seen by considering the sequence of curvi- 
linear right triangles of which — Ar; and — Aux are sides.’ Hence we have 


(34) lim (Ar;/An,) = 1, 

k00 
and from (33) and (34) we see that (32) holds also for every An, < 0, and 
hence (32) is true for the general case where the Ar;’s are not all of the 
same sign. 


XII. Let P be the point of o on O as chosen in the last section, and 
let Q be the point in which the trajectory through P cuts a neighboring orbit. 
Let Ar be the difference between the least distances of the orbits through Q 
and P from the origin, and let An be the length of the are PQ of the trajectory. 
We want now to show 
(35) jim (Ar/An) = 1. 

In the previous section we have shown that a sequence of orbits converging 
to O can be so chosen that the limit of Ar/An evaluated on the orbits of this 
sequence is 1. Here however we are to prove that over every sequence of 
orbits whatever converging to O, equation (35) is true. Let y be any point 
of o other than P, and let {0x} be a sequence of orbits converging to 0, 
such that y is a limit point of points of the corresponding sets =“. Let Ase 
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be the length of the are of the trajectory through y between y and Ox‘. 
Let An, be the length of the arc of the trajectory through P between P and 
the same orbit O;‘”, and let Ar; be the difference between the least distances 
of Ox‘” and O from the origin. Then 


(36) Ary = (Ase /Ang). 
By section XI, lim (Ar;,/As,) =1. By section VIII, lim (As;/An,) exists, 
k->0o 
for it was there shown that, using the notation of that section, lim (Al/An) 
An->0 
exists, where An — 0 in any manner whatsoever. Hence we have that 
(37) lim (Ar;,/An,) = lim (As;,/An,) =lim (As/An), 
k-00 k->00 An-0 
where As is the length of the arc of the trajectory through y between y and 
a variable orbit, and An is the length of the are of the trajectory through P 


between P and the same variable orbit. From | An |< |An.|, it follows 
that lim (Ar/An,) = 1, whence, by (37), 
k-00 


(38) lim (As/An) = 1. 


An-0 


In the same way, by interchanging y and P in the argument, we have 


(39) lim (As/An) = 1. 


An-0 


From (38) and (39) we have 


(40) lim (As/An) = 1, 
An-0 

whence by (37) we get 

(41) lim = 1. 
k-00 


Suppose now that (35) were not true. Then there must be at least one 
sequence of orbits {Ox} converging to O, such that the limit of Ar/An taken 
over this sequence exists and is different from 1. Let I be a point of o on O 
such that a subsequence {0,1} of the sequence {Ox} has T for a limit point 


of points of the corresponding sets 3‘!. The value of lim (Ar/An) over 
n—>0 


this subsequence is the same as the value over the whole sequence, and hence 
is different from 1. However the argument of this section, with I’ replacing 
y, shows that over the subsequence the limit is 1. Hence the assumption that 
(35) is not true leads to a contradiction, whence (35) is proved. 


XIII. We are now prepared to prove that J.(z,y) exists for (z, y) 
any point of A other than the origin. Let the point (x,y) be called S; 
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conforming with the notation of sections VI, VII, IX, and XII, with P any 
point of o on O, the orbit through S, we write 


(42) Ar/Az = (Ar/An) (An/Ac) (Ac/Al) (Al/Az). 


By (23), as Ar—>0, Al—0; by (22), as Al—>0, Ac—>0; by (17), as 
Ac—0, An—0; and by (35), as An—0, Ar—0. Hence, by (42) 


(43) iim (Ar/Az) =~ lim (Ar/An) “lim (An/Ac) "im (Ac/Al) "lim (Al/Az), 
20 n—>0 10 
and by (35), (17), (22), and (23), this gives 
—9(S) (f?(P) +9? (P))* 


— 9(8) (—$2.(P, 8) g(P) + 8) f(P)) 
+ (— 8)9(P) + P; 8)F(P)) 


Hence we have evaluated lim (Ar/Az). It is interesting to note that while 


the result apparently depends upon the choice of the point P in o on O, this 
of course is not the case. For the value obtained by using another point y 
of o on O is given, using the notation of section XII, by taking limits in the 
equation 


Ar/Ag = (Ar/As) (As/An) (An/Ac) (Ac/Al) (Al/Az) 


and since lim (As/An) —1, by (40), we have lim (Ar/As) =lim (Ar/An) 
An-0 As—0 An-0 

= 1 by (35), and hence substituting y for P in (44) leaves the value of the 

expression unchanged. 


XIV. Formula (44) gives lim (Ar/Az) explicitly as a function of two 


points P and S. Since P is determined (not necessarily uniquely) by S, the 
right member of (44) is essentially a function of S only; i.e., of a and y only. 
We will now show that the right member of (44) is continuous at every point 
& of A other than the origin. Let {Sn} be any sequence whatever of points 
in A converging to 8. Using the notation of section XY, let on be the set of 
points on the orbit through S, of the type of o, and let P» be any point 
whatever in on. By a proof analogous to that in section X, there is at least 
one point P in o on O, the orbit through S, which is a limit point of the 
points P,. Hence P is the limit of a sequence of points {Pn,} converging to 
P, where the sequence {Pn,} is a subsequence of the sequence {Pn}. Let 


| 
4 
| 


18 
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{Sx,} be the corresponding subsequence of the sequence {Sn}. At Sn, we have, 
by (44), 


Ar 
— g(Sn,) (f?(Pn,) (Pn,) 
9 (Sn, ) (— pao ( Pry; Sn) 9 Pry, Sn,) ) 
f(Sn,) ome Pn; Sn.)9 (Pn,) + Pr, Sn,)f (Pn) ) 


Since Sn,— S and Pn,—P, and the right member of (44) is continuous 
when considered as a function of two independent points P and S on the 


same orbit, we get 


Ar 
lim (lim — 
AL 


) lim le 
Sn, Az | 8. 


Suppose now that jim (Ar/Az) is not continuous at some point 9 in A 
2-0 


other than the origin. Then there exists a sequence of points {Sn} converging 
to 8, such that the limit as n—> © of the values of the right member of 
(44) evaluated at Sn exists and is different from the value of the same 
expression at S. The limit of the values taken over any subsequence {Sn,} 
of {Sn} has the same value as the limit taken over {Sn}. However by the 
argument just given there exists a subsequence {S»,} such that the limit of 
the values of the right member of (44) taken over this subsequence is the 
value at S. Hence no such sequence {S,} as was assumed to exist can exist, 
and hence the right member of (44) is continuous at every point 8 of A other 
than the origin. 


XV. We have shown that if (a, y) isa point S in A other than the origin, 


(46) Je(z,y) = 
— 2rg(S) + 9°(P))* 
— 9(8)(— S)g(P) + du(P,8) f(P)) 
+ f(S) + 8)f(P)) 


We shall now simplify the form of the denominator of the right member of 
this equation. Let the denominator be denoted by q, and let P be a fixed 
point (a,b). Recalling that is given by $(t,a,b), y=y(t,a,b), 
where a = $(0, a,b) and b a, 6), for some value of we see that as ¢ 
varies, S varies on the orbit through P. Noting further that (f,g), (dz Yo), 
and (dy, ¥y,) are solutions of the equations of variation for the orbit through 
P, we see that g has a derivative with respect to t, and it is given by 


= 
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(47) dq/dt = 8) + 8) 
— 8) — gu(8)g (8) f(P) 8) 
— 8) —fu(8)9(8) 9 8) 
+ 8) + 8) 
+ 8) + 8) 
— f2(S)g(S)f(P) 8) — (P; 8) 
— 8) — 8) 
+ 8) + 8) 
= (fe(S) + gy(S)) 


at 
Hence = K exp (fc + gy) dt], where K is a constant, and the inte- 
0 


gration is along the orbit from P to 8. To evaluate K, let {=0. Then S 
is at P, and q(P) f?(P) + g9°(P). Hence we have 


(48) (P(P) + 9°(P)) exp fe + gv) at] 
and we may write for any ‘point S in A with codrdinates (2, y) ~ (0,0), 


— 2rg(8) 
+ g2(P))*- exp [ f, (fe + gv) dt] 


Similarly it can be shown that 


(49) Je(z,y) = 


2rf(S) 
(F(P) + 9°(P))* exp (fe + 


(50) Jy(z,y) = 


for (z,y) ~ (0,0). We have, therefore, a function J(a,y) =r° which 
satisfies conditions (i), (ii), and (iii), and hence the problem of finding a 
solution of (1) has been solved for the case where all the orbits of (2) are 
closed curves about the singular point. The solution J(z,y) has been shown 
to have the further property that, except possibly at the singular point, 
J2(x,y) and Jy(z,y) are also continuous. Whether or not these partial 
derivatives are continuous at the origin we are unable to say. No example 
has yet been found by the writer in which they are not continuous, and a 
condition sufficient to insure their continuity is the following: Let (z, y) 
be the period of the functions ¢ and y defining the orbit through the point 
(a;9). if 
Sols, y) (2, y) 
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lim fy(2, y) (2, y) 
lim y) y) 


lim gy(2, y) o(2, y) 
0,0 


’ 


are all finite, then lim Jo(z,y) = lim J,(z,y) =0. This condition is not 
2,y->0,0 


necessary, however, as the example f(2,y) =yexp {— [1/(a? + y’)]}, 
= — xexp {— [1/(a* + y’)]} readily shows. 


XVI. It is interesting to observe that in the region A with the origin 
deleted, which region we shall call A’, solutions of (1) in the large can be 
readily constructed without the difficulties either of the construction of the 
above function J(z,y) or of those encountered in Kamke’s paper. We shall 
give several functions which are solutions of (1) in A’. First, the function 
w(z,y) already mentioned is a solution, which, however, may not satisfy 
condition (iii). By the definition of w(a,y) we have 


y),v%,y) —y=0 
from which 
f(z, y) y) + y); y) —1=0 
9(@,Y) + y), y) on 
whence finally 


= f(x,y) —f 2, Y) y), 2, Y) 
y) + 9? (x,y) 
Similarly we get 


wy (a, y) — LEY) — 9), 9) 9) 
+ 9° (2,9) 


Since w(z, y) is constant along each orbit, and has partial derivatives (which 
are continuous in A’), it is a solution of (1) with condition (iii) removed. 

Second, the length L(a,y) of a trajectory T from a fixed point (p, v) 
en 7 to the point in which it cuts the orbit through (a, y) is a solution of 
equation (1), and satisfies condition (iii). We have already shown that T 
cuts each orbit of A’ once and only once, so that the function L(2,y) is well 
defined and satisfies condition (iii). That it satisfies equation (1) follows 
by using equations (17), (20), (22), and (23). 

Third, the length 1(2, y) of the orbit through (2, y) is a solution in A’ 
with condition (iii) removed. To prove this we note first that 


h 

a 

e 

} 

e 

a 

) 
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where ¢ = ¢(t,z,y) and y—y(t,z,y). It is now evident that the function 
I(x, y) has partial derivatives with respect to z and y (which are continuous 
in A’), and since 1(z,y) is constant along each orbit it is a solution of (1). 

Fourth, the area A(z,y) contained within the orbit through the point 
(x, y) is a solution of (1) in A’, and we note particularly that condition (iii) 
is satisfied by this solution. To prove that A(z,y) has partial derivatives 
with respect to x and y (which are continuous in A’) we write 


where ¢ = $(t,z,y) and y—y(t,z,y). The result follows immediately. 


New Mexico MILITARY INSTITUTE, 
RoswELL, NEw MExIco. 


ON THE DISTRIBUTION OF CONJUGATE POINTS ON A 
CLOSED GEODESIC. 


By C. Lewis, JR.* 


Introduction. We consider the Jacobi differential equation for a closed 
geodesic of length 27. Using suitable codrdinates (¢,u) we may write it in 


the well known form 
(0. 1) d?u/dt? k(t)u=0, 


where k(t) is periodic with the period 27. Moreover k(t) is precisely the 
total curvature at the point (¢,0) and is therefore analytic, if, as we assume, 
the surface is analytic. The conjugate points of a given point are given by 
the zeros of a solution of (0.1) which vanishes at the given point without 
vanishing identically. There certainly exist cases when any solution has an 
infinite number of zeros; for example, if k(t) is everywhere positive. We 
restrict ourselves to these cases. 

Let x(¢) denote the first point after ¢ which is conjugate to ¢. The 
transformation ¢’ = x(t) is then easily seen, by the Sturm separation theorem, 
te be monotonic increasing. Furthermore it is continuous, and even analytic 
with an analytic inverse.t If we take ¢, arbitrarily and let tp = y(tn-+), 
we know that there exists a Poincaré rotation number £, independent of fo 
such that 2x8 = lim (¢,/n). Furthermore we know from Denjoy’s funda- 


mental result { that a necessary and sufficient condition that these conjugate 
points ¢, should be everywhere dense on the closed geodesic is that @ should 
be irrational. 

The distribution function, A(r), for these conjugate points is defined as 
follows: Let N(n,z7) denote the number of the points tn, which 
after being reduced modulo 2z lie on the open interval 0<¢t <7 2z. 
Then A(z) =lim [N(n,7r)/n], if this limit exists. 


* National Research Fellow. 

Let u(t, 7) be the solution such that u(r,7) =0 and = 1 for t= 7. Then, 
if u(t’,,7,) also vanishes (t’, ~ 7,), we know by the uniqueness theorem for differential 
equations that @u/dt can not vanish at the point t= t’;, r= 7,; so that the equation 
u(t’,r) =0 can be solved analytically for t’ as a function, x(r), of 7 in the 
neighborhood of 7 = 7,, t’ = t’;. 

t A. Denjoy, “Sur les caractéristiques 4 la surface du tore,” Comptes Rendus, vol. 
194 (1932), pp. 830-833. The existence of a uniform analytic inverse to x(t) shows 
that dx/dt can never vanish and hence log (dx/dt) is of bounded variation as required 
by Denjoy. 
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It is the principal object of this paper to show that, if B is irrational, 
then A(z) not only exists but is analytic. We even write down a simple 
explicit expression for A(r) in terms of a fundamental set of solutions of 
(0.1). 

Our main result is hardly more than a reflection of the fact that it is 
possible, by a linear transformation on the variables wu and du/dt with 
coefficients that are analytic periodic functions of ¢, to transform the equation 
(0.1) into the form d?u/dl? + ku 0 where k is a constant.* Nevertheless, 
the methods are of considerable interest in themselves and yield somewhat 
more general theorems concerning the distribution of the characteristics of a 
torus. These developments will be found in the first three sections. In the 
concluding section we make the final application to the problem here set forth. 
It is also possible, by some obvious slight changes, to obtain analogous results 
for the general second order linear differential equation whose coefficients 


are periodic but not necessarily analytic. In the latter case, A(r) is not, 
of course, analytic but possesses a high degree of regularity depending upon 
the regularity of the coefficients. 

Let u(t) denote a solution of (0.1) which does not vanish identically. 
It follows that u(t) and v(t) = du/dt can not vanish simultaneously. Now 
set x(t) = tan“*[v(t)/u(t)] and determine x(¢t) as a single valued function 
of ¢ by continuity from an arbitrary determination at 0. It follows that 
x(t) satisfies the differential equation, 


(0. 2) dz/dt = — k(t) cosa — sin?z. 


It is this reduction which leads to the consideration of the characteristics of 


a torus. 
It is well known that an equation of the form (0. 2) gives rise to a rotation 
number @, such that, if #(¢) is any solution of (0.2), then lim [2(t)/t] =«. 
1=00 


Before passing on to the more general theory of the next three sections, it 
will be convenient to deduce the relation connecting « and the other rotation 
number B: 


We consider a solution u(t) #0 vanishing for t = to, t,, >. It can 
be easily shown that t, as n—> We may take By 
continuity we then infer that 7(tn) = 42 — n=1,2,---. But 


a= lim [tn/n] (tn) = lim [x(tn)/n] 


—lim [4(«/n) 


* Cf. for example G. D. Birkhoff, “ Dynamical systems,’ American Mathematical 
Society Colloquium Publications, vol. 9, chapter 3, first part of § 9. 
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and hence «8 —-— 4. Thus we obtain another necessary and sufficient. con- 
dition that the conjugate points be everywhere dense on the geodesic, viz., 
that « be irrational. Since 8 is obviously positive, we also obtain the result 
(useful for later purposes) that « must be negative. 


1. Definition of the two dimensional and linear distribution functions, 
We consider the torus obtained by reducing the points of the zy-plane modulo 
2r upon the square, < 227, OS y < 

Let # denote any Borel measurable point set on this torus. 

Consider also on the torus the continuous curve, «—<2a(t), y=y/(t), 
< and let 6(7,H) = (1/7) times the measure of the point set 
of points ¢ on the interval 0 << t< T for which [a(t),y(t)] C#. If the 
limit of ®(7', as — exists whenever is a rectangle whose sides are 
parallel to the 2 and y axes, with the exception perhaps of certain rectangles 
whose sides lie on an at most denumerable set of singular lines, the curve is 
said to possess the distribution function ®(7,H). The domain 

=00 


of definition of (7) thus contains any set # which can be constructed from 
an at most denumerable set of rectangles (closed or open), none of whose sides 
lie on the singular lines, by the operations of addition, multiplication and the 
taking of complements.* 

If ®(7) can be represented in the form, f, W(x, y)dxdy, of a 
Lebesgue integral, then there are no singular lines aa ven is called the 
distribution density. We shall meet cases where such a distribution density 
exists and is even analytic. 

Consider, on the torus, the circle y = y,, and, on this circle, the open are 
0<a< 2,27. Let us now suppose that the curve [a(t), u(t) ] cuts the 
circle an infinite number of times but that the points on the ¢ axis for which 
y(t) =y, (mod 27) have no limit point (other than t= 0). Starting from 
t= 0, we follow the curve in the sense for which ¢ increases until we have 
crossed the circle y = y, exactly N times. Denote by v(N, 21, y,) the number 
of these crossings which take place on the interval 0 << « < 2, and let 


v(N, 


41) = lim , if this limit exists. 
N=0co 


This function »(2, y:) we shall call the linear distribution function for 


the circle y = 4. 


*For a discussion of the singular lines of a monotone absolutely additive set 
function, cf. J. Radon, “ Theorie und Anwendungen der absolut additiven Mengenfunk- 
tionen,” Sitzungsberichte der Kaiserlichen Akademie der Wissenschaften, Wien, vol. 
128 (1919), pp. 1083-1121. 
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By interchanging the réles of z and y we similarly define the linear 
distribution function €(2,, 1). 

The linear distribution functions, in contrast to the two dimensional 
distribution function @(#), are independent of the parametric representation 
of the curve in question. This is true in the sense that (2, y:) is invariant 
under any change of parameter of the type, = ¢*(t), where ¢*(0) =0 
and ¢*(¢) is continuous and monotonically increasing for OSt < 0. 


2. The relations between the linear distribution functions and the dis- 
tribution density in the case of the characteristics on a torus. We now limit 
attention to curves which are solutions of a system of differential equations 
of the type, 

(2.1) dz/dt = X (x,y), dy/dt =Y(z,y), 


where X and Y are continuous and periodic in both x and y with the period 
2m. We assume certain further conditions of regularity for XY and Y, so that 
there exists a unique solution 


(2. 2) t= f(t, Zo, Yo), = 9(t, Lo, Yo) 


taking on the values 2, yo for ¢ = 0 and such that f and g are of class C” in 
Xo, Yo aS well as t. These conditions are satisfied, for example, if X and Y 
are of class C’”. 

Let us assume that any solution curve on the torus cuts the circle y = y; 
infinitely often. Then we proceed to prove the following theorem: 


If a solution curve possesses a continuous non-vanishing distribution 
density, p(x, y), and tf Y does not vanish for y=y,, then the linear dis- 
tribution function n(21, ¥1) exists and is given by ¢ 


Jf, (a 


°2r 
41) ¥ (x, y1) da 


(2. 3) (21,91) = 


Proof. Consider the locus defined by the equations, + = f(r, 2, y:), 
Y = (7, Lo, Y1), aS t and y; are held constant while 2 varies on the interval 
022. If 7 is positive but sufficiently small, this locus is obviously a 
closed curve C on the torus lying uniformly near the circle, y = y,, but never 
touching it. The narrow band shaped region bounded by (; and the circle 
we denote by R,(y:). 


{ As a matter of fact 1(a,,y,) exists under very much lighter hypotheses, but it 
is then not possible to establish such a simple explicit formula. 
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Now consider the curve segments x —f(o,0,4:), y=g(o,0,41), and 
t=f(o, 2,41), 41), Where the parameter o is supposed to vary 
on the interval or. We define the open region U,(21, y,) as the part 
of R;,(y1) which is cut out by these two curves and which has the point 
(421, 41), say, on its boundary. 

Evidently, 


N tN 
__ meas. of pt. set on interval 0 = ¢ = T(N) for which [a(t), y(t) ] C Ur(%1, 41) 


~~ meas. of pt. set on interval 0 = ¢ = T(N) for which [2(t), y(t) ] C Rr(y:) 
_ O[T(N), 91) ] 


where 7'(N) denotes a suitably chosen value of ¢ between the N-th crossing 
and the N + 1-th as ¢ increases from zero. It is assumed that 7 has been 
chosen so small that Y(z,y) does not vanish in U;(%, 41). T(N) evidently 
—>o as o, since T(N) which —> for fixed. Hence, passing 
to the limit, we obtain from the definitions of y, ®, and y the following result: 


(1/r) f (a, y)dady 
6[U,(2, 41) | Ur(apyy) 


(2.4) = 
(1/r) ff W(x, y)daxdy. 


Rr(w) 


Since 7(2,,y:) is independent of +7, we shall pass to the limit as r—0. In 
order to evaluate this limit let us define the region V,(2,, y,) as the part of 
R,(y1) which is cut out by the circles z=0 and x =~, and which has the 
point (42,,4,) on its boundary. The difference in measure of U;(2, y:) 
and V,(2,, 4) can be easily appraised and is found to be less in absolute 
value than an infinitesimal of the second order in r. Hence we may write 


2.5) f yaedy | <6 


Urlapy) Vriapyy) 


es long as 0 < + < 8(e), where e is a prescribed positive number. Here we 
use the fact that y(x, y) is bounded since it is continuous on a closed manifold. 

Since 0f/0xo(7, Zo, y1) is uniformly continuous in + and 2» in any closed 
region of (7,%) space and since it is identically 1 for r—0, we have 
6//0x, > 0 for r positive but sufficiently small. Hence there is no difficulty 
in eliminating the parameter z) from the equations defining C,, viz., 


= f(r, Lo, Yi), = (7, Lo, Yi). 


= 
/ 
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By Taylor’s theorem we have 


(0, Lo, 41 Lo, Y1); 0S 7" Sr, 


Combining these we easily see that 


tre (0,2, 91) + PA (2, tT) (2,91) + 7°A(Z, 7), 


where A is bounded for 7 sufficiently small and 0 [2S 2z. Hence, we find 


Wit TY (2,7) 
(1/r) fre y)drdy = + (1/z) y) dy de 


where + is taken + or — according as Y(2,y,) is positive or negative. 
On account of the uniform continuity of y(z, y) it is seen that the integrand 
of the last written integral converges uniformly as + approaches zero. Hence 
we can pass to the limit under the sign of integration. It follows from (2. 5) 


that lim ff y)dady = + y:)dx. In particular, 
T=0 0 


Ur(apy) 


by taking x, = 2z, we get also 


im (1/r) f y)dxdy = + (2, da. 
Substituting in (2.4) we see that (2.3) has been proved. 
Similarly we may prove the formula, 


vay 


0 


f, X (21, y) y) dy, 


(2. 6) = 


under the same hypotheses with the réles of x and y interchanged. 


3. The distribution function for the characteristics on a torus. If Y is 
nowhere zero, as we hereby assume, we can take y for the independent variable 
¢ in the differential equations (2.1), so that from now on we write 


dx 
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(3. 1) da/dt =X(2,t); Y(2,y)=1, y=t. 


According to the introductory remarks of the preceding section, we assume 
that the solution = z(t, x,), which takes on the initial value for 0, 
edmits a continous 2nd partial derivative with respect to v. It is known that 
any such solution is of the form at + 0(1) as t— o, where a@ is independent 
of both ¢ and z,.* 

If we set x, = x(2m, X%), we have also x) = x(— 2x, 2,); and we surely 
know that both dz,/dz, and dx,/dz, are continuous and of bounded variation. 
Hence dz,/dz) can be neither zero nor infinite and therefore log (dz,/dzo) 
is of bounded variation. It follows from a result of Denjoy ¢ that, if @ is 
irrational, any solution curve must be everywhere dense on the torus. We 
hereafter always assume «@ to be irrational. We may now apply Bohl’s result, 
which allows us to write any particular solution in the form, 7 = at + F (at, t), 
where F(z, y) is continuous and periodic in both 2 and y with the period 2x 
and is such that « + F(2z,y) is monotonic in z and nowhere constant. We 
can go even further and state that then the general solution may be written 
in the form, 

(3. 2) 
where c is a constant of integration and is thus a function of 2 given 
implicitly by the equation 7 —c-+ F(c,0). 
If - (1/T) 7 pimactrsinytt) df exists for all integral values of m and n 
=00 0 


(positive, negative, or zero), then the curve 2(t), y= y(t) possesses a 
distribution function @(/) on the torus.§ Furthermore ®(#) must satisfy 
the relations, 


* Cf. H. Poincaré, Oeuvres completes, t. 1, pp. 137-158; E. E. Levi, “Sur les équa- 
tions différentielles périodiques,’ Comptes Rendus, vol. 153 (1911), pp. 799-802; P. Bohl, 
“Ueber die hinsichtlich der unabhiingigen und abhiingigen Variabeln periodische 
Differentialgleichung erster Ordnung,” Acta Mathematica, vol. 40 (1916), pp. 321-336; 
A. Weil, “On systems of curves on a ring-shaped surface,” The Journal of the Indian 
Mathematical Society, vol. 19 (1931), pp. 109-114. 

+ A. Denjoy, “ Sur les courbes définies par les équations différentielles 4 la surface 
du tore,” Journal de Mathematique, 9°. série, vol. 11 (1932), pp. 334-375. 

Loc. cit. 

§ Cf. E. K. Haviland and A. Wintner, “A note on the Kronecker-Weyl theorem,” 
American Journal of Mathematics, vol. 56 (1934), pp. 17-24. It should be noted that 
Haviland and Wintner use 


+T T 
lim instead of our lim (1/7) 
T=00 -T T=00 J 0 


with a corresponding modification in the definition of @(#). These differences are, 
however, unessential. 2 


11 
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(3. 3) lim (1/7) f 
T=00 0 


where the integral on the right is to be taken in the sense of Radon-Stieltjes 
over the whole torus. These relations determine ®(H) uniquely, at least for 
all point sets H which are sums of non-singular rectangles pertaining to ©, 
We purpose to exhibit a set function ®(#) which satisfies (3.3) in case 
a(t) =at+c+F(at+c,t), y(t) In this case the left members 
certainly exist, since the e#™*‘?+inv are almost periodic. 
For this purpose we need two lemmas: 


Lemma 1. The equations =z 4 F(a, y) can be solved for < in the form 
(3. 4) t= y) 


where G is continuous in both x and y and monotonic increasing with respect 
lo x and such that G(a + 2m, y) =G(a, y) + 2z. 


The proof of this lemma follows in a simple manner from the properties 
already announced of F(z, y), and is left to the reader. 


Lemma 2. Let L(ax,y) be continuous and periodic in x and y with the 
period 2x and let « be irrational; then 


T 
(3.5) lim (/T) L(al, t)dt— f ile, 


Proof. First suppose that L(a,y) is a trigonometric polynomial of the 


form, 
L(x, y) = L(at,t) = 


Then an explicit evaluation yields d),. for both sides of (3.5). This proof 
depends upon the fact that pa-+ q (where p and q are integers) can never 
vanish if @ is irrational, except for p—0, q =0. 

If L(z,y) is not a trigonometric polynomial, it can nevertheless be 
approximated uniformly by means of such polynomials and it is easy to 
complete the proof. 

We now take L(a, y) = etmlete+F(atey)]+iny and therefore obtain: 


T 
T=00 0 


2r 


Introducing = 2x + ¢ and remembering that the integrand is periodic with 
period 27, this becomes 
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(1/42?) Lf, | dy, 
0 


which by Lemma I is obviously the same as 


21 27 
[ (a, y) | dy, 
70 0 


where the integral in the brackets is a Stieltjes integral depending on a 
parameter y. 

Thus, referring back to (3.3), we see that every solution curve 
a=at+tct F(at+c,t), y=t possesses a distribution function 
which is defined as follows in case E is a rectangle with sides tx =a’, x = x”, 


= f° 9) — G(x, 9) 


This definition may readily be extended by the additive property for all Borel 
measurable point sets. 


In case G(x, y) admits a continuous partial derivative with respect to x, 
we have the continuous distribution density, p(x, y) = (0G/0z) /4n’. 


It should also be noted that neither ® nor y depend upon c. 


4. Application to equation (0.2). We write equation (0.2) in the 
form of a system: 


dx/dt = X (x, y) =— k(y) cos? « — sin? & 


dy/dt —Y (2, y) =1. 


Referring back to section 1 and the definition of the distribution function 
A(r) for the conjugate points it is evident that 


A(y) = + €(— 4x, y)]. 


3ut we have already seen in the preceding two sections how &(2, y) may be 
computed when once a particular solution of (0.2) has been put in the normal 
form of Bohl, «= at-+ F(at,t); at least if the doubly periodic function 
F(z,y) is such that «+ F(a,y) is monotonic in « and satisfies certain 
simple conditions of regularity which are certainly fulfilled if it is analytic. 
We shall now proceed to compute F(z,y) and show that it satisfies the 
required conditions, always assuming, of course, that the rotation number @ 
(or 8) is irrational. 

We start with the remark that we may exclude the case in which the 


F 
) 
) 
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Jacobi differential equation has real characteristic exponents. Otherwise, 
according to a result of Levi-Civita, « would be an integer.* 

According to Floquet, we can write down two linearly independent 
solutions of (0.1) in the form, 


= A(t) cos At — B(t) sin At f U2 = B(t) cos at + sin At 
v, = C(t) cos At — D(t) sin At = D(t) cos at + C(t) sin at, 


where A, B, C, D are real analytic periodic functions with the period 2z, 
such that AD— BC = ., where. is +1. 2d is simply the absolute value 
of either of the two characteristic exponents, 2rA(— and — 2rA(— 
A is thus determined so far only up to an additive integer. We may further 
require, however, that tan*[C(t)/A(t)] shall pass continuously through a 
zero angle (instead of through some non-zero integral multiple of 27) as ¢ 
increases from 0 to 2x. tan“*[D(t)/B(t)] will then have the same property 
as follows from the fact that AD — BC is nowhere zero. Under these cir- 
cumstances A is uniquely determined and .A—-—a.t Since @ is negative and 
A is positive, this shows that 1. = + 1. 

We know that z = tan“[v,(t)/u,(¢)] is a particular solution of (0. 2). 
1t may be written in the form, z= at + ¢(t), where 


(C(t) cos at + D(t) sin 
1 
A(t) cos at + B(t) sin at J’ 
the branch of the inverse tangent being determined from an arbitrary initial 
determination in such a way that ¢(¢) is continuous. It is well known that 
$(t) is bounded.f 

Let us set formally 


(E(y) + D(y) sin 


This formula may be used to determine a single valued function in the 
following way: 

In the first place the numerator and denominator of the expression 
appearing in the parenthesis can never vanish simultaneously, since the 


determinant AD — BC is never zero. 
We decide upon a fixed determination of the inverse tangent for x = 0, 


* “Sur les équations linéaires 4 coefficients periodiques et sur la moyen mouvement 
du noeud lunaire,” Annales de Vécole normale supérieure, 3°. série, vol. 28 (1911), pp. 
325-376, especially p. 350. 

t Levi-Civita, loc. cit., especially pages 340-342. 

¢ Cf. Levi-Civita, loc. cit., or the more general result of E. E. Levi, loc. cit. 


DISTRIBUTION OF CONJUGATE POINTS. 623 


y =0, and then determine the proper branch of the inverse tangent at any 
other point (2’,y’) so that F(z,y) is continuous along a curve connecting 
(a’, y’) with the origin. The value thus assigned to F(a’, y’) is independent 
of the choice of the curve, since any two such curves can be continuously 
deformed into each other without passing a point where the numerator and 
denominator vanish simultaneously, whereas the a priori possible values of 
F(2’,y’) differ from each other by integral multiples of =. 

F(x, y) is now defined for all real values of x and y and is obviously 
analytic. We next prove that it admits the period 2z in both z and y. In 
the first place 


F(2,y) =F (0,9) +f (OR/ax) de. 


But F(0, y) =tan*[C(y)/A(y)] is periodic in y on account of the choice 
of A and C already explained, while 0F'/dz is also periodic. It follows that 
F (x,y) is periodic in y. In the second place, we must have F(x + 2z, y) 
= F(z, y) + mz, where m is either zero or an integer. It is independent of 
and y since y) — F(z, y) is continuous. Furthermore, if m 0, 
it is easily seen that (¢) =F (at,t) would not be bounded, periodicity in y 
having already been established. Hence m ~0, and F(z, y) is also periodic 


in 


The fact that «+ F(z, y) is monotonic in z can be proved by showing 
that its derivative with respect to x is everywhere positive. Remembering 
that AD — BC = 1, we easily get 


+ F(z, y)] = [(A cosz+ Bsinz)? 
+ (Ccosx+ Dsinz)?|]* > 0. 


We now proceed to calculate the actual distribution functions. 
The first step is to solve the equation s—Z#-+ F(a@,y) for in terms 
of x and y. This is easily done and the result is: 


A(y) sinx—C(y) 
D(y) cosx— B(y) sina} 


= tan*( 


Hence the distribution density on the torus is given, according to § 3, by: 
4n*y (x, y) = 0G/dx =[(A sin x —C cos + (Decost— Bsinz)?|*. Now 
referring back to formulas (4.1) and (2.6) we find that 


y) = é(— 4a, y) =A(y) 


reciprocal of f —_ -~, We may make one more slight sim- 

plification by observing that [A(¢)]? + [B(¢) ]? = w? + 


| 
q 
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We can check our result with the help of the Kronecker-Weyl Theorem * 
in the following way: It is evident that 


u(t, to) =A cosA(t — — Bsin A(t — to) = + Uz Sin Aly 


satisfies (0.1), while U(7, t,) =cosA(7—t,) may be regarded as the cor- 
responding solution of d?U/dT? + »47U =0. It is now shown directly that, 
if the transformation, 7 —T7'(t), transforms the zeros of u(t,t)) into the 
zeros of U(T,t ), then 

aT 

dt (A(t)? + 


even though A is rational. In order to do this we have merely to eliminate 
from the equations u(t, t,) 0 and U(T,t,) solve for 7, differentiate 
and reduce with the help of the identity 


AD — BC = AB’ — BA’ + 4A? + AB? = 1. 


* For the connection with the Kronecker-Wey] Theorem, see the note of Lewis and 
Wintner in this volume of the American Journal of Mathematics, pp. 407-410. 


ON THE THEORY OF ABSOLUTELY ADDITIVE DISTRIBUTION 
FUNCTIONS. 


By E. K. Haviuanp. 


Introduction. Recently * the author considered the problem of the 
asymptotic distribution of a movement in an n-space, e.g., the distribution 
cf a complex-valued almost-periodic function (n = 2).+ The methods used 
are those of classical probability theory. In particular, it turns out that in 
the case of the distribution of the Riemann ¢-function { and similar problems 
in the analytic theory of numbers, the distribution (or repartition) function § 
is built up, in the sense of classical probability theory, from statistically 
independent two-dimensional distributions, each of which represents the 
distribution of an individual term of the almost-periodic development under 
consideration. 

The purpose of the present paper is to develop, without reference to 
movements, an exact treatment of general multi-dimensional statistical 
methods which since the time of Laplace have rested upon a purely formal 
foundation.{ Although in one dimension the results are already well estab- 
lished, || the extension of the theorems in question to more than one dimension 
is, in general, by no means immediate, as will be explained later. In fact, 
extensive use will be made of the Radon theory of monotone absolutely 
additive set functions,** which are considered as defining distributions in 
n-dimensional space, so that the present paper may be regarded as a contribu- 
tion to the theory of these functions and certain integrals associated with them. 
It may be pointed out that it is not, in general, permissible to suppose that 


*Cf. E. K. Haviland, loc. cit., I and II. (References appear at the end of this 


article.) In II, lim - dt should obviously be replaced by lim dt / 27. 
-T -T 

7 The corresponding problem for n =1 has been treated by A. Wintner, loc. cit., 
I, especially pp. 156-157, and III. The extension to the case n > 1 is, however, not 
immediate. 

$Cf. A. Wintner, loc. cit., IV, especially pp. 328-329, where references to the 
literature are given. 

§ As defined, e.g., by the author, loc. cit., I, p. 554. 

q Cf., e.g., J. Hadamard, op. cit., §§ 430-433. 

|| With perhaps the exception of the analogue of Theorem V of the present paper, 
for which I am not aware of an exact general published proof. 

** Cf. J. Radon, loc. cit., I, especially pp. 1295-1342, and loc. cit., II, especially 


pp. 1092-1094. 
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Radon distributions may be represented by means of Lebesgue integrals, i. e., 
taat they are absolutely continuous, as, e. g., it is clear that the partial dis- 
tribution functions mentioned above in connection with the Riemann ¢-function 
are not absolutely continuous, and in some other applications there occur even 
“point spectra,’ where the Radon distribution is not only not absolutely 
continuous, but not even continuous. 

It has previously been shown * that in the case of distribution functions 
which are zero for all sets lying outside an arbitrarily large but fixed rectangle 
the Radon momentum problem is determined, in the sense that two distribu- 
tion functions having the same momenta are identical save at most on their 
discontinuity lines. Furthermore, if a sequence of distribution functions ¢, 
is such that the momenta approach a limit as n becomes infinite, then {¢,} 
converges to a distribution function, provided all ¢, are zero for sets lying 
outside a sufficiently large but fixed rectangle.t In the first part of the 
present paper, it will be shown that the foregoing restriction on the distribu- 
tion functions can be removed, and it turns out that the question is, as in the 
one-dimensional case,{ rather closely connected with the problem of determi- 
nateness in the sense just mentioned. For the determination of the momentum 
problem, a sufficient and “ almost” necessary condition will be obtained. 

The second portion of the paper concerns the symbolical product § of 
two general distribution functions, corresponding to the addition of statis- 
tically independent distributions. The existence of this symbolical product 
is established and it is shown that the Fourier transform of the symbolical 
product of two distribution functions is the product of the Fourier transforms 
of the individual functions. In a recent paper,{[ S. Bochner proves by 
methods differing substantially from those here used that the product of two 
characteristic functions is again a characteristic function, where by a charac- 
teristic function is meant the Fourier transform of a distribution function. 
He establishes the existence of the symbolical product and proves the relation 
mentioned above between the symbolical product and Fourier transforms only 
in the special case that one of the distribution functions is absolutely con- 
tinuous, so that it can be represented as a Lebesgue integral. As we have 
pointed out above, such a representation is not always possible, so that the 


* Cf. E. K. Haviland, loc. cit., I, pp. 550-551. Also C. A. Fischer, loc. cit., p. 40 
and T. H. Hildebrandt and I. J. Schoenberg, loc. cit., p. 324. 

+ Cf. E. K. Haviland, loc. cit., I, p. 552. The proof for a sequence of distribution 
functions is the same as that for a continuum. 

¢Cf. A. Wintner, loc. cit., II; M. Fréchet and J. Shohat, loc. cit. 

§ Also termed “ Faltung” or “ convolution.” 

q Cf. S. Bochner, loc. cit. 
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existence of the symbolical product in the general case must be based, as in 
Theorem IV of the present paper, on a detailed consideration of Radon 
integrals. 

The final portion of this paper treats of the spectra of distribution 
functions and affords an illustration of some of the important differences 
between distribution functions in one dimension and those in more than one 
dimension. 

We shall suppose for definiteness that n = 2, where n is the number of 
dimensions of the space in which our set functions are defined, as our dis- 
cussions admit immediate extension to space of a higher number of dimen- 
sions. The case » = 2, on the other hand, is for several reasons essentially 
more complicated than the case m1. For instance, in the two-dimensional 
case the discontinuities of the set function do not arise solely from the so-called 
“point spectrum.” Moreover, in one dimension, the set function appears 
disguised as a point function, so that its true réle is not as clear as in Radon 
integrals, at least if the latter are defined over sets more complicated than 
rectangles. 


1. The momenta of distribution functions. 


Definition 1. The monotone absolutely additive set function * ¢(F) is 
said to be a distribution function if 0= ¢(#) =1 and 


$(8) — das =1, 


where § denotes the whole n-space. 

For theoretical purposes, of course, we are interested in distribution 
functions primarily insofar as they are monotone absolutely additive set 
functions of bounded total variation such that any set of them are of uniformly 
bounded total variation, and our theorems are essentially theorems on functions 
with these properties. 

If, in addition, ¢(#) —0 for all sets H outside a fixed finite rectangle 
K, we shall say that ¢(#) is damped. In the present paper, we shall not 
suppose distribution functions damped unless this fact is explicitly stated. 

By reasoning precisely similar to that used by Radon in the case of set 
functions defined for sets lying in a finite rectangle,} we may assign to $(/) 
a point function defined by F(é,7) =¢(Re,), where Rey: <a<é; 
—o<y<7). Then it follows,f since ¢ is a distribution function, that F, 


* For definition, cf. J. Radon, loc. cit., I, p. 1299. 
7 Cf. J. Radon, loc. cit., I, pp. 1304-1305. 
¢ Cf. J. Radon, loc. cit., II, p. 1093. 
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and hence by definition ¢, is continuous save at most for points on a finite 
or denumerable set of lines x=, y=; corresponding to the discon- 
tinuities of F(z, F(+ respectively. These lines &, y =n; 
are called singular lines of the distribution function ¢. 


Definition 2. A rectangle is said to be a singular rectangle of @ if at 
least one of its sides is a singular line of ¢. By a rectangle, singular or 
non-singular, we shall always mean a rectangle with sides parallel to the 
codrdinate axes. 

It is clear that if R is a non-singular rectangle of @ and R, a second 
rectangle all of whose sides are sufficiently close to the sides of the former, 
then | —¢(R) | <«. 


Remark. The singular lines or singular rectangles of an arbitrary 
absolutely additive set function are the singular lines or singular rectangles 
of the monotone set functions representing its total positive and its total 
negative variation.* 


Definition 3. A sequence of distribution functions {¢,(/)} is said to 
converge to a distribution function ¢(#) if lim ¢$,(R) =¢(R) for all 
n=00 


non-singular rectangles FR of ¢. 


Definition 4. A sequence of rectangles {Rn} is said to be everywhere 
dense if for every given rectangle R: y<y<y’), not 
necessarily belonging to the sequence, and for every « > 0 there exists an n 
such that for the corresponding R, we have 


all less than e. 

If ¢! and ¢!! are two distribution functions such that ¢!(Rn) = ¢" (Rn) 
on an everywhere dense sequence of rectangles {Rn}, then = 
for every rectangle non-singular with respect to ¢! and ¢". Furthermore, 
¢' and ¢" have the same singular lines, hence the same singular rectangles.t 
In what follows, we shall regard two distribution functions as the same and 
call them essentially identical if their corresponding point functions are 
identical save at most on their singular lines. 

The Fourier transform A(s,¢;) of the distribution function $(F) is 
defined by 


* Cf, E. K. Haviland, loc. cit., I, p. 550. 
+ The proof is effectively the same as in the damped case. Cf. E. K. Haviland, 
loc. cit., I, pp. 549-550. 


} 
i 
} 
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(1) A(s, 656) = ff exp + ty) 
where s, ¢, x, y are all real and S denotes the entire xy-plane. 


By the integral f f f(x,y) dzyp(H#) of a continuous function f(z, y) 
s 


with respect to the distribution function ¢ is meant the limit as R-S of 
f R being an arbitrarily large rectangle, provided that 


this limit exists. The integral over R exists by a theorem of Radon * and 
the limit of this integral as RS clearly exists for every bounded function 
f, inasmuch as ¢ is of finite total variation. In particular, A(s,¢;) exists 
for all real values of s and ¢. 


Definition 5. The Radon momentum problem associated with a distribu- 
tion function ¢(/) is said to be determined provided that all momenta 


M(p, 954) ff 


exist and are such that any other distribution function y for which 
=M(p,93¢); p,g=9,1,2,°- +, must be essentially identical 
with ¢. 

The author has previously shown that if, as nm becomes infinite, 
lim M(p, q;¢n) exists for all non-negative integers p,q, and for a sequence 
ci uniformly damped distribution functions ¢,(/), for which the momentum 
problem is necessarily determined, then lim ¢n(R) = ¢(R), whence 


is a damped distribution function for which # is a non-singular rectangle. 
In case the momentum problem for the limiting function ¢ is determined, a 
situation for which a sufficient and “almost” necessary condition will be 
given below, the foregoing result may be extended to the case of non-damped 
distribution functions. The first step in the extension is given by 


Lemma I.+ Let there be given a sequence of distribution functions 
{Yn(H)} with the following properties: 


(A) The momenta M(p,q3;¥n) of all orders p=0O, 1, 2,°°°; 


* The integral is that defined by J. Radon, loc. cit., I, pp. 1322-1324. This is an 
extension of the Riemann-Stieltjes integral in one dimension. For the latter, cf. E. W. 
Hobson, op. cit., pp. 506-516 and H. Lebesgue, op. cit., pp. 252-313. 

¢ These propositions represent the extension to n dimensions, n > 1, of results ob- 
tained in the one-dimensional case by A. Wintner, loc. cit., II, and by M. Fréchet and 
J. Shohat, loc. cit. 
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q=0, 1, 2,-- - exist for n=1, 2,--- (or at least from a certain rank n 
on, possibly depending on p, q). 


(B) The quantities M(p,q; Yn) for any fixed p, q le, when they exist, 
between two fixed limits independent of n (but possibly dependent on p and q). 


Then there exists a subsequence {¢i(L) = Wn,(E)} such that 


(i) Asi— lim M(p, $i) exists (= ppg say) for all non-negative 
values of p, q, and 

(ii) converges to where 1s a distribution function, 
on all non-singular rectangles R of ¢. 


Proof. In virtue of the uniform boundedness of the M(p, q3 Yn) for all 
fixed p and q, from {M(0,0;y%n)} a subsequence {M(0,0;y,)} having a 
limit poo may be selected. From {M(1,0;y1,)} a subsequence {M(1, 0; Ym,)} 
converging to a limit io may then be selected. Proceeding in this way, 
we obtain by the diagonal principle of Cantor a sequence {M(p,q;yW,), 
M(p, } converging to a finite limit pp, for all fixed: non-negative 
values of p,q, where the labels 1,,m2,- -- are independent of p,q. The 
corresponding distribution functions yi(#) = 
are seen to satisfy (i). 

By applying the Compactness Theorem of Radon* to the sequence 
{yn(H#)}, we extract from it a subsequence {¢;(#)} converging to the mono- 
tone absolutely additive set function ¢(#) on every non-singular rectangle 
of the latter. 

It remains to be shown that ¢ is actually a distribution function, i.e., 
that ¢(S) —=1. To this end we consider the square R: (—a<2<a; 
—a<y<a), wherea>1. S—R may be divided into two (disconnected) 
parts Ry: 2a; <y<+o) and R,:(—a<2r<a;|y| 2a) 
such that in the former | «| =a while in the latter |y| =a. Then by 
Schwarz’ inequality, 


= = M(4p + 2, Yn) 


and similarly 


L (2) 2< M(2p, 4q + 23 


* Cf. J. Radon, loc. cit., I, p. 1337. A statement of these theorems more convenient 
for our purposes is given by the author, loc. cit., I, pp. 551-552. The proof of the 
Compactness Theorem is there given for a finite rectangle but may be extended to the 
whole plane by the diagonal process of Cantor. 


H 

| 

| 
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these appraisals being obviously analogous to a device of Tschebycheff.* If 
now we choose as our {Wn(H)} the sequence {¢;(H#)} converging to ¢(L), 
we may infer for 7 sufficiently large that 


0= M(4p + 2, 2q3 bi) < + 1, 
and 
0S M(2p, 4q + 23 $i) < + 1. 


If, in particular, we set p—=q —0, we obtain 


But peo and poz are from their definitions non-negative, so 
0 =ff, < (M20 + 1)%/a and 0 =f f < (poz + 1)%/a. 


Hence 


As and ¢i(/) is a distribution function, the preceding 
S-R R 


inequality is equivalent to 
< [(H20 +1)” + (Hoe + 1)*]/a. 
Letting 7 become infinite, we see that 


051—¢4(R) S +1)% + + 1)*]/a, 
so that 


lim $(R) =$(8) =1, q.e. d. 


Remark. We shall later have occasion to make use of the fact that for 
any given non-negative values of p and q, the convergence of 


f to f f Un(E) 


is uniform with respect to n, at least from a certain rank n on. 


Proof. As in the proof of the preceding lemma, 


| | = | f J 2tytdewn(B) | 


S [M(4p + 2, 2q5 yn) + [M(2p, 4g + 25 Ym) 
= + [Mop,sq+2] #/a%, 


* Cf. P. L. Tschebycheff, loc. cit., p. 691 and A. Kolmogoroff, op. cit., p. 37. 


‘ 
| 
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since by condition (B) of the lemma 


0 SM (4p + 2, 2¢3 Yn) S and 0S M(2p, + S Mop, 
q. e. d. 


We are now in a position to prove 


THEOREM I (MoMENTUM THEOREM). Let there be gwen a sequence of 
distribution functions {¢n(E)} satisfying conditions (A) and (B) of Lemma 
I. Then if lim M(p,q3;¢n) exists, = pyq say, for all non-negative values of 

n=00 
p and q, there exists at least one distribution function, say (EF), such that 
Mog = M(p,9;¢), and a subsequence {gn,(H)} can be extracted from the 
given sequence of distribution functions so that lim ¢n,(R) = ¢(R) for all 
non-singular rectangles of 

If, in addition, the sequence {ppq} is such that o is uniquely determined 
by it, then the sequence {on(E)} itself converges as n becomes infinite to 
$(R) on any non-singular rectangle R of ¢. 


Proof. By Lemma I, the existence of the subsequence {¢n,} converging 
to a ¢ is assured. 
Now if a sequence of distribution functions {¢,(H)} is such that 


(a) lim ¢n(Q) =¢(Q) for every non-singular rectangle Q of the 
n=CO 


distribution function ¢, and 


f f 9) devin (B) > f f 9) uniformly with 
e R JS 

respect to n as RS, f(x,y) being continuous in every finite rectangle R, 
then the Radon Term by Term ee Theorem holds for the infinite 
domain S, so that 


(2) Him ff F(z, 9) devdn(B) ff 9) devo (2). 


For if R” be a closed rectangle and F’ an open rectangle lying in the 
interior of R”, it follows from the Term by Term Integration Theorem for a 
finite domain * that 


* Cf. J. Radon, loc. cit., I, p. 1337. A statement of these theorems more convenient 
for our purposes is given by the author, loc. cit., I, pp. 551-552. The proof of the 
Compactness Theorem is there given for a finite rectangle but may be extended to the 
whole plane by the diagonal process of Cantor. 


i 
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and the right-hand side of this equation is < « for R’ sufficiently large by (b). 
Hence the integral on the right of (2) exists. Furthermore, 


Fp | <= | ff, fend | 


if R be taken sufficiently large and the theorem then applied for a finite 
domain. Moreover, by the Remark following Lemma I, the foregoing con- 
ditions (a) and (b) are satisfied if we replace {¢n(H)} by {dn,(#)} and 
f(x,y) by Hence 


pre = lim M(p, =lim M(p, q3 =lim f (E) 
n=00 i=00 1=00 


=f f 


This proves the first paragraph of the present theorem. The last 
paragraph is proved as follows: 

Suppose there exists a non-singular rectangle Ry of ¢ such that {¢n(Ro) } 
does not converge to ¢(R,). Then a subsequence {yxz(Ro) = dn,(Ro)} can 
be extracted such that as k becomes infinite {y.,(R))} converges to a certain 
number A+~¢(R,). On the other hand, we have seen that the sequence 
{yx(H)} gives rise to a subsequence {8;(H#)} which converges as 7 > 0 to a 
distribution function 6(#) on all non-singular rectangles of the latter. Now 
8(#) has the same momenta ppg as has $(#), and therefore, since by 
hypothesis the momentum problem corresponding to {pq} is determined,* 
lim 8;(R,) = ¢(R.) when since Ry, is a non-singular 
rectangle of ¢. This contradicts the fact that {8;(R,)} is a subsequence of 
{x(R.)}, which converges, but not to 8(f,) and hence completes the proof 
of the theorem. 

The condition that the momentum problem corresponding to {pq} be 
determined is not only sufficient for the limiting relation lim ¢,(2#) = ¢(£) 
as m—> o on any non-singular rectangle of the latter, but it is necessary as 
well. For if ¢(7) and y(F) be two distinct solutions of the momentum 
problem in question, then {¢,(#)} should converge simultaneously to ¢(/) 
and y() at all non-singular rectangles of @ and y. But this is impossible, 


*The momentum problem associated with {u,,} is said to be determined if 


P-pq = wry ; p,q, = 9,1,2,° °°, 
8 


implies ¢I and ¢#II are essentially identical. 


t 
| 
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as there is at least one non-singular rectangle Ry common to ¢ and wy such 


that A 


In view of the réle thus played by the determinateness of the momentum 
problem, we prove 


THEOREM II.* A sufficient condition that a distribution function be 
determined by its momenta Ging = M(p,q;¢) is that 


This sufficient condition is, furthermore, almost necessary in that $, need 
not equal 2 tf o(m) ts replaced by o(m***). 


Gom-_v,v 


Proof. Let $:(/), ¢2(£) be distribution functions. Then as these 
functions are uniquely determined by their Fourier transforms,+ the momentum 
problem is determined under conditions such that A(s, t;¢,) = A(s, 3 $2), 
where s, t, x, y are all real. 

Inasmuch as the formula 


fla +h) f(x) + hf (2) —1) (2) 
h 
0 
is obtained merely by successive partial integrations of the integral occurring 


in the remainder term, the formula is valid for complex functions of a real 
variable also, so that we obtain in the present case 


where 

=| é|"/n! 


Setting n = 2m and = sz + ly in (4), integrating first with respect to ¢u, 
then with respect to ¢. and subtracting, we obtain, since all momenta are 
equal by hypothesis, 


*The present proof of the sufficient condition is based on a treatment by F. P. 
Cantelli of the one-dimensional case under the assumption of absolutely continuous 
distribution functions. Cf. F. P. Cantelli, loc. cit., pp. 155-157. In the one-dimensional 
case it is known that the theorem holds even if o(m) and o(mite) are replaced by 
O(m). Cf. T. Carleman, op. cit., p. 81. 

+ Cf. S. Bochner, loc. cit., p. 402, Theorem 14. Another proof of this theorem will 
be given below. 
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| A(s, £3 $1) —A(s, po) | 
=| ffi, exp + ty) — ff exp [ils + ty) | 
| fom (sx + ty) | dents (B) + fam(se + ty) | (2) 

< f (so + ty) + (2m) (sa + ty) 


2m 


v=0 
so that on placing 6 = max (| s |, | |), where s and ¢ are fixed, 
A(s,¢;$1) =A(s,¢; 2) if, for a fixed value of 6, 


2m 


p2m (2m) | Gem-_v,v | o(1), 
v=0 


1/(2m) 


a condition implied by (3), inasmuch as by the Stirling Formula 
(2m) 1/(2m) O(m). 


hence, a fortiori, if 


2m 
(2m) | Gom-_v,v 
v-0 


As applications of the foregoing determinateness condition, we consider 


1. The case in which the distribution function is damped.* In this case, 


| | = | f | SR, 


provided —0 for all sets H outside 
Hence 
v=0 Vv 


so that the condition (3) is satisfied. 


1/(2m) 
] <2R —o(m), 


Gem-_v,v 


2. The case in which 


— fle a)dedy, where 0= 
E 
= 0 (exp [— (# + 9*)*]), a, +y¥>+ &). 
It is easy to see that (3) is satisfied by the momenta G'pq of such a ¢ if 


(5) & = | —o(ni) 


* For a direct treatment of this case, cf. E. K. Haviland, loc. cit, I, pp. 552-553. 
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+00 +0 


Now 


0 


+00 +00 


= Qm+2 Sf (2? + exp (x? + y?)*|dxdy 
0 


+00 

— Qm+2 f, dp [— dr 

= + 1]/a) /a. 
The 2m-th root of this expression is * = O(m1/°), so that (5), hence (3), 
is satisfied if « > 4 but not if «= 4. Consequently, for « > 4, we have 
determinateness. It is to be noticed that this includes the classical case « = 1. 

Furthermore, the sufficient condition (3) is almost necessary. To show 
this, we first observe that the one-dimensional distribution function may be 
regarded as a special case of the two-dimensional. For suppose a(x) a one- 
dimensional distribution function along : <a< +o; y—0),i.e, 
o(x) is a monotone non-decreasing function of 2 there and o(— 0) —0, 
+o) Then we can define a set function ¢,(R) for all (half-open) 
rectangles R of the ry-plane by setting ¢:(R) =o(X-R) —o(2;), 
x, and 2 (x, = x,) being the end points of the segment X - R, if R contains 
a portion of the z-axis; ¢,(R) =0 otherwise. It is known + that ¢, deter- 
mines a monotone absolutely additive set function ¢ uniquely up to the 
singular lines of the latter. Moreover, ¢,(&) =¢(R) on every non-singular 
rectangle R of ¢, from which fact it follows, in particular, that ¢(S) = 1, 
so that ¢ is a distribution function. 

Let M: bean arbitrarily large square 
in the plane and let VU: —eSySe), 0<e<l, 


* Cf. E. Artin, op. cit., p. 23, equation (26). 
7 This follows from the reasoning of J. Radon, loc. cit., I, pp. 1305-1313 and pp. 
1338-1339 if it be observed that to a monotone additive interval function there may be 
made to correspond a monotone point function whose continuity points are everywhere 
dense. Cf. also S. Bochner, loc. cit., pp. 387-388; E. K. Haviland, loc. cit., III, Note 3. 
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be a strip enclosing the z-axis. Furthermore, we denote M-U by V. Then 
by the inequality of Schwarz, 


LS J f f f, “devi 


But the integral over M — V is zero by the definition of ¢, and 


It follows that f f <x if > 0, or as M is arbitrarily large 
M 


and » arbitrarily small, 


(6a) M(p,q;¢) = 0, q=1,2,°° 


If g=0, the definition of ¢ shows that 


— 


Hence, as the right-hand side approaches a limit as M > S, 


(6b) M(p, 034) ff — ardo(z), p= 


In consequence, the one-dimensional distribution functions represented by 


o(z) = Daf "exp [— [1 + h cos(2’ tan ] dz; 
where vy = 2B8/(28 +1), 


B being a positive integer, and 


Dy -{ “exp [— [1 + cos(2’ tan ] da, 


may be regarded as two-dimensional distribution functions ¢(H#) whose 
momenta are given by 


M(p,q;¢)=0, 
M(p,0;¢) = exp [— [1 +h cos(a’ tan 4vr) dz. 


= 
/ 
. 
] 
) 
) 
} 
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But it is known * that 


+00 
f x” exp [— cos(z’ tan 4vr) dx = 0 
for every p, so that the momentum problem for such a function ¢(/) is not 
determined, inasmuch as ¢ depends on h while the momenta do not. In this 
case, the left-hand side of (3) becomes 


[ | Gemo | where | Gomo | = Gomo = M(2m, 0; 
— exp[— 2’ = 2 fam exp[— 2” = ([2m + 1]/v)/v 
= 0 (m*), 

where « > 0 may be made arbitrarily small by taking ~ sufficiently large. 


As we do not obtain determinateness in this case, it follows that (3) is almost 
necessary. 

In obtaining the above sufficient condition for determinateness, we have 
made use of a theorem of Bochner ¢ which states that if ¢,(#) and ¢2(£) 
be two distribution functions such that A(s,t;¢1) —A(s,¢t;¢2) for all 
points (s,¢) (which is the case if they are equal for a set of points everywhere 
dense), then ¢,(#) —¢2(H#) up to their singular lines. The following 
proof { of this proposition seems to be more direct than the original and is 
more closely related to the methods, viz., those of Radon integrals, of the 
present paper. 

By use of the one-dimensional Fourier cosine inversion formula, it may 
be shown that 


sin ys sin(h + )s exp[ise]ds — E,(z, h) — Ey (—z, h) 
1lif0OS¢Zh 

J 1—(e—b)/%, if Sh 
0, if h+ 


where h > 0,7 > 0. Then setting 
D(s,t; 2, y) = (2n’s*t?) sin ys sin nf sin(h + sin(k + exp[i(sa + ty)], 


we obtain 


* Cf. W. Stekloff, loc. cit., pp. 50-51. 

¢ Cf. S. Bochner, loc. cit., p. 402, Theorem 14. 

~The method of this proof has been suggested by the treatment of a similar 
problem in one dimension by G. Pélya, loc. cit., pp. 107-108. 


| 
ie 
| 
ie 
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(1) #) = ff D(s, t52,y) ds dt — Gy(x, 95h, 


1, if (zy) isin J,, 
if (x,y) is outside Ip, 
where J, is the rectangle (—h Sah; —kSySk) and J, is the rectangle 
(— (b+ Se Sh+ —(k+%) SySk+%). 

Furthermore, 0=G;,(2,y;h,k) if (a,y) is in I,—I,. As 
G,(%,y;h,k) is the product of two continuous functions of x and y, it is a 
continuous function of those variables. Finally, we note that although G, was 
defined as an iterated integral, it may be regarded as a double integral since 
the latter exists when taken over any finite rectangle R and is absolutely 
convergent as T, the st-plane. 

As A(s,t; $i), (01,2), are continuous * functions of s and ¢ together 
throughout the st-plane and | A(s,¢;¢:)|{ <1 for all (s, t), 


f J, — vals, ds) 
-Sf. D(s,t;— u, —v)A(s, dsdt 
and hence, as both integrals converge absolutely, 
(8) ff, Dis ts —u— 0) A(s, t5 deat 
-ff. D(s, t; —w—v)A(s, dsdt. 


If we set 
(9) H(s,t;2,y) = D(s,t;2—u, 


these integrals may be separated with the use of two arbitrary non-singular 
rectangles J, K in the zy-plane and the st-plane respectively into 


+ ff ff y)devpi(B) ]asat, 


* For 


ff, Lilse + ty) 


is a continuous function of s and ¢ together, R being any finite rectangle, and $, is a 
distribution function. 
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As the last two integrals may be made arbitrarily small in absolute value 
by taking J and K sufficiently large, 


(10) (ey | asa 
—f f, dsat | <te 


for suitable J, K. Similarly, if the non-singular rectangles U and V are taken 
sufficiently large, 


(11) SI LS nasa 
PLS | < $e (+= 1,2). 


Since (10) and (11) clearly hold if all four rectangles are sufficiently large, 
we may choose 


(12) K=V and J=U. 
Again, if f(s,¢;z,y) be a continuous function of s,¢; 2, y together in 


if and denote the rectangles 


(—M, and (—V, S25 2), 


respectively and if ¢(#) is a monotone absolutely additive set function defined 
in 32, then 


(13) Sf LS | dsdt 


since both differ arbitrarily little from 


= 
provided the subdivisions H;, A; are taken sufficiently fine. 

Since the preceding conditions are satisfied by taking ¢— ¢i(F), 
(1=—1, 2), and f(s,t;2,y) = H(s,t;2,y), we obtain, on combining (10), 
(11) and (13) and taking account of (12): 


ABSOLUTELY ADDITIVE DISTRIBUTION FUNCTIONS. 


SS, | dsdt 


On combining this result with (9), (8) and (7) we see that 
ff Gy (2 —u, y —v; h, k) (E) 
= y—05 h, k)deyba(B) 


or 
(14) G, (2 —u,y —v;h, k)dey(E) 
where = — ¢.(F). 

As y¥(f) is an absolutely additive set function of bounded total variation, 
its non-singular rectangles are everywhere dense.* By a suitable choice of 
h,k and (u,v) in (7) and (9), the rectangle 7, may be made to coincide with 
any non-singular rectangle FR of y, so that from (14) 


As the first integral may be made arbitrarily small by taking 7 in (7) 


Sf. dey(B) =y(R) =0 


for every non-singular rectangle of yy = ¢; — qo. 
It follows that $,(2) =¢.2(2) on all rectangles R non-singular with 
respect to y, $i, and 2 and hence (since the singular lines are at most 


sufficiently small, 


denumerable) on an everywhere dense set of rectangles in the plane. Now 
it is known that if ¢, and d. be two monotone absolutely additive set 
functions of bounded total variation in the entire plane and such that 
== on the everywhere dense sequence {P,}, then ¢,(R)= ¢2(R) 
for every rectangle non-singular with respect to $, and gs. Furthermore, 
¢; and ¢» have the same singular lines and the same singular rectangles,t q. e. d. 


2. The symbolical product of distribution functions. Although the 
Radon integral as defined { for a continuous integrand has been sufficient for 


* The proof is essentially the same as that given by J. Radon, loc. cit., II, p. 1093. 
+ The proof of this statement is essentially that given by the author, loc. cit., I, 
p. 550, Theorem II. 
t The integral is that defined by J. Radon, loc. cit., I, pp. 1322-1324. 
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our previous purposes, it will not suffice for the considerations to follow. At 
the same time, it is neither convenient nor necessary to resort to the very 
general definition (corresponding to Lebesgue integrals) given by Radon * 
of the integral of functions measurable with respect to an absolutely additive 
set function. Accordingly, we shall extend the conception of the ordinary 
Radon integral to the case where the integrand, though bounded, is no longer 
continuous. 

Let ¢ be an absolutely additive set function defined for a set ¢ 7 of sets 
in the zy-plane. Let f(z, y) be a bounded single-valued point function defined 
on the bounded set FH, belonging to 7’. Let II denote a division of Hy into 
subsets H,,- - -, Hn, all belonging to 7’, and D(II) the greatest of the diam- 
eters of the sets H,,---+,Hn. Finally, let Uz; denote the least upper bound 
and L;, the greatest lower bound of f(z, y) in Hy. Then if, as D(IIl) 0, 


k=1 k=1 


exist and are equal, the Radon integral of f over Z, with respect to ¢ is said 
to exist. 


Definition 6. By the two-dimensional saltus w(&, 7) of f(z, y) at a point 
(é, 7) is meant 


where U5(é, 7), Ls(é, 7) are respectively the least upper bound and the greatest 
lower bound of f(z,y) in Ra(é,y): <8, |yn—y| <8. 

If a function f(z, y) is defined in a closed rectangle J, we shall denote 
by G, the closed set of points in J at which w(é,y) Ze. If (é& 7%) is a 
boundary point of J, we agree to confine the points (z,y) of Definition 6 
to points of J. Using this notation we shall prove 


THEOREM III. Let f(x,y) be bounded and single-valued in 
JI: 


and $(E) an absolutely additive set function defined in the same region. 
Then a necessary and sufficient condition that the Radon integral 


Sf 


* Cf. J» Radon, loc. cit., I, p. 1329. 
+ For a definition of this set, cf. J. Radon, loc. cit., I, p. 1299. 
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exist, where Ey is any point set in J belonging to the domain of definition 
of ¢, is that the total variation * of p(E) over the open p-neighborhood of 
G, should for every « approach zero as p—> 0. 


Proof. We first prove the sufficiency of the condition. For this, one need 
consider only the case where ¢(H) is monotone, inasmuch as any absolutely 
additive set function ¢(#) may be expressed as the difference of two monotone 
absolutely additive set functions ¢ ¥i(#) and y.(#) and 


If u—u() => and = and if 0, 
k=1 k=1 


are two divisions of #, and III’ the division consecutive to them, then 
S = u(Il’), so that the least upper bound of the 
I(II) is not greater that the greatest lower bound of the u(II). Therefore 
the integral exists if | u(I1) —J(II)| <«, provided D(Il) < 8, where « > 0 
is arbitrarily small and § = 8(e). 
Let G. be as defined above. With centre (z,y), any point of G, let 
a circle of radius 2p be taken, and let the open non-overlapping finite set 
formed by the coalescence of these circular regions be denoted by Nez. It is 
the 2p-neighborhood of G,. Under the hypothesis regarding the total variation 
of p can be so chosen that 0S < where Acop =J Ne ap. 
Then by taking the subdivision II so fine that D(II) < p, Hy may (for this 
subdivision) be divided into two parts, #,’ and H,”, where FH,” includes all 
points of Hy in Nep, the p-neighborhood of G,, but is included in Neop; and 
o =F, By Ex’, Ex” we denote those composing 
respectively. Accordingly, 


where we separate the contributions to the sums made by #,’ and by #,”. Then 


*For the definition of total variation, cf. J. Radon, loc. cit., I, p. 1302. These 
p-neighborhoods, being open, necessarily belong to the domain of definition, 7, of 9. 
Cf. J. Radon, ibid., p. 1308. The conditions of Theorem III of the present paper, being 
analogous to the du Bois-Reymond condition for Riemann-integrability, may be shown 
to be equivalent to conditions corresponding to those of Lebesgue for the existence of 
the Riemann integral. We use the former set of necessary and sufficient conditions as 
better suited for our applications. 

+ Cf. J. Radon, loc. cit., I, p. 1303. 
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It follows from the definition of saltus that 


7) = Us(é, ”) — Ls(é, ”) ”) 


provided &% (e;é,7). Consequently, by the Heine-Borel Theorem, 
J is covered by a finite number, NV, of open squares Ry: | &—-az| < 4i, 
| 71 —y | <8 such that the fluctuation of f(a, y) in Ri is < o(&, 71) +6 
where (&, 7) is a definite point interior to R;. No restriction is imposed by 
requiring that all R; be less in diameter than a fixed arbitrarily preassigned 
quantity ¢. The sides of the rectangles F;, if continued to meet the sides of J, 
divide J into a finite number of rectangles. Let d be the length of the smallest 
side to be found among these resulting rectangles. Any set H;, in J whose 
diameter is < d is interior to one of the squares Rj, so that in KH, the 
fluctuation of f(z, y) lies between w(£,7:) and w(&, i) + «, where (&, 7) 
is some point of a square f; of diameter < ¢ which contains £;, in its interior. 
If £ the containing any is such that o(&, i) <«. Accordingly, 
the E;,” can be taken so fine that in each U;— In, < 2, in which case 


Eo 
Again, 
0 <w(M) < 2BE, 
where B = fin sup | f(z,y)| in £o.* It follows that 
0Su(ll) <¢, where ¢ = 2(ed(J) + BC), 


provided D(II) < d <p, the order of choice of the various quantities being 
as follows: 

Given <’, we take «= ¢’/[4¢(J)]. This value of « determines the region 
G,. Then ¢ is chosen = ¢’/[4B] whereby p is determined, and thereupon ¢. 
Finally, « and £ being known, d can be determined. It has therefore been 


shown that as 0, lim and lim exist and are 
k=1 k=1 


equal. 
This limiting value is independent of the special choice of the sequence 
of divisions II,, IIz,- - -, since if II’;, II’2,- - - is a second sequence of divisions 


such that D(II’;) +0, the two divisions lead respectively to partial sums 
of the form 


*“fin Sup” is used to denote the least upper bound. Cf. E. K. Haviland, loc. cit., 
I, note 15. 
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Sm (IL) = f(y ye) and Sw (I) 
But 
| Sm (IL) — =| ye) 0) 
+ + 2B6(Ae29), 


where #(d) = fin sup | f(a, y) —f(#’, y’)| for all point pairs (a, y), y’) 
in J —Acp whose distance is < d. Hence ! S,,(I) —Sm(I’)| < $e, if 
D(ll) < < say. But 


| Sn (IL) —ff, f(2, y)deyp(B)| <4e if < 8s, say. 


Consequently, taking D(II) < min(8,, 8) one obtains 


| — f(a, y)deye(B)| <<a, if 


Hence as D(II’) > 0, 


lim y's) f(a, y) deyp(B), g.e.d. 
This concludes the proof of the sufficiency of the condition. 


To show the necessity of the condition, it is sufficient to prove that if the 


condition is not fulfilled, SJ f(x, y)dryp(H) fails to exist. The proof 
J 
is as follows: 
Let J be divided by a network 3, into squares 


(M(i—1)2" Sa < M(j—1)2* Sy < 


(i,j =—2"+1,---,2"—1), 
M; M(j—1)2*Sy < 

(i= 2", 
SO: (M(i—1)2"Sa2 < M2; M(*—1)2*Sy=M); 

(j = 2", i =— 2" 41,---,2"—1). 
Sm: M(*—1)2*SySN); 

(i= j = 2"). 


where n ~0,1,2,: °°. 

Let G,, as above, represent the set of points of J at which the saltus of 
f(x,y) 2e«. There are at most a finite number of intersections within J 
of the lines of the network %, at which points of G, are located. About each 
such intersection we draw a closed square D, of length of side < M2-" and 
such that of the four squares of &, in which D, lies, each contains points of 


= 
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G, not on the boundary of D, or else contains no points of G, at all. Consider 
those regions &“) obtained by subtracting the Dp from the 8 ) which contain 
points of G,.. If such an R _ contains points of G, only on its boundaries, 
such a point, say Pi;, may be made an interior point of Q®, the sum of ko 
and a closed circular disc about Pi;, provided P;; does not lie on a boundary 
of J. This dise may be made so small as not to deprive the adjacent kw 
of points of G,. In this way, G, may be covered by a non-overlapping region 
Van = so that 

(a) The diameter of every Q” is S 2-"M(5)*; 

(b) Each Q”) contains a point of G, in its interior or else on a boundary 

of Q 4 that is also a part of the boundary of J. 

Consequently Ui; — Lij = € in each Qo, while by hypothesis | ¢(Vn)| 
> K > 0, K independent of n. 

Therefore to every 8 > 0 there corresponds a subdivision II such that 


D(IL) <8, but u(I1) > eK > 0, f(2, ¥)deyp(E) does not 
J 
exist, q. e. d. 
We proceed to apply Theorem III to the special case of distribution 
functions, for which we state 


Lemma II. Jf $,(£) and ¢2(F) be distribution functions, then there 
exists an everywhere dense * sequence of rectangles Ry such that the Radon 
integral + 


— f Jf, $(Q— Per) 
exists for Q=R,, (n= 1, 2,3,-- -). 


Proof. We prove the proposition first for the case where the integration 
is over an arbitrarily large closed finite rectangle J by showing that Theorem 
III is applicable. In what follows, those lines parallel to the codrdinate axes 
containing discontinuities of a point function f(x,y) will be referred to as 
exceptional lines of the function f, while by the singular lines of a set function 
¢(H) are meant, as before, the discontinuity lines parallel to the axes of the 
corresponding point function t F(z,y). In the present case, we note that 


* Cf. Definition 4. 

Tos is the point with coérdinates (a, y). +t, is to be taken in the sense of 
vector addition and therefore represents the set of points which may be represented in 
the form (—a, »—y), where (é,7) is a point of Q. Cf. H. Bohr and B. Jessen, 
loc. cit., p. 332. 

¢ Cf. J. Radon, loc. cit., II, p. 1093. 
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the exceptional lines of the point function f(z, y) = ¢:(Q — Pay), where Q 
is a fixed rectangle, are those lines s = 2;, y = y; such that at least one side 
of — Pzy lies on one of the singular lines x= &;, y= 7; of As 
Q has but four sides and as the singular lines of ¢,(H#) are at most de- 
numerable,* it follows that so are the exceptional lines of the point function 
f(z, y) =¢:(Q — Poy). Moreover, as ¢:(/) is bounded and monotone, the 
points at which its saltus,t i. e., the saltus of the corresponding point function, 
=e are confined to a fixed number n = n(e) of its singular lines. Accord- 
ingly, the number of lines containing at least one point at which the saltus 
of $:1(9 — Pry) = « is finite, = 2n(e), for any given rectangle Q. 

If the singular lines of ¢2(/) be denoted by z = &, y = mq, the number 
of sides of all rectangles Q for which = &), yj = nq (1,j, =1,2,° 
is clearly at most denumerable. For they are the lines r—& + £4, 
(t,p=1,2,---) and y=m+73, Consequently, there 
is an everywhere dense set of rectangles R, such that the exceptional lines 
of f(z, y) = ¢:(Rn — Poy) are distinct from the singular lines of ¢2. When, 
however, the exceptional lines of a point function f(z,y) are at most 
denumerable and are such that the points at which the saltus of the function 
= ¢ are confined to a finite number 2n(e) of the lines, and when none of these 
exceptional lines coincide with any of the singular lines of the absolutely 
additive set function ¢2(/), the 2n(e) lines can be imbedded in strips so 
narrow that if W denote the sum of the portions of the strips in J, the value 
of ¢2(W) can be made arbitrarily small, while at all points of J — W the 
saltus of f(z, y) is less than e. Thus by Theorem III 


= — Pay) dayp2(H) exists for (n—1,2,:--). 


From the definition of distribution functions, it follows that if J, be an 
arbitrarily large rectangle and J, a rectangle containing J, in its interior, then 


SS, $1( Ru — Poy) deyp2(E) 


— Pep) deve (B) = 1. 


— $1(Rn — Poy) dayp2(F) exists, (n=1,2,---), q.e.d. 


Consequently, 


The f&, for which ® is defined include rectangles having infinite sides 


* Cf. J. Radon, loc. cit., II, p. 1093. 
¢ Cf. Definition 6. 
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by virtue of the definition of ¢,. In particular, they include a sequence of 


rectangles Ry: (—0 ys) such that the points 
(2s, Ys) are everywhere dense in the plane. Moreover, these points are every- 
where dense on the parallels to the axes through any one of them and they 
include the vertices of a set of rectangles everywhere dense in the plane. 
Then to &, defined on the R,», we may assign a point function F’* defined only 
at the points (2s, ys) by the relation 


F* (2s, Ys) = 6(R,) ; Rs: (— 2 <y¥< Ye). 


On the points (2s, ys), we shall prove that F*(2s, ye) possesses the fol- 
lowing properties: 
(a) —F*(z,y +k) + F*(2,y) 20, 
where h=0,k 20 and (x +h,y+k), (w@+h,y), (2, y+), (2, y) are 
points of the everywhere dense sequence { (is, ys) }. 


(B) lim F*(2—h,y—k) = F*(z,y), 


h=0, k=0 
where h=0, k=O and (2,y), (x—h,y—k) belong to the everywhere 
dense sequence. 

(y) F*(—o,y) =F*(z,—o)=—0 and F*(+0,+ 0) —1, 
where F*(— 0, y) = lim F*(az,y), the (x,y) being points of the every- 
where dense ieilainiee, ed similar interpretations are to be placed on 


F*(z,— ©) and F*(+ «). 


Proof of («). Let us denote «+h, 7, y +k, y by 2, Z1, Yo, Yr Tespec- 
tively, and the rectangle (— 0 <r<aj;—~0w <y< yj) by Rij. Then 


+ hy +k) +h, y) —F*(2,y +h) + F*(2,y) 
(x2, y2) — F* (22, y1) — F* (a1, yo) + F* (21, 91) 
= ©(R..) — &(R.,) — + 
[$1 (R22 — Pay) — $1 (Roi — Pry) 
— $1 (Ry. — Pry) $:(R,, — Pry) 


in virtue of the definition of ¢, and ¢.2, and since ¢, is additive and 


Ra Bae Bus Sy< Yo), q.¢. d. 
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Proof of (8). It is to be shown that if 


and 


then 0 = &(R°) —&(R,) provided 0S <8 and OS < 4, 
5 = 8(e; 2°, y°), where R°, Rs; are rectangles of the everywhere dense set for 
which ® is defined. We show this first for 


= 


where J is a finite rectangle. 

Let W be a closed rectangle so large that it contains the points (wu, v), 
where u = 2° — a, v = y° — y for all (x,y) in J. With ¢, there is associated 
a point function F’,(u, v) such that 


| Fi(u,v) —F,(u’,v’)| <4e, provided | u—w’| < 8(e; u,v), 
|u—v’| < &(e; u,v), 


for all points (u,v) of the plane (hence a fortiori of W) except at most the 
points of a finite number »p—p(e) of lines w—u; and a finite number 
v=v(e) of lines v=v;. To these there correspond p(e) lines « = & and 
v(e) lines y=; which by the choice of #° are non-singular lines of $2(£), 
so that they may be imbedded in a finite number of open strips Xi, Yj; 
so narrow that 


0S + <A, 


i=l 
To these strips there correspond strips U; containing the uj and Vj; containing 
the vj. By reasoning similar to that used in Theorem III, it follows that in 
the closed region 


u,v) > > 0, 
j=1 
where 8’(e) is independent of the point (u,v). Hence 
| (2° — a, — y) —F, (a. — 2, ys —y)| < 46, 


so that | ¢:(R° — Pry) —¢,(Rs — Poy)! < fe provided | — | < &(e) 
and | y°— ys. | < &(e), where &(e) is independent of («2° — a, y® —y) in W,, 


and therefore of (z,y) in J(S — ( > Xi y Y;)) =J,. Consequently, 
i=l j=l 
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|S Sf, — Pan) — — Pon) B) | f f° Ste 


Moreover, 


| — Pa) (Ba — B) | 


sO 


SS, [1 (2° — Poy) — $:(Rs — Pay) | <e. 


Now suppose J so large that 


Sf deybo(B) < 
S-J 


and let R° <y<y’°) bea fixed rectangle for which 
® is defined. Then if Rg: <y< ys) be another 
rectangle for which ® is defined and such that 


| y—ys| 
— Pay) — — Pay) | 
+ | Pay) Pay) | <2e 


Hence (az, ys) possesses property (8), q.e. d. 
Proof of (y). To prove the first part of (y), we note that by choosing 


a finite rectangle J so large that f f $:1(Rs — Pay) dayp2(H) < 4e and 
S-J 


then choosing Rs: <y<ys) so distant that 
$:(R,— Poy) < 4e for all Poy in J, a result which can be brought about 
by taking 7, <—M(e) or ys <—M(e), by virtue of the definition of ¢, 
as a distribution function, we obtain for such a rectangle Rs 


F* (2s, ys) << q.e. 4. 


The proof of the second part of (+) is as follows: * 


* Another proof of this statement is possible with the use of Fourier transforms, 
in virtue of Theorem V below. 


= 
| 
| 
| 
| 
é | 
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ff, — Pen) dente B) = — Per) 


where K is a fixed finite rectangle so large that Sf deyp2(H) > 1—e. 
K 


R, may then be taken so large, say x, > M(e), ys > M(e), that $:(Rs — Pry) 
> 1—e for all Pz, in K. Then 


SJ. o1(Rs — Pry) dayd2(H) > (1—.e)?, i.e. 0) —1, 


Now it is known ¢ that if a function F*, defined for a set of points 
everywhere dense in the plane and which are also such that they are every- 
where dense on the parallels to the axes through any one of them and that 
they include the corners of an everywhere dense set of rectangles, possesses 
properties («), (8), (y), then there exists at least one function F' defined in 
the whole plane and such that F fulfills conditions («), (8), (y) there and 
F = F* on all points of the everywhere dense set. To this function F' there 
corresponds { a monotone absolutely additive set function y(/) such that 
y(S) =1. Furthermore, F is determined by F* up to the singular lines of F. 
We have thus proved 


TuEoREM IV. Corresponding to every par of distribution functions 
pi, $2 there exists a distribution function p(H#) such that § 


y(R) = fj, $1 (2 — Pry) deyp2 (2) 


for an everywhere dense set of rectangles R. Furthermore, y is uniquely 
determined, up to its singular lines, by 4, and do. 


An important property of y(/) is given by 


THEOREM V. 


A(s, A(s, t; 1) A(s, 2), 


7 Cf. J. Radon, loc. cit., I, pp. 1338-1339. For our present purposes, it is necessary 
to make slight modifications in the reasoning because of ‘the definition of F* in the 
entire plane and to add the condition that as h>0, k->0, lim F*(a—h, y—k) 
= F*(a,y), where (1—h, y—k) and (a#,y) are points of the everywhere dense set 
for which F* is defined. 

t Cf. J. Radon, loc. cit., I, pp. 1305-1313. Slight modifications are necessary in the 
case of functions defined throughout the plane. 

§ This relation is often stated and used in its general form but without indication 
of a method of proof. Cf. e.g., R. v. Mises, op. cit., p. 219. 

Theorems IV and V of the present paper have been proved for the case of damped 
distribution functions by the author, loc. cit., IIT. 
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where A is the Fourier transform as introduced in (1). 


Proof. Let J be a rectangle so large that 


As all three integrals in the statement of the theorem clearly exist, they are 

by their definition as improper Radon integrals limits of approximating sums 

taken over suitably large rectangles, in which the £, may be chosen as rect- 

angles f;, of the everywhere dense set for which ® is defined. By choosing 
N 

the F; sufficiently small and Rk = >} FR, sufficiently large that it encloses J, 
k=1 

we may obtain 


(16) | A(6, 659) expLi(ste + tye) | 


N 
and if in addition FR be chosen so large that R — P; * = > (R; — P;) includes 
k=1 


J for all points P; in J, we have for a sufficiently fine mesh 


N 
| (a — 23) + t( yx — yi) (Re — Pj) 
— explilse + ty) (B)| < 8/4. 
Also 
so that 
| A(s, 65 1) + Py) | <e 


In other words, 


(17) + t( yx — ys) }]o1( Ri — = A(s, t3 + 


" where | £1; | <«, provided R is sufficiently large and its subdivision sufficiently 
fine. It is to be noted that the fineness of the Ry is independent of Pj, as is 
also e, so that N = N(e) is fixed. The meshes may then be further subdivided, 
if necessary, so that 


| ¥(Be) — (Re— Ps) < «/2N, = 1,2,: 


. “This represents vector addition as described in the second footnote on p. 646, R 
corresponding to Q and P; to P,,. 


| 

| 

| 

i 
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where m = m(e). Hence 
| exp[t(sire + tyx) — expLi(sn + tyi:) — Pj) < «/2N. 


On summing with respect to k, we have, with the help of (16) and after 
interchanging the order of the resulting double summation: 


-exp[t(saj + ty;) ]¢2(Bj)| <e. 


m 


Let the H; be so fine (if this is not already the case) and K =} Ej so 
large that 


(19) + = 42) where <e 
Substituting (17) and (19) in (18), we obtain 
| A(s, —A(s, 1) A(s, £3 — 


But by virtue of the appraisals for ¢, and ¢,; and the fact that the total 
variation of ¢, and of ¢2 is 1, we obtain 


| £.A(s, <e 
and 


£1; exp[1(szj + ty;) | = | £15 | Bj) <e. 


Consequently, 
| A(s, t; — A(8, t; $1) A(s, t; 2) | < 3e, 


1. @., A(s,t;p) =A(s, t; -A(s, q.e. d. 


Since distribution functions are determined up to their singular lines by 
their Fourier transforms, it follows from the preceding theorem that y(F) 
as above defined remains unchanged by interchanging ¢, and ¢2 in the 
definition of . A direct proof of this proposition is also possible. 


3. The spectra of distribution functions. With a view to investigating 
further the addition of distributions as expressed by the symbolical product, 
we now lay down the following definitions: 


i Definition 7. The spectrum of a distribution function ¢() is the set 
of all points P such that ¢(R) > 0 for every open rectangle RF containing P. 
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Definition 8. The point spectrum of the distribution function $(/) 
is the set of points P such that ¢(R) >> 0 for every open rectangle R 
containing P, where « = ap is a positive lower bound independent of R. 

We are now in a position to investigate the relations between the spectra 
of two distribution functions and the spectrum of their symbolical product,* 
making use of the agreement that if, in the vector addition of two sets of 
numbers, one of the sets be empty, then their sum is to be regarded as empty. 


We shall prove 
THEorREM VI. Jf w(E) be the distribution function defined by 


for all rectangles R for which the integral exists, and if S(@) denotes the 
spectrum of ¢ and P(¢) the point spectrum of ¢, then the following relations 
hold: 

(a) =S(d1) + S(d2). 

(b) = + 


Proof. As the proof of (a) follows the one-dimensional proof given by 
Wintner step by step, it is unnecessary to repeat it here, for the translation 
of the proof to two dimensions offers no difficulties. It is to be noted, however, 
that in the two dimensional case one cannot obtain a necessary and sufficient 
condition for the existence of the symbolical product in terms of the point 
spectra of ¢, and of ¢2. For the purposes of the proof, though, it is sufficient 
that the integral definition of the symbolical product be valid for a set of 
rectangles everywhere dense. 

The first step in the proof of (b) is to show that if a point (€, 7) cannot 
be written in the form (21, y:) + (2, y2), where (21, y1) belongs to the point 
spectrum of ¢; and (22, y2) to the point spectrum of ¢2, then (€,7) cannot 
belong to the point spectrum of y; i.e. to any preassigned e > 0 there corre- 
sponds a rectangle containing (é,7) and such that y(R,.) 

We first consider the point spectrum of ¢,. Since ¢, is monotone and 
¢:(S) =1, it follows that the number of points (%,,9,) in the plane such 
that ¢:(R) > «/2 for every rectangle about 91) is finite, say n = n(€/2). 
Consequently, for a fixed (¢,7) there are only n(¢/2) points (2’, y’) such that 
¢:(R — Poy) > «/2 for all R containing (é,7) and these are the points for 
which — (7, = (41, %:) or (6,9) = (4%, + (2, y’). It follows 


*In the one dimensional case, these relations have been derived by A. Wintner, 
loc. cit., V. 
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by hypothesis that (2’, y’) is not a point (22, y.) of the point spectrum of ¢o. 
Consequently, about each of the n(e/2) points (2’i,7i), [i=1,2,---, 


n = n(e/2)], it is possible to take a rectangle R; such that < 
i=1 
Moreover, let LZ be a rectangle so large that f J. dayp2(H) < ¢/4 and let 
S-L 


fo =L—U-=L,. Then for all points (z,y) in Z,, we have 
¢:(R — Pry) < «/2 provided FP be sufficiently small. As (2, y) moves about 
L, (which may be taken as closed by supposing Z closed, the R; open), 
(é,4) — (x,y) = (u,v) moves about a closed region L2 which does not 
contain any points (Z,, for which ¢,(R) > «/2 for every R about (41, 
Hence about every point (u,v) of LZ, it is possible to take a rectangle Ruy such 
that ¢:(Ruv) < «/2. As Lz is closed, it follows that there is a fixed rectangle 
M(¢/2) such that ¢:(Ruv) < «/2 for all Ruy containing (u,v) and contained 
in a rectangle the size of M(e/2). Hence if R, be a rectangle of the size of 
M(¢/2) with any (2, y) of L, as its centre, ¢;(Re— Pay) < «/2. Now 


de ff devbo(B) 


Therefore, there exists a rectangle R, about (&,7) such that y(R.) <e«, 
wherefore (é,7) does not belong to the point spectrum of y. On the other 
hand, if (,7) = (#1, 41) + (22, yz), the notation being as above, then (é, 7) 
belongs to the point spectrum of y. Here, again, the proof is essentially the 
same as that in the one-dimensional case. This completes the proof of 
Theorem VI. 

As has been pointed out above, the rdle played by the point spectrum 
in the existence of the symbolical product for the one-dimensional case is, 
in a sense, accidental and arises from the fact that the singular lines of the 
distribution functions, which in the two-dimensional case determine the 
existence of the symbolical product, coincide, in one dimension, with the point 
spectrum. We may, consequently, conclude with a few remarks on the 
singular lines. 

In the first place, all points of the point spectrum are necessarily situated 
at the intersection of two singular lines. For it follows immediately from the 
definition of the point spectrum and that of the singular lines that the parallels 


a 

i 

] 

i 
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to the codrdinate axes through a point of the point spectrum are both singular 
lines. 

On the other hand, not every intersection of two singular lines is a point 
of the point spectrum, nor even of the spectrum. For consider the distribution 
function ¢(#) defined as follows: 


¢(R) =} for any rectangle R: (4; St < Sy < y2) 


containing the point (0,0) and not the point (1,1) or else containing the 
point (1,1) and not the point (0,0), whereas #(#) =0 for all rectangles R 
not containing (1,1) or (0,0). Thus ¢(/) is a distribution function. To 
it corresponds the point function F(z, y) where F(z,y) =0 if <rS0 
or— 
and y = 1 are singular lines, but it may easily be computed * that ¢(2) = 0 
for all rectangles sufficiently small about (0,1), so that (0,1) does not belong 
to the point spectrum nor even to the spectrum. 

Moreover, singular lines may exist even if the point spectrum 1s vacuous. 
For consider the point function F(z, y) defined as follows: 


F,(z,y) =0 if <#S0 or—a<cySo. 

=yin (0K 

Fi(z,y) 

Fi(z,y) 


As F(z, y) possesses the properties («), (8), (y) defined above, it determines 
a distribution function ¢,(#). Both «0, and y = 1 are seen to be singular 
lines of ¢;, but an investigation of the point spectrum shows that it is vacuous. 

Finally, the proof that F'* (2s, ys), as defined above, possesses the property 
(8) contains effectively the more general result that F(2z,y)(—wy(L£)) is 
continuous at all points (2, y) where z is not of the form Zz, = é;’ + &;” and 
y is not of the form Gm +71”; the lines being the 
singular lines of ¢:, and «= &;”, y = those of All points of a line 
t= Fn ~ F_ must accordingly be continuity points of F if their ordinates are 
not of the form y= Yn. As these continuity points are thus everywhere dense 
on the fixed line z= Z,, every finite length of «=, can be imbedded in a 
rectangle R such that y(R) <e. Hence x= %, is not a singular line of y 
and the same is true of Y = Gn ~ In. It follows that at most the lines 


* Cf. J. Radon, loc. cit., I, p. 1304. 
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y= are singular lines of y(H). Again, if R be an arbitrarily 
narrow strip about c—@,, R—é&;” is an arbitrarily narrow strip about 
z= &;. By hypothesis, — (&;”, y)) * > K, for all y and any Fur- 
thermore, ¢,(2 — P2,) > K, > 0 for all in a strip < §&" +8 
whose width is less than that of R. But however narrow 7’, ¢2(7) > K2 > 0, 
so (Rf) > K,K.>0 for arbitrarily narrow R and Zq is consequently a 
singular line of y. Similarly, Y, may be shown a singular line of y. Con- 
sequently, the singular lines of p are precisely the lines x = Xn, y = Yn. 

As an application of the rules obtained for the addition of spectra, we 
may consider the addition of convex curves as treated by H. Bohr and B. 
Jessen.t Then the spectrum of the distribution function associated with a 
given curve is precisely the curve itself.{ By our rule, the spectrum of the 
distribution function belonging to the symbolical product of the distribution 
functions of two curves is the vector sum of the spectra of the individual 
curves, with the agreement that if one of the addends is the zero set, so also 
is the sum, a result in accordance with the definition of the distribution 
functon associated with the sum of the curves.§ 
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ON ANALYTIC CONVOLUTIONS OF BERNOULLI 
DISTRIBUTIONS. 


By AvuREL WINTNER. 


By a distribution function o(z) is meant a monotone function defined for 
every real x and such that o(— «) —0,o0(-++ ©) =1. The inversion of the 
Fourier-Stieltjes transform 


(1) L(t;o) (ite) da(a) (—w<cti<+o) 
of o is * 


(2) a(x) =a(0) + iim ita) dt/2ri 


where o is supposed to be normalized by the condition 
=o(x4 + 0) +0(4— 0). 

It is easy to see + from (2) that if 


holds for every « > 0 then all derivatives of o(x) exist for every real z. If 
(3) may be replaced by the sharper appraisal 


(4) L(t;o) =O(exp(—A|t|)) where A>0O(t ~+ 0) 


then it is clear from (2) that 


(4a) |o™(z)| <M exp(— At)dt = MY(n)/A" (n=1,2,---) 
70 


where M is a constant. This implies that o may be developed in the vicinity 
of every real x into a power series having a radius of convergence = A. 
Hence if 


(5) L(t;o) =O(exp(—|#|v)) where y>1 (t>+ 0), 


then o«(z) is an entire function. In some problems ¢ the Fourier-Stieltjes 


*P. Lévy, Calcul des Probabilités, Paris, 1925, pp. 163-172. 
+ A. Wintner, “ Upon a statistical method in the theory of diophantine approxi- 
mations,” American Journal of Mathematics, vol. 55 (1933), pp. 309-331. 
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transform of o appears as an infinite product the factors of which tend strongly 
to zero so that (3) is trivial. In the present note a problem will be treated 
where the factors do not approach zero, although even (5) may be satisfied. 

Let 7(z;a) denote the distribution function which is —0 if <—ua 
and = 1 if x >a, finally —1/2 if —a<a2<a. Thus 7 is a symmetric 
Bernoulli distribution function and L(t;7) = cos(at). It is easy to see that 
if {a,} is a sequence of positive numbers such that 


(6) dn? << + 
n=1 


then the infinite product cos(a,t)cos(a2t)- - - of the Fourier-Stieltjes trans- 
forms of the Bernoulli distribution functions r(z;a,) is uniformly convergent 
in every finite t-interval.* It follows therefore from a theorem first formu- 
lated by Lévy + that there exists a distribution function o such that 


(7) L(t;0) [I (ant) (San? 


This o(z) is, in accordance with the product rule of convolutions 
(“ Faltungen”), the distribution function of the probability belonging to 
é&+é+:--.- if r(@;a,) is the distribution function of the probability 
belonging to &, where &,&,:*- are statistically independent random 
variables. Our purpose is to delimit a class of sequences {@,} such that (7) 
satisfies one of the conditions (3), (4), (5). 

A positive function S(t), defined for all sufficiently large values of ¢ > 0, 
is said to be slow (Landau) if it is non-decreasing { and such that 


S(ct)/S(t) > 1 (t>+ ~) 


holds for every fixed value of c>0. Thus log/, loglogt,--- are slow 
functions and ¢€ is slow only if e—0. The name of the slow functions is 
justified by the fact that 


(8) S(t) =O(t) (t>+) 


holds for every slow function $(¢) and for every e > 0. 


* The convergence of the product is meant in the sense that the limit may vanish 
if a factor is zero. 

¥ Op. cit. For further references cf. a joint paper of B. Jessen and of the present 
author in the Transactions of the American Mathematical Society (not yet appeared). 

t This restriction is not essential for our purposes. Generalized slow functions 
have been considered by J. Karamata, “Sur un mode de croissance réguliére. Théorémes 
fondamentaux,” Bulletin de la Société Mathématique de France, vol. 61 (1933), pp. 1-8. 
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Let {bn} be a sequence of positive numbers and let the inequality b, S ¢ 
be satisfied for exactly N = N(t) values of n. Suppose that the sequence 
{bn} is such that 
(9) N(t)~#(S(t))*  (t>+ 0) 


holds for some 8 > 0, for some slow function S(¢) and for a suitable choice 
of the sign of +1. Let f(w) be any R-integrable function in the interval 
0SuZ1. According to a theorem of Pélya * we have then the asymptotic 
relation 


(10) Ef(bn/t) ~C# S(t)" (t>+4 0), 
where 

¥ Q-1 1+1/B 
(11) C= /B du. 


Now let the sequence {a} occurring in (7) be such that condition (9) 
is satisfied by the sequence {b,} if one chooses by —1/an. Since 


log | L(t;o)| = S log | cos(t/bn)| S > log | cos(t/bn) |, 


n= 


we have 
log | L(t;o) | S > log max(| cos(t/bn) |, 1/2). 


bnst 


This may be written in the form 


(12) log | L(t; 0) | = f(bn/t) 


by placing ai 

f(u) = log max(| cos(1/w) |, 1/2) 
so that f(w) is continuous and bounded in the intervalO <u1. The value 
of (11) belonging to this f(w) clearly is <0. It follows therefore from (10) 
and (12) that 
(13) L(t;o0) = O(exp(— At8S(t)*!)), where A> 0. 


In particular, 
(14) L(t;0) = O[exp(— t#*) ] 


holds in virtue of (8) for every positive «(< 8). These estimates hold as 
t—+-+ oo. Since L(t;o) is an even function, both estimates hold also as 
t—»— oo if one replaces ¢ by |¢|. Thus (3) is satisfied for every B (> 0) 
and (5) is satisfied for every 8 >1. The situation becomes clearer by con- 
sidering the following example: 


* Cf. G. Pélya und G. Szegé, Aufgaben und Lehrsitze aus der Analysis, Berlin, 1925, 
vol. 1, p. 68. 
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Let ad, =n“ so that « > 1/2 in virtue of (6). Since there are exactly 
[t/2] values of n satisfying the inequality 1/a, = t, condition (9) is satisfied 
by placing 8B =1/a and S=1. It follows therefore from (13) that 


(15) L(t;o) =O(exp(—At')), where A>0O (a >1/2). 


On comparing (15) with (3), (4) and (5) we see that o(x) has derivatives 
of arbitrarily high order if # > 1/2 and that o(z) is regular analytic along 
the real axis if 12a> 41/2, finally that o(z) is an entire function if 
1>a> 1/2. In the case « > 1 the function o(xz) cannot be regular analytic 
along the real axis since * the series a, + a2 + - - - is convergent.t 

Another interesting example is @) = 1/pn where pn denotes the n-th prime 
number. Condition (9) is satisfied by 8 = 1 and (S(t))** —1/logt. Hence 
all derivatives of o(x) exist. It remains undecided whether o(z) is regular 
analytic along the real axis. 

The example (15) shows that there exists for every y < 2 a sequence 
{a,} such that the distribution function o defined by (7) satisfies the con- 
dition (5). Ifo is a Gaussian distribution function then its Fourier-Stieltjes 
transform has the form of a Gaussian density of probability so that there 
exist distribution functions satisfying (5) with y= 2. This does not prove, 
however, that there exist sequences {a,} satisfying the condition (6) and such 
that the Fourier-Stieltjes transform of the corresponding Bernoulli con- 
volution satisfies (5) with y—2. In fact, the Fourier-Stieltjes transform 
of a Gaussian distribution function has no zeros, hence it is not of the form (7). 

The order of an entire function o may be estimated by means of the 
appraisal (5) of the Fourier-Stieltjes transform. This remark holds not only 
for Bernoulli convolutions but for any distribution function o satisfying (5). 
In fact, the argument leading to (4a) shows that (5) implies the inequality 


+00 
(5) <M f “im exp(— dt MU(n/y)/y (n= 1,2,- 
0 
where M is a constant. Hence it is clear from Stirling’s formula that 
| Cn = O(n-/7) where +1). 


It follows therefore from the Hadamard theory that the order of the entire 
function o is = y/(y—1). 


* Cf. A. Wintner, loc. cit. 

+ The case a, =1/n may be treated by using “min” instead of “max.” Cf. the 
joint paper,of B. Jessen and of the present author, mentioned above. The treatment 
given there is based upon an “arithmetical accident” and fails even in the case 
a, = if a 
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It is known that if the order of an entire function is finite and not an 
integer then the genus is less than the order. Hence if there exists at all a 
distribution function o satisfying (5) with a y > 2 then this o is an entire 
function of genus zero or one, although 0 < o(z) <o(4@+h) <1 for every 
z+h>zx. It may be mentioned * that there does or does not exist a dis- 
tribution function o such that 


(5b) L(t;e) =Bexp(—|t|") (B=B,>0) 


according as y is or is not within the range 0S y 2. 

A general method of estimating (7) by means of the difference 
N(2t) — N(t) and with or without the assumption (9) will be given in a 
subsequent note. 


THE JOHNS HopkKINS UNIVERSITY. 


* Cf. P. Lévy, op. cit. 
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